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i Outline

= [his chapter covers an important technique called
dynamic programming used in designing and
analyzing efficient algorithms.



i Divide-and-Conquer Method

= Partition the problem into disjoint sub-problems.

= Solve the sub-problems recursively
= Then, combine their solutions to solve the original
problem.



Dynamic Programming

s Itis apglicable when the sub-problems overlap -
subproblems share subsubproblems.

= It solves every sub-problem just once and then saves
its answer in a table, thereby avoiding re-computing
the answer every time it solves each subsubproblem.



i Dynamic Programming

= It is typically applied to optimization problems.
= There can be many possible solutions.
= Each solution has a value.
= We wish to find a solution with the optimal value.
= There can be several solutions achieving the optimal value.
= We call such a solution an optimal solution to the problem,
as opposed to the optimal solution.



i Dynamic Programming

= Characterize the structure of an optimal solution.
= Recursively define the value of an optimal solution.

= Compute the value of an optimal solution in a
bottom-up fashion.

= Construct an optimal solution from computed
information.



!'_ Rod Cutting




i Rod Cutting Problem

Serling Enterprises buys long steel rods and cuts them into
shorter rods, which it then sells.

s Each cut is free.

= The management of Serling Enterprises wants to know the best
way to cut up the rods.

= We know that the price p; in dollars that Serling Enterprises
charges for a rod of length i inches.

= Rod lengths are always an integral number of inches.



i Rod Cutting Problem

Given a rod of length n inches and a table of prices p, for
i=1,2,...,n

0 Determine the maximum revenue r,, obtainable by cutting up
the rod and selling the pieces.

= Note that if the price p, for a rod of length n is large enough, an
optimal solution may require no cutting at all.
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Price p; 1



* An Example of n = 4
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8 possible ways of cutting up a rod of length 4



i Rod Cutting Problem

= How many different ways of cutting up a rod of length n?




i Rod Cutting Problem

= How many different ways of cutting up a rod of
length n?

= There are 2! different ways since we have an independent option
of cutting, or not cutting, at distance i inches from the left end, for
i=1,...,n-1

)
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8 possible ways of cutting up a rod of length 4



i Rod Cutting Problem

= We denote a decomposition into pieces using ordinary additive
notation, so that 7 = 2 + 2 + 3 indicates that a rod of length 7
is cut into three pieces - two of length 2 and one of length 3.

= If an optimal solution cuts the rod into k pieces, for some
1<k<n, then an optimal decomposition

n=i;+i,+...+i,
of the rod into pieces of lengths iy, i5, . . ., iy
provide maximum corresponding revenue

M=Pi1 TP +... +Pj-



An Example of Optimal

i Solutions

Lengthi 1 2 3 4 5 6 7 8 9
Price p; 1 5 8 9 10 17 17 20 24
= ;=1 from solution 1=1 (no cuts)
= r,=5 from solution 2=2 (no cuts)
= ;=8 from solution 3=3 (no cuts)
= r,=10 from solution 4=2+2
= ;=13 from solution 5=2+3
= =17 from solution 6=6 (no cuts)
= r,=18 from solution 7=1+6 or 2+2+3
s rg=22 from solution 8=2+6
= =25 from solution 9=3+6




i Rod Cutting

We can frame the values r,, for n =1 in terms of optimal
revenues from shorter rods as
s =Max(Pp,ri+r1, e Mg tr) =max(p,maX;<i«n(fi+ra.))
= P.: corresponds to making no cuts at all and selling the rod of
length n as is
= The other n-1 arguments to max correspond to the maximum
revenue obtained by making an initial cut of the rod into two pieces
of size i and n-i , and then optimally cutting up those pieces
further, obtaining revenues r, and r,_; from those two pieces.
= Since we don’t know ahead of time which value of i optimizes
revenue, we have to consider all possible values for i and pick
the one that maximizes revenue.

= We also have the option of picking no i at all if we can obtain
more revenue by selling the rod uncut.



i Rod Cutting

To solve the original problem of size n, we solve smaller
problems of the same type, but of smaIIer sizes.

