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Last Lecture
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o |ntroduction to Rock Mechanics/Geomechanics
— Terminology
— Area of Applications

— Nature of Rock Mechanics/Geomechanics

* Applications of Rock Mechanics/Geomechanics

 Methodology to solve Rock Mechanics/Geomechanics

Nature of Underground Geomechanics

problems




Outline

SEOUL NATIONAL UNIVERSITY

o« Stress

 Plane Stress

* Principal Stresses and Maximum Shear Stresses
« Mohr’s Circle

o Strain

* Hooke's Law

 Equilibrium Equation



Stress
Normal stress & Shear stress

SEOUL NATIONAL UNIVERSITY

o Stress: average force per unit area

« Normal stress: act in perpendicular to cut surface

« Shear stress: acts tangential to the surfacq @f the material

N, Normal stress

—ld % V. Shear Force

(a) (b)

P

A P: Axial Force (N) r=-—r
V: Shear Force
A: cross sectional area (a x b)

— Unit: N/m2 = MPa



Stress
Introduction -

« ONE intrinsic state of stress can be expressed in many many
different ways depending on the reference axis (or orientation
of element).

— Similarity to force: One intrinsic state of force (vector) can be
expressed similarly depending on the reference axis.

— Difference from force: we use different transformation equations
from those of vectors

— Stress is NOT a vector BUT a (2" order) tensor = they do not
combine according to the parallelogram law of addition



Stress
Definition
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« Normal stress, o : subscript identify the face on which the
stress act. Ex) g,

 Shear stress, 1. 1st subscript denotes the face on which the
stress acts, and the 2" gives the direction on that face. Ex) 1,

Positiveyface y Positive x face y
s L
i
Zl i 0l 1 4% % %
ANgIT T | .
/ ’//,‘:;:1'_\:-1'— ————— "‘—.r_\'




Stress 4
D efl n I tl O n SEOUL NANA .. NIVERSITY

« Sign convention

— Normal stress:
typical mechanics: tension (+), compression (-)
rock/geomechanics: tension (-), compression (+)

— Shear stress:

[acts on a positive face of an element in the positive direction of an axis (+) :
plus-plus or minus-minus

{acts on a positive face of an element in the negative direction of an axis (-):
plus-minus or minus-plus

- &— Positive normal & shear stresses in other mechanics
rn. |

v

—b‘F\:\ ,
l I i In rock mechanics s A [ ‘ {
~—| o > — . R N

T\'.l‘ Af—— ._—"_,_‘ T

l 0y (a)




Stress
Defl n Itlon SEOUL NANANIVERSITY

 Shear stresses in perpendicular planes are equal in
magnitude and directions shown in the below.

— Derived from the moment equilibrium

—- Tyx

Ty T
7= = o=

Tyy €

* In 2D (plane stress), we need three (independent)
components to describe a complete state of stress

GX/ Tyy
Gx Gy z-Xy Tyx v Gy



Stress

Defl n Itl O n SEQOUL NATIONAL UNIVERSITY
- Stress in 3D
GX
Z ngz
Oy ol ./T—> o,
0, - i Cy=
Tyz i L ~° Oy
&1 Oxy | O
Tyz S /
Ty | .




Stress
Definition in 2D and 3D

SEQUL NATIONAL UNIVERSITY

o 2D & 3D Cartesian Coordinates

 Polar & Cylindrical coordinates




Stress 4
Stresses on inclined sections

+ Stresses acting on inclined sections assuming that o, 0y, T,,
are known.

— XY, axes are rotated counterclockwise through an angle 6
— Strategy??? -

— wedge shaped stress element

y




Stress o
Stresses on inclined sections

X X
& /<] 5\ Tr]_\']AO sec ¢ /{
6\ Txin g . 7 / 0
oy \ \/"l H) Free BOdy Dlagl’am g, Ay I \A;() sec 6 \

— Pl —
] N X ) 0 \ X

Tyy Txy Ao \
"‘_\'.\' - 73 7]
{ express in terms of “Force relotan 8
Irr\A(, tan ¢

* Force Equilibrium Equations in x; and y, directions
D F, =0, Ajsecd—o,A cosd—r, Ajsing
—o,Atandsind -z Ajtandcosd =0