= Once we make the first cut, we may consider the two pieces as
independent instances of the rod-cutting problem.

= The overall optimal solution incorporates optimal solutions to
the two related subproblems, maximizing revenue from each of
those two pieces.

= We say that the rod-cutting problem exhibits optimal
substructure

= Optimal solutions to a problem incorporate optimal solutions to
related subproblems, which we may solve independently.



Recurrence for Time
‘L Complexity?

= rp=max(pn,Max; <icn(Fit+ry))




Recurrence for Time
‘_L Complexity?

= rp=max(pn,Max; <icn(Fit+ry))

n—1
() =1+ ) (T() +7(n - )))
=1



Recurrence for Time
i Complexity?

= rp=max(pn,Max; <icn(Fit+ry))

n—1
T(n) =1+ Z (T¢) +T(n - )))
=

n-2
Tn—1) = 1+Z(T(j)+T(n—1—j))
j=1

n—1 n—2
T()—=T(n—1) = Z(T(j) +T(—))) - Z(T(i) +T(—1—))) = 2T(n— 1)
j=1 j=1

T(n)=3T(n—-1)

T(n) = T(0)- 3" = 3"



i Rod Cutting

A simpler way to arrange a recursive structure for the rod

cutting problem is to view a decomposition as consisting of a
first piece of length i cut off the left-hand end, and then a right-
hand remainder of length n - i.

= Only the remainder may be further divided.

=  We can couch the solution with no cuts at all as saying that the
first piece has size i= n with revenue p,, and the remainder has
size 0 with corresponding revenue r,=0.

= An optimal solution embodies the solution to only one related
subproblem rather than two

s M =mMaX < (pitr,)  (first piece : size i and revenue p,)



Recursive Top-down
i Implementation

CUT-ROD(p,n)
1. ifn==0

2 return 0
3. g=-00

4. fori=1ton
5 g=max(q, p[i]+CUT-ROD(p,n-i))
6. return g



Recurrence for Time
i Complexity?

CUT-ROD(p,n)
. 1fn==0

1

2 return 0

3. g=-00

4. fori=1ton

5 g=max(q, p[i]+CUT-ROD(p,n-i))
6. return g



Recurrence for Time
i Complexity?

CUT-ROD(p,n)
. 1fn==0

1
2 return 0
3. g=-00
4. fori=1ton
5 g=max(q, p[i]+CUT-ROD(p,n-i))
6. return g

n-1

7(n)=1+>_T(/))

/=0






i T(n)?

T(n)=1+iT(j)
T(n—1)=1+rfT(j)

T(M)-T(-D=XT()-Y.T()=T(n-1

T(n)=2T(n-1)
T(n)=T(0)-2"=2"



= This exponential running time is not so surprising.

= CUT-ROD explicitly considers all the 2" possible ways of cutting up
a rod of length n.

= The tree of recursive calls has 2! leaves, one for each possible
way of cutting up the rod.



i Inefficient, Why?

CUT-ROD(p,n)
1. ifn==

2 return 0
3. q=-0

4. fori=1ton
5 g=max(q, p[i]+CUT-ROD(p,n-i))
6. return g

= The problem is that CUT-ROD calls itself recursively over and
over again with the same parameter values.

= [t solves the same subproblems repeatedly.



i What Happens for n=4

The naive recursive solution is inefficient - solve the same
subproblems repeatedly.

= The recursion tree showing recursive calls resulting from a call
CUT-ROD(p,n) for n=4.

= A path from the root to a leaf corresponds to one of the 21
ways of cutting up a rod of length n.

= In general, the recursion tree 2" nodes and 2"! leaves.




Dynamic Programming for
i Optimal Rod Cutting

Since a naive recursive solution solves the same subproblems
repeatedly, we solve each subproblem only once by saving its
solution.

= When we refer to this subproblem’s solution again later, we just
look it up, rather than recompute it.

= Dynamic programming thus uses additional memory to save
computation time - time-memory trade-off.

= The savings may be dramatic - an exponential-time solution
may be transformed into a polynomial-time solution.