D> F, =1, AsecH+o,Asind—z, A cosl
—o,Atandcosd+z, A tandsind =0



Stress
Stresses on inclined sections

SEOUL NATIONAL UNIVERSITY

« Using <z, =7, andsimplifying

o, =0,00s’ 0+0,sin° 0+ 2z, sindcosd

_ . . 2 N cin?
7, =—(0,—0,)sin@cos @+, (cos® 0 —sin’ 0)

le = Gx Txlyl = TXV
— When 6 =90,
O, =0 = —7

X y Txl i Xy



Stress
Transformation Equations

SEOUL NATIONAL UNIVERSITY

 From half angle and double angle formulas
00520=%(1+c052¢9) sinZQ:%(l—cosze) sin ecosezésin 20

« Transformation equations for plane stress

o,to, 0,-0, : 0,0, .
o, = = C0S 260 +17,,Sin 260 Ty =" sin260 +r,, cos 26

— Intrinsic state of stress Is the same but the reference axis are
different

— Derived solely from equilibrium=> applicable to stresses in any
kind of materials (linear or nonlinear or elastic or inelastic)



Stress

Transformation Equations
ﬁ With 6,=0.20, &1,,=0.8 0,
* Foroy, 6> 0+90, e 5, _
o, = 5> 5 c0s260—t,, sin 20

— Making summations
O'X1 +O'yl =0, +Gy

— Sum of the normal stresses acting on perpendicular faces of plane
stress elements is constant and independent of 0



Stress
Special Cases of Stress State

SEOUL NATIONAL UNIVERSITY

o Uniaxial stress

O, o, . 7
o, = 7(14— cos 26?) Ty = _7X3|n 20 < 0 »——

* Pure Shear

Ty, =Ty SIN20 Ty, =Ty C0S20 .
.. l o A |
o Blaxial Stress I
o, +0 O, —0O y
o, =—— Y4+ X _Ycos26
' 2
o, -0, .
r., =———>sin26 o |
1 Y1 2




Stress
Stresses on inclined sections

+ Stresses acting on inclined sections assuming that o, 0y, T,,
are known.

— XY, axes are rotated counterclockwise through an angle 6

o, +O0 O,—O .
o, =—— +-2 _Ycos20+r,, sin26 r =
! 2 2?2 Xy X1Y1
y
A
oy
— 5 Tyx
Txy
; o,
DAL 10) > : %
Tx
Tyy €




Stress
Stresses on inclined sections

« A different way of obtaining transformed stresses

— For vector

Fu) (cos@ singd)\(F
F.) \-sind cosd)|F,
— For tensor (stress)
Ou  Tan | cos¢ sin@\( o, 7, \( cosd sing)'
Tyuyr Oy | -sin@ coso Ty O, )\—sing cosd
o,to, o0,—0C O, —0,

— o, =214 X2 LC0s20+1,,8in20 T, =— > sin 20 + ,, c0s 26

X1 Y1




Mohr’s Circle for Plane Stress

SEOUL NATIONAL UNIVERSITY

 Mohr’s Circle
— Graphical representation of the transformation equation for stress
— Extremely useful to visualize the relationship between o, and 1,,

— Also used for calculating principal stresses, maximum shear
stresses, and stresses on inclined sections

— Also used for other quantities of similar nature such as strain.



Mohr’s Circle for Plane Stress
Equations of Mohr’s Circle

 The transformation Equations for plane stress

o, +O0 o, — O o, —0O, .
o, =—— L+ —Yc0s20+7,sin26 r., =———2sin20+r, cos20
X, 2 Xy 11 2 y

— Rearranging the above equations

Txiyp = — 5 SIN 20 + 7, COS 20

— Square both sides of each equation and sum the two equations

Oy +0O Oy — O
x T Oy 2 _(Cx y)2+7)%y

COS 20 + 74y SIN 260

. 2

— Equation of a circle in standard algebraic form

(x—xo)2 + y2 — R?



Mohr’s Circle for Plane Stress

Equations of Mohr’s Circle
+ 0o
(ox m)
1 w X1Y1
Centre (0, 0) (Radius)? of a circle
o, +o _ 2
Cave = 2 > R:\/(O-Xzo-y] +Tfy
2.2 _p2
(9 = Tave)” + 7y =R B mA oy

z-xlyl

Recognized by Mohr in 1882



Mohr’s Circle for Plane Stress
Alternative way of understanding

 The transformation Equations for plane stress

o,+0 o, — O o,—0O, .
o, ==Y+ X _Yc0s20+1,sin20 r,., =————2>sin20+r, cos260
21 2 2 Xy 11 2 y

— In terms of principal stresses (shear stress becomes zero)

o, —211% _ 91~ 92 5529 r. =—21"Z24in20
1 2 2 1Y1 2
— Square both sides of each equation and sum the two equations

JX+G 5 (01_62 )

(le o 2 . )2 + Txlyl — 2 (le’z—xlyl)
— Equation of a circle in standard algebraic farm %
2 .2 _p2 B A Ox
X — X =R
( O) + y O (O' ’O) C 1’0)
R
.

x1lyl




Mohr’s Circle for Plane Stress

Two forms of Mohr’s Circle

O

NI

".1'1_\'1

N

@)

N

0~
R

< Oqver —>

« Shearstress (+) | 6 (+) counterclockwise

— Chosen for this course!

« Shearstress (+) T 6 (+) clockwise



Mohr’s Circle for Plane Stress
Construction of Mohr’s Circle

(b)

FIG. 7-16 Construction of Mohr’s circle
for plane stress

Calculation of R from geometry

a

Ty i B(6=90°
_ 4 5
DJ’
_7.\'_\'
| Py
0 P, C !
<« o 26 —L
D(6=6)
S
A(=0)
o+ o, o — O,
‘ i 2 2
UT\'|

(c)

SEOUL NATIONAL UNIVERSITY




Mohr’s Circle for Plane Stress
General Comments

SEOUL NATIONAL UNIVERSITY

« We can find the stresses acting on any inclined plane, as well

as principal stresses and maximum shear stresses from
Mohr’s Circle.

 Special cases of
— Uniaxial stresses
— Biaxial stresses

— Pure shear




Pri_ncipal Stresses and Maximum Shear Stresses
Principal stresses

SEOUL NATIONAL UNIVERSITY

* Principal Stresses (& &)
— Maximum normal stress & Minimum normal stress
— Strategy?

— Taking derivatives of normal stress with respect to 6

do,

déo

=—(0,—0,)sin20+2z,,c0s20 =0

Ty
o,—0,

— B,:orientation of the principal planes (planes on which the principal
stresses act)

—> tan 29p =

* Principal stresses can be obtained by substituting 6,



Pri_ncipal Stresses and Maximum Shear Stresses
Principal stresses

SEOUL NATIONAL UNIVERSITY

* Two values of angle 28,: 0 °~ 360 °
. One:0°~180°
. The other (differ by 180°) : 180 °~ 360 °
» Two values of angle 6,: 0 °~ 180 °-> Principal angles
. One:0°~90°
. The other (differ by 90°) : 90 °~ 180 °

- principal stresses occur on mutually perpendicular planes




Pri_ncipal Stresses and Maximum Shear Stresses
Principal stresses

SEOUL NATIONAL UNIVERSITY

« Calculation of principal stresses

N _ ? ? 27,
& = O, Gy n Oy O-y O+ 1 D e —— tan 26’p =
X 2 2 Xy O-X — Gy

2 . .
ST Bl Larger of two principal stresses
' Y = Maximum Principal Stress



Pri_ncipal Stresses and Maximum Shear Stresses
Principal stresses

SEOUL NATIONAL UNIVERSITY

 The smaller of the principal stresses (= minimum principal
stress)

2
— o, +0O o, — O

« Putting into shear stress transformation equation

o,— O o,— O

=— ~sin 26+, €0S26 0=———"1sin26+7, C0Os20
2 Y 2 2

X1 Y1

— Shear stresses are zero on the principal stresses Same equation for

principal angles

* Principal stresses




Pri_ncipal Stresses and Maximum Shear Stresses
Principal stresses

SEOUL NATIONAL UNIVERSITY

« Alternative way of finding the smaller of the principal stresses
(= minimum principal stress)

O, —0O . T,
cos(26, +180) = — L sin(26, +180) = -2
P 2R P R

« By substituting into the transformation equations

2
o,+0 o,—0
o, =—— Y~ e
2 2




Pri_ncipal Stresses and Maximum Shear Stresses
Principal Angles
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« Principal angles correspond to principal stresses
epl —> O,

0p — o,

— Both angles satisfy tan26, =0

— Procedure to distinguish 6, from 8,
1) Substitute these into transformation equations —> tell which is ;.

20 Orfind the angle that satisfies

20, =22 ’
0526, =R sin 26, ==



Principal Stresses and Maximum Shear Stresses
Special cases

SEOUL NATIONAL UNIVERSITY

o Uniaxial stress & Biaxial stress

0

— Principal planes? 29, -

o,—0,

- 6,=0°and 90° > how do we get this? || o ]

 Pure Shear
— Principal planes?
- 8,=45° and 135° = how do we get this?

- If1,, Is positive, 0, =T,, & 0, = T,




Principal Stresses and Maximum Shear Stresses
Maximum Shear Stress

SEOUL NATIONAL UNIVERSITY

o Maximum Shear Stress?