= A dynamic-programming approach runs in polynomial time if the
number of distinct subproblems involved is polynomial in the
input size and we can solve each such subproblem in polynomial
time.




Implementing a Dynamic Programming
Approach

= Top-down method with memoization

= Write the procedure recursively in a natural manner, but modified
to save the result of each subproblem (usually in an array or hash
table).

= First checks whether it has previously solved this subproblem.
= If so, return the saved value.

= If not, computes the value in the usual manner and save the result
- memoized - it “remembers” what results it has computed
previously.



Implementing a Dynamic Programming
Approach

= Bottom-up method
= Utilize some natural notion of the “size” of a subproblem.

= Sort the subproblems by size and solve them in size order -
smallest first.

= When solving a particular subproblem, we have already solved all
of the smaller subproblems its solution depends upon, and we have
saved their solutions.

= Solve each subproblem only once, and when we first see it, we
have already solved all of its prerequisite subproblems.



Implementing a Dynamic Programming
Approach

Both top-down and bottom-up approaches yield algorithms with
the same asymptotic running time, except in unusual
circumstances where the top-down approach does not actually
recurse to examine all possible subproblems.

The bottom-up approach often has much better constant
factors, since it has less overhead for procedure calls.



i Top-down Version

MEMOIZED-CUT-ROD(p,n)
1. letr[0...n] be a new array

2. fori=0ton
3. r[i]=-c0
4. return MEMOIZED-CUT-ROD-AUX(p,n,r)

MEMOIZED-CUT-ROD-AUX(p,n,r)
1. ifr[n]=0

2 return r[n]

3. ifn==

4. q=0

5. else

6 g=-co

7 fori=1ton

8 g=max(q,p[i][+MEMOIZED-CUT-ROD-AUX (p,n-i,r))
9. r[n]=q

10. return g



i Bottom-up Version

BOTTOM-UP-CUT-ROD(p,n)
1. letr[0...n] be a new array
2. r[0]=0

3. forj=1ton

4, gq=-00

5. fori=1toj

6 q=max(q,p[i]+r[j-i])
7 r1=q

8

return r[n]

T(n)=0(n2?) - A doubly-nested loop structure
The number of iterations of its inner for loop, in lines 5-6, forms an arithmetic series.



i Top-down Version

MEMOIZED-CUT-ROD-AUX(p,n,r)
1. ifr[n]=0

2 return r[n]

3. ifn==

4. q=0

5. else

6 q=-0

7 fori=1ton

8 g=max(q,p[i][+MEMOIZED-CUT-ROD-AUX (p,n-i,r))
9. r[n]=q

10. returng

= T(n)=0(n?)
= Since a recursive call to a previously solved subproblem returns immediately, we
solve each subproblem with sizes 0, 1,...,n just once.

= Thus, the number of iterations of this for loop, over all recursive calls of
MEMOIZED-CUT-ROD, forms an arithmetic series.



Subproblem Graph

The subproblem graph illustrates the set of subproblems
involved and how subproblems depend on one another.

It is a directed graph, containing one vertex for each distinct
subproblem.

The subproblem graph has a directed edge from the vertex for
subproblem x to the vertex for subproblem vy if determining an
optimal solution for subproblem x involves directly considering
an optimal solution for subproblem vy.

We can think of the subproblem graph as a “collapsed” version
of the recursion tree for the top-down recursive method, in
which we coalesce all nodes for the same subproblem into a
single vertex and direct all edges from parent to child.



Recursion Tree for Top-down Recursive
Method

= The recursion tree showing recursive calls resulting from a call
CUT-ROD(p,n) for n=4.

= A path from the root to a leaf corresponds to one of the 2!
ways of cutting up a rod of length n.

= In general, the recursion tree 2" nodes and 2"! leaves.




Subproblem Graph

= The subproblem graph of top-down version of dynamic
programming algorithm for the rod-cutting problem with n = 4,



Subproblem Graph

The size of the subproblem graph determines the running time
of the dynamic programming algorithm.

Since we solve each subproblem just once, the running time is
the sum of the times needed to solve each subproblem.