— Strategy?
— Taking derivatives of normal stress with respect to 6
o _ 20-27_sin20=0
10 ——(o-x—ay)cos —27,,8In20 =
O, —O0
—> tan2,=——
. . ZTXy . T .
— 0. .orientation of the planes of the maximum positive and negative
shear stresses
+ One:0°~90°

* The other (differ by 90°) : 90 °~ 180 °

-- Maximum positive and maximum negative shear stresses differ only in sign.
Why???



Principal Stresses and Maximum Shear Stresses
M aXI m u m Shear StreSS SEOUL NATINAUNIVERSJTY

* Relationship between Principal angles, 6, and angle of the
planes of maximum positive and negative shear stresses, 9

tan 260, = - 1 __ —cot26,

tan 29p

sin 26, , 908 20,
cos26, sin20,

0 sin26,sin 20, +cos 26, cos 26, =0

cos(260, -26,)=0 20, - 20, = £90°

6, =0, +45°
 The planes of maximum shear stress occur at 45° to the
principal planes




Principal Stresses and Maximum Shear Stresses
Maximum Shear Stress

* SIn28, & cos26; ? R J(Z
COS 20, = Tﬂ sin 20, =— O D — tan 20, S
R 2R -

max

» Maximum (positive or negative) shear stress, T,

2 - 2 equal to one-half the difference of

\/[ o, ~ 0, jz , o, -0, Maximum positive shear stress is
max Xy
the principal stress



Principal Stresses and Maximum Shear Stresses
Maximum Shear Stress

« Normal stress at the plane of 1., ?

max *

o,+o, 0,0, :
o, = + 5 00526?+rxysm26? D

le — 2 — Gaver = O-yl

— Normal stress acting on the planes of maximum positive shear
stresses equal to the average of the normal stresses on the x and
y planes.

— And same normal stress acts on the planes of maximum negative
shear stress

o Uniaxial, biaxial or pure shear?



Principal Stresses and Maximum Shear Stresses
In-Plane and Out-of-Plane Shear Stresses

« So far we have dealt only with in-plane shear stress acting in
the xy plane.

— Maximum shear stresses by 45° rotations about the other two
principal axes

o o (o,—0,)
(Tmax )xl - i72 (Tmax )yl - i71 (Tmax )zl - isz

— The stresses obtained by rotations about the x, and y, axes are
‘out-of-plane shear stresses’

_\‘

_______

A\ ts




Example ) | - G, =§92.4§MPaé

100 ; ________________ ________ V1 _______________ ________________ _______ + _____ _______________ ________________ ________________ ________________ B

30 MPa

‘ I 84 MPa
¢ x

32 MPa

20

N

by, =75.3°

f"z =-38.4 MPa

N/ Gé +

+

-65.4 MPa

ZEn'lannz = . _ : : ; : ; : 5

. | | | | | | | | | J

0 90 180 270 360
rotation angle (theta)




Mohr’s Circle
2 D SEOUL NAA U NIVERSITY




Mohr’s Circle
3 D SEOUL NANA .. NIVERSITY

* 3D Mohr’s Circles: Particular stress value exist in the intersections of dotted lines

We can construct a diagram from which the normal and shear tractions
acting on any plane can be found by locating the intersections of the circles!



Mohr’s Circle
3D - example

For example,
consider the following stress state acting on a point:

500
;=10 20
0 0 1

Question: Calculate the normal and shear stress on the plane
with normal vector:

» Direction cosines
n,=cos¢g= ¢ =60°

n =cost9=—2 0 =45°




Stress th
deviatoric stress/stress invariant

. . Sf'zﬁé'—%tﬂ”,
o Deviatoric stress A
§11 S12 S13 711 T12 013 m 0 0
So1 S99 Soa| = |om 0o o — |0 7w 0
31 &332 S33 | 731 032 033 0 0 =«
-511 - Fi2 Fia ]
= Fa1 Tag — T Faa .
| Om 732 T33 — T
o Stress invariant A=l
Jy = 384555 = Ftr(s?)
= 3(si + 53+ s3)
I, =0, + 0y +0, = % [(511 — 092)? 4 (092 — 033)* + (033 — '511)2] + 07y + 053 + 03y
I, = 0,0, + 0,0, + 0,0, — T3, — Ty, — Toy =+ [(o1— 02)* + (02 — 03)* + (03 — 01)7]
I3 = 0,0,0; + 2Ty Ty, Ton — OxTyy — OyToe — 0714y _ %If L= 1 tr[a‘z) B lt.r[a')z !

2 3
Jg = dEt-(St'j)

%ngﬂj;;Sh = %t-l'(&a)

= 515253

= 22—?1? - %I]_Ig —I—Ig =

I =014 03+ 03
Iy = 0109 + 0903 + 0304

13 = F1 Ty

% [t'r(f*"a) — tr(e?)tr(o) + %t-r[a-)e*] .



Stress
Octahedral stress

* QOctahedral stress

_ pin)
Ooct = 1 'N;
= Jt'jnin'j
= 1NNy + TaNglly + TaligNg

= %(EH + 03+ 03) = %11

S

1/2
s(o1 + 03 4 03) — :(01 + 02+ 03)7] /

= % [[r_‘}'-]_ — G’g)z + [:Jg — 53)2 + [:0'3 — G’l)z] 1/2 = %“21-‘3 — EIIE = %Jg



Strain and displacement
Definition

e Definition of strain (dimensionless)

— Normal strain

— Shear strain — Engineering strain/ mathematical strain

. AL du 5 .
U,
L dx fo =8, = 'l
| %y s Ty OX oy
1/% — ""’ - ou, Oou,
1 __-_r__.._._.._ £ ' i 7/Xy: X-|—
T | : b oy O
Y sl pe AUx dj :I o
Ll i R
T—i?ﬂ TG'J JT 5 :l‘l‘ I‘

£

4 = ?_‘“: &4_”:.-.

2y sy 2y 2y
Normal strain Shear strain



Strain and displacement
Definition — 3D

. :auxg _6uyg Ay,
XX )" - 177 y
OX oy 07
1( ou, N aUy E vy Epy
Sy =5 Mathematical
y
2 8y OX or tensorial gyy gyy
1( éu ou shear strain N €, £,, Engineering
e == y 4 72 = Z/ shear strain
yz 9 < e < 2 ) .
0z oy XX Xy Xz y y
2&
o = 1 6UX n auz gyx gyy gyz , Xz 7/XZ
e 2\ 0z OX & 2x gzy €y Eyy Y xy
PO L5 E

(Tensor form)  (Matrix form)

Strain is also 2" order tensor, and symmetric



Strain and displacement

Transformation equation for plane strain

SEOUL NATIONAL UNIVERSITY

Y1 Y1

———

1
1
1
|
- iody
ds ~~-~ a) Lo
= 0 I
== \ 1
——
(0] X
!‘ dx =!- -! €, dx
(a)
y Yy dy COS 0
i
—> ¥ .';
Xy ;’\ _ -~

FIG. 7-33 Deformations of an element in
plane strain due to (a) normal strain €,,
(b) normal strain €, and (c) shear
strain yy,

€, dy




Strain and displacement
Transformation equation for plane strain .

Ad = ¢g,dxcosf+¢& dysind+y, dycoso

Ad —=g, %COSQ+8 Esm¢9+7/xyﬂcos<9

gxl
ds " ds Y ds ds

£, = £,C08° O+¢, sin° O +y, cos@sing



Strain and displacement
Transformation equation for plane strain

* Shear strain vy,

— Decrease in angle between lines that were Initially along the x1

and y1 axes.
Vxiyt = & T p ’
Y1 \\b
B ‘\ Yoy =@+ B a
; , /(; X]
= (g, —&,)sinfcosd + Y (cos® @ —sin® 0)
2 2 b
O e \ X

FIG. 7-34 Shear strain v, ,, associated
with the x,y, axes



Strain and displacement
Transformation equation for plane strain

SEOUL NATIONAL UNIVERSITY

 Transformation equations for plane strain

o,+o, O0,-0

compare o, =———+

2

~-c0s 26 + 7, 5in 260

Ey + & Ey — &
X X :
Eyy = Y+ Y cos26 Sin 20
L 2 2 .
Tyy == > sin26+17,, cos 20
Ey — &
X y . /m
- S 29 COS 29 TABLE 7-1 CORRESPONDING VARIABLES IN
2 THE TRANSFORMATION EQUATIONS FOR
PLANE STRESS (EQS. 7-4a AND b) AND
PLANE STRAIN (EQS. 7-71a AND b)
& X1 +& V1 =&y T & y Stresses Strains
UT\' E.\'
— Similar to the transformation of plane stress o &
T_\'v\‘ Y\"\' / 2

E.\' |

Yxy,/2




Strain and displacement
Transformation equation for plane strain

— Principal Angles

Y xy

tan 26’p =

— Principal Strains

Ex &y \/ Ey — 7/Xy
E19 = +
12 > ( ; )2 4 (&Y

— Maximum Shear Strain (and normal strains for the maximum
shear)