The time to compute the solution to a subproblem is
proportional to the number of outgoing edges of the
corresponding vertex, and the number of subproblems is equal
to the number of vertices.

Thus, the running time of dynamic programming is linear in the
number of vertices and edges.



Reconstructing a Solution

Our dynamic-programming solutions to the rod-cutting problem
return the value of an optimal solution, but they do not return
an actual list of piece sizes.
We can extend the dynamic-programming approach to record

= hot only the optimal value computed for each subproblem

= but also a choice that led to the optimal value

With this information, we can readily print an optimal solution.



Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
1. letr[0...n] and s[0...n] be new arrays
2. r[0]=0

3. forj=1lton

4 g=-c0

5 fori=1toj

6. if g<pl[i]+r[j-i]

7 q=plil+r{-i]

8 s[j]=i

9 ril=q

1

0. returnrands

= Update s[j] in line 8 to hold the optimal size i of the first piece
to cut off when solving a subproblem of size j.



Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1.

2.
3.
4

(r, s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
whilen > 0

print s[n]

n=n - s[n]

= The procedure takes a price table p and a rod size n.

It calls EXTENDED-BOTTOM-UP-CUT-ROD to compute the array
s[1..n] of optimal first-piece sizes and then prints out the
complete list of piece sizes in an optimal decomposition of a rod
of length n.



Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1

2

3

4,

5. fori=1toj
6 if g<pli]+r[j-i]

7 q=p[i]+r[j-i]

8 s[j]=i

9 rG1=q

10. returnrands

i o|1|2|3|4|5|6|7]|8]|09
r[i]
s[i]




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1
2
3
4,
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+r[j-i]
8 s[j]=i
9 rG1=q
10. returnrands
i o|1|2|3|4|5|6|7]|8]|09

r[i] 0
s[i]




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1
2
3
4.
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[il+rf-1 j=1
8 s[j]=i q=-00
9 rG1=q
10. returnrands
i 0o|1|2|3|4|5|6|7|8]|09

r[i] 0
s[i]




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

1. letr[0...n] and s[0...n] be new arrays
2. r[0]=0 e
. gthi 1 2 3 4 5 6

3. forj=lton,.. o [ 1 9 10 17
4. g=-00
5. fori=1toj
6 if gq<pli]+r[j-i]
7 q=p[il+rf-1 =1
8 s[j]=i i=1
9 rlil=q q=1
10. returnrands

i of(1]|2]|3 5(6| 7|89
il |[ o
s[i] 1

7
17

8
20

9
24



Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

1. letr[0...n] and s[0...n] be new arrays
2. r[0]=0 e
. gthi 1 2 3 4 5 6

3. forj=lton,.. b 1 5 9 10 17
4. gq=-00
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[il+rf-1 j=1
8 s[j]=i i=2
9. rlil=q q=1
10. returnrands

i of(1]|2]|3 5(6| 7|89
rli] | 0
s[i]

7
17

8
20

9
24



Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1
2
3
4.
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+rf-i]  j
8 s[j]=i q=-00
9 rG1=q
10. returnrands
i 0o|1|2|3|4|5|6|7|8]|09

r[i] 0
s[i]




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

1. letr[0...n] and s[0...n] be new arrays
2. r[0]=0 e
. gthi 1 2 3 4 5 6

3. forj=lton,.. o [ 1 9 10 17
4. g=-00
5. fori=1toj
6 if gq<pli]+r[j-i]
7 q=p[il+rf-]1 =2
8 s[j]=i i=1
9 rlil=q q=2
10. returnrands

i of(1]|2]|3 5(6| 7|89
il [ o [[1]
s[i] 1 1

7
17

8
20

9
24



Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24

1

2

3

4. gq=-00

5. fori=1toj

6 if gq<pli]+r[j-i]
7

8

9

q=plil+r-i] j=2
sfj]=i i=2
rG1=q q=>5

10. returnrands
i o(1|2|3|4|5|6|7]|8]|09
il [[o] 1
s[i] 1 2




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1

2

3

4.