7 max Ex “€y\ 2 | Ixy\2 s
= +(— aver
2 \/( L 2



Strain and displacement
Mohr’s Circle

SEOUL NATIONAL UNIVERSITY

« Mohr’s Circle for plane strain € same as plane stress

€]
- €. | _ o
TABLE 7-1 CORRESPONDING VARIABLES IN ) : | 2L6=907)
THE TRANSFORMATION EQUATIONS FOR T S,
PLANE STRESS (EQS. 7-4a AND b) AND N
PLANE STRAIN (EQS. 7-71a AND b) .
Stresses Strains | P
0 P, C i o b &
Ox €x 4,‘ % 2I | Yay
6 26 D(T;_) -5
Ty €
S
Txv 7’“‘ /2 A(9= 0)
- - ¢ _ &+ € s & &
O'Il Exl aver . 2 2
Txy vy yx|}‘|/2 N €y
2




Strain and displacement
Stral n M eaS u re m e ntS SEOUL NATIA Ll NIVERSITY

e Strain gages

— A device for measuring normal strains on the surface of a stressed
object (e.g., rock)

— Electrical resistance of the wire is altered when it stretches or
shortens = converted to strain

— Sensitive: can measure 1x10°

— Three measurement = strains in any direction

o Strain rosette

echnology, Inc.

— A group of three gages arranged in
a particular direction

tesy of Vishay Intert

g <
© (a) 45 strain gages three-element rosette | l
&

= (b) Three-element strain-gage rosetles
prewired



Strain and displacement
Strain Measurements

o A strain rosette Is bonded to the surface of rock before it is
loaded. With normal strains €, €, and €. how to obtain €, €,
and yxlyl?

Y1

X1

— D

(b)

(a) FIG. 7-38 Example 7-8. (a) 45° strain
rosette, and (b) element oriented at an
angle 6 to the xy axes



Strain and displacement

SEOUL NATION

o Strain transformation equation derived solely from the
consideration of geometry.

— No need to know material properties

« Determining Stresses from Strain

— Apply Hooke’s law = need to know material properties



Hooke’s Law

SEOUL NATIONAL UNIVERSITY

« Hooke’s Law in 1D o=Ee¢
o Shear modulus (M A $=) G Ty = Gy
1 Y Y5 0 0
. , , E E E
« Generalized Hooke’s law (isotropy) vl v o g o
. “] e E E o
— Isotropic rock has two &, L1 o,
independent parameters (E,v) | | |"E E E ° ° %o
Yy | 1 7y
— Shear modulus can be related '™ | 0 0 0 = 0 0"
to elastic modulus and vl 0 0 o L oolles
Poisson’s ratio = ’ G ’
- 1
2(1+V) 0 0 0O 0 O G




Hooke's Law
Inverse form




Hooke’s Law

« Normal strains under plane stress ‘_*
. 1 4—'---i E L—br_‘.
Normal strain, &, = %t —éay *oI_
1 : , < ’ l
& ==(0,~vo,) E: Ela}stm Modu!usorYoungsModqus
E v: Poisson’s ratio /F“ ;F_L
. Oyl SN A—tp
— Similarly g iR
5 ==(o,-ve)  e=—2(o,+0) |

« Shear strains under plane stress
— Shear strain Is the decrease of angle

- 0, and 0, has no effect

T

Vs =€

G: Shear Modulus



Hooke’s law

SEOUL NATIONAL UNIVERSITY

» Hooke’s Law for Plane Stress

Normal strain in z-direction can

— Strains in terms of stresses (plane stress) be non-zero

L 1 v ’,
& :E(GX_VGy) gy :E(GY_VGX) &, :_E(O-X—l_ay) 7/xy :Ey
Normal stress in z-direction is
— Stresses in terms of strains (plane stress) / non-zero
E E
O, :1—1/2 (8X+V6‘y) o, :1—1/2 (8y+V8X) c,=0 Ty zeyxy

— They contain three material properties, but only two are

Independent. i

G=
2(1+v)




Hooke’s Law
Triaxial Stress

o Strains in terms of Triaxial
Stress

X
X_E__(Gy+az
o, Vv
g, =——-—(o,+0,
E E
o, V
e, =—"F——(0,+0

o Stresses In terms of strains

E
o, =
< (L v)(1—2v)

[(1— v)e, tvie, + gz)}

E
O =
YT L v)(1—2v)

E
O. =
©T L+ v)(L-2v)

[(1— v)e, +v(e, + 5X)]

[(1—1/)5Z +v(e, + gy)]



Hooke’s Law
Triaxial Stress
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_ Biaxial Stress o, #0. 0, #0, 7, =0
(c;x:é(o'x—vo'y) gyzé(O'y—VO'X) EZI—L(O'X-FO'y) 7/xy=0 . ;
< 0 =

o, = 1_EV2 (8, +ve,) o= 1_EV2 (6, +ve,)  o,=0 P70

— Uniaxial Stress o, 20, 5, =0, 7, =0

1 o, ~0

E, =—0, Ey =&, =—V— Vyy =
E E
' 0 >

— Pure Shear ¢,=0,0,=0,7,,#0

g =6=¢=0 y _ Ty
Xy G



Hooke’s Law
Volume Change
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« When a solid undergoes strains, its volume will change

— The original volume

V, =abc

— Final volume after deformation V:=(@*ae)b+be))(c+ce,)=abcl+e,)1+e,)+¢s,)
=V,(1+¢&)d+¢e,)A+¢,)

— Upon expanding the terms in the right hand side

Vi=V,(d+e +e,+¢,+e,6, +e,6,+66,+6,8,8,)

x“y©z

— With small strains Vi=Vold+¢,+¢, +¢,)

— Volume change AV =V,-=V,(g, +¢, +¢,)

| Shear strain produce no change in volume




Hooke’s Law
Volume Change

 The unit volume change (= dilatation).

AV
e=—=g¢,+&, +¢,

0

— (+) expansion, (-) contraction

— Unit volume/change in terms of stress

|uniaxial
AV _ o,
e = (1 21/) y
V, E
. . CE. . < a
{plane stress or biaxial /{,}f /Jfl be,
AV 1-2v i ! |
= v = c (UX + Gy) : i i b
0 | ool |l
] Triaxial stress /L_-:: _________ =

1-2v

e= @&+o&+a)



Hooke’s Law
Strain-Energy Density in Plane Stress
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« Strain Energy Density, u, in Plane Stress

— Strain energy stored in a unit volume of the material

u= > (o,&, + o€, + Z'ij/xy)

— Strain energy density in terms of stresses alone

1 .’

u= E(O'XZ +0," —2vo,0,)+—=
— Strain energy density in terms of strains alone
G 2
u= 2(15/2) (6°+&,°+2ve6,)+ AT
— Strain energy density in uniaxial stress - %
2E
— Strain energy density in pure shear LDy




Hooke’s Law
Strain-Energy Density in Triaxial Stress

« Strain Energy Density, u, in Triaxial Stress (no shear stress)

1
U= E(GXEIX +0,&,+0,8,)

— Strain Energy Density in terms of stresses

1 1%
u= oE (o’ + 0'y2 +0,%) “E (0.0,+0,0,+0,0,)

— Strain Energy Density in terms of strains

L E
C20+v)(L-2v)

[(1— v)(gx2 + 5y2 + 522) + 2v(5X5y +&.8, + gygz)]



Hooke’s Law
General Perspective - Anisotropy

« The most general case

— Stress and Strain are linearly related

&) (Su Su S Su Sis S O
&y Syi Sp Sz Sp Sy Sy Oy
& |_ Sz Sz O3 Oz O3 O 0,
y2 Sy Sap Suz Sas Sss Sug Tyz
Y xa S5 S5 O53 954 S5 Osp Txz
Vxy Se1 OS2 Og3 4 Og5 s Txy

« Compliance matrix has 21 independent parameters
(By the symmetry of stress tensor, strain tensor and consideration of strain energy)



Hooke’s Law
General Perspective - Anisotropy
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Couptingof mormatin
different directions

Coupling of normal in 1 Vo | NV My | Txxe | | Txxy Coupling of normal &
the same directions = ~— Shear

. G G

yz
e @ y Iy || Tyxe | | Ty.xy

£y X ? G,, G,, G, s,

&y VY Yy Meye || Moy | | My o,

& | E, E, @ G,, G, G,, o,

7 yz B Max My Ty Hyz x;

Vxa E, E, E &

Myx  Thyy Ty Hxyye Heyx

A 4

Xz Xy

Coupling of shear in
different directions

Coupling of shear in
the same directions

Lekhnitskii(1963) & Hudson (1997)



Orthotropic

Three orthogonal planes of elastic symmetry
A
E. E, E

Yy Yy g
&, E. E, E o,
&y _sz _VVZ 1 0 0 0 %y
& | | E, E, E o,
Yy Ty
! o o 0 - o o0 '
Vx G,, T
V% Ty
' o o 0 o0 1 o '

GXZ
0 0 0 0 0 L
G

 Three orthogonal planes elastic symmetry

 9independent constants



Transversely Isotropic
One axis of symmetry

SEOUL NATIONAL UNIVERSITY

* Transversely isotropic — 5 independent parameters

1
|
m| e~

mi< m|<

o

(@) nj|<_

1=

Ml m

o

1= m|<

o

=E

z
!

(H. Gercek, 2006)



Triaxial Stress
Hydrostatic Stress
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 Hydrostatic Stress :
— when three normal stresses are equal o, =0, =0, =0,

— Any plane cut through the element will be subjected to the same
normal stress g, ’

ag

0 : o
— Normal Strain g =2 1-2) e
: oyt 1 — 0
— Unit volume change P
300 0y Le '
€= 380 1-2v)=—+ / Lm
3 E 1

— Bulk modulus (of elasticity), K K= 3(1-2v) B Compressibility, B

— Uniform pressure in all directions: Hydrostatic

] AN object submerged in water or deep rock within the earth




Plane Stress & Plane stress condition
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Stresses

Plane stress

Plane strain

oy, 0y, and 7, may have
nonzero values

Strains

Yz = 0 Yyz = 0

€, €, €, and y,, may have

nonzero values

Yoo T 4|
— _,’ (] ;‘ _’L) ex
I
!

ay, 07, and Tyy May have

€=0 Yz = 0 Yz = 0

.

€, €,, and vy,, may have

nonzero values

nonzero values




Plane Stress & Plane stress condition
Plane stress condition

o Stress and strain in different dimensions are coupled = we
need a special consideration — plane strain and plane stress

 Plane stress
— 3rd dimensional stress goes zero

— Thin plate stressed in its own plane

( 4
O Oy 0 Exx  Exy 0
Ow Oy 0|=pe, &, 0O N
0 0 0 0 0 e,
1 | 24 — i
E o
Exx O xx :
_ 1 % 1 0 g0
‘wITITE E Oy ¢:#0
¥ o Plane Stress
Xy 2(1+ V) Xy (Thin Body)
0 0 E




Plane Stress & Plane stress condition o
Plane strain condition

* Plane strain
— 3 dimensional strain goes zero

— Stresses around drill hole or 2D tunnel

,
Exx  Exy 0 Ow Oy 0
y
Eyy &y O|=P»o, o, 0
0 0 0 0 0 o,
1-v?) v(d+v) 0 e
E E 5 €z=0)
Exx 2 O xx . = plo )
vdl+v) (@A-v9) vl
gyy =| — 0 ny Plane Strain
) E E (Thick Body)
Xy GXV
0 0 2(1 ;— V)




Stress equilibrium Equation

SEOUL NATIONAL UNIVERSITY

— Sum of traction, body forces (and moment) are zero (static case)

Very slow loading

i 2F =0
ot
% 4 yX+afzx+pbx:0
. y s OX oy 0z
| oo ot
2+ — 4+ —2 4+ ph, =0
oy 0z
ot
e , Sy, 00 +pb =0
oy 4

ZMi:O > Z-xy:z-yx

- by, by, b, are components of acceleration due to gravity.



Governing Equation

1 D SEQOUL NATIONAL UNIVERSITY

. . . du
o Strain-displacement relationship £=

X
. . . 1
o Stress-strain relationship £=—0
» Equillibrium Equation agxx + pb, =0
X

* Final equation for elasticity

2
g uX+,0bx=0

E
ox?




Governing Equation
1D - example

— With no body force, and static case

o°u 0° o2
E—+p0, = . E—*=0
Ox> / 'OZtZZ' OX>

I o

X=0 x=1

Fixed=> u =0 o=1

EauX=C1 2> Fromo=1,C=1 X 5 er/E
OX 1 U ==

Eu, =x+C, = Fromu =0 atx=0, C,=0 "y




Governing Equation (Navier’s Equation)
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3D - Navier’'s equation

2 2 2 2 2 2,

G 8u2X+8u2X+8uZX +(1+G) 8u2 v O, +pb, =0
OX oy 0z OX“  OXoy axﬁz
o’u, 0%, 0%, P& 82u 2

6| T T N )| T O Oy g
OX oy oz° OX 8y oy* ayaz
2 2 2 2 21 2

G 8u2X+8u2X+8u +(1+G) o'y, y , OU Z |+ pb =0
OX oy oz° OX0Z ayaz oz°

B Ev
@A+ v)1-2v)
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