5. fori=1toj
6 if g<pli]+r[j-i]
7

8

9

q=plil+r-i] j=2
sfj]=i i=3
rG1=q q=>5

10. returnrands
i o|l1|2(3|4|5|6|7]|8]|09

r[i] 0 1 5
s[i] 1 2




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1
2
3
4.
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+rf-i]  j
8 s[j]=i q=-00
9 rG1=q
10. returnrands
i 0o|1|2|3|4|5|6|7|8]|09

r[i] 0 1 5
s[i] 1 2




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24

1

2

3

4. gq=-00

5. fori=1toj

6 if gq<pli]+r[j-i]
7

8

9

q=plil+rf-i] =3
sfj]=i i=1
rG1=q q==6

10. returnrands
i o|l1|2(3|4|5|6|7]|8]|09

r[i] 0 1 5
s[i] 1 2 1




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24

1

2

3

4. gq=-00

5. fori=1toj

6 if gq<pli]+r[j-i]
7

8

9

q=plil+rf-i] =3
sfj]=i i=2
r1=q q==56

10. returnrands
i o|l1|2(3|4|5|6|7]|8]|09

r[i] 0 1 5
s[i] 1 2 1




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24

1

2

3

4. gq=-00

5. fori=1toj

6 if gq<pli]+r[j-i]
7

8

9

q=plil+rf-i] =3
s[j]=i i=3
r1=q q=38

10. returnrands
i o|l1|2(3|4|5|6|7]|8]|09

il (o) 1| 5
s[i] 1 (2|3




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1
2
3
4,
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+r-i] j
8 s[i]=i |
9 rjl=q q=
10. returnrands

i o|1|2|3|4|5|6|7]|8]|09

r[i] 0 1 5 8
s[i] 1 2 3




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1
2
3
4.
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+rf-i]  j
8 s[j]=i q=-00
9 rG1=q
10. returnrands
i 0o|1|2|3|4|5|6|7|8]|09

r[i] 0 1 5 8
s[i] 1 2 3




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24

1

2

3

4. gq=-00

5. fori=1toj

6 if gq<pli]+r[j-i]
7

8

9

q=plil+rl-il  j=4
s[j]=i i=1
rG1=q q=9

10. returnrands
i o|l1|2(3|4|5|6|7]|8]|09

r[i] 0 1 5 8
s[i] 1 2 3 1




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24

1

2

3

4. gq=-00

5. fori=1toj

6 if gq<pli]+r[j-i]
7 q=p[i]+r[-i]
8

9

j=4
s[j]=i i=2

ri1=q q=10

10. returnrands

i o(1|2|3|4|5|6|7]|8]|09

rflil [ o | 1]|5] 8

s[i] 1| 2|32




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24

1

2

3

4. gq=-00

5. fori=1toj

6 if gq<pli]+r[j-i]
7 q=p[i]+r[j-i]
8

9

j=4
s[j]=i i =3

ri1=q q=10

10. returnrands

i o(1|2|3|4|5|6|7]|8]|09

rflil o |l1] 5| 8

s[i] 1| 2|32




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24

1

2

3

4. gq=-00

5. fori=1toj

6 if gq<pli]+r[j-i]
7 q=p[i]+r[j-i]
8

9

j=4
s[j]=i i =4

ri1=q q=10

10. returnrands

i o(1|2|3|4|5|6|7]|8]|09

il o) 1| 5| 8

s[i] 1| 2|32




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1

2

3

4.

5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+r[j-i]
8

9

j=4
s[j]=i i=5

ri1=q q=10

10. returnrands

i o(1|2|3|4|5|6|7]|8]|09

rf[il] | 0| 1|5 ]| 8|10

s[i] 1| 2|32




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1
2
3
4,
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+rf-i]  j
8 s[i]=i |
9 rlil=q q=13
10. returnrands

i 0o|1|2|3|4|5|6|7|8]|09

ii] o] 1|58 |10]13
s[i] 1|2 (3]|2]2




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
let r[0...n] and s[0...n] be new arrays
r[0]=0

. Lengthi 1 2 3 4 5 6 7 8 9
for j=1ton

Price p; 1 5 8 9 10 17 17 20 24
q=-00

1
2
3
4,
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+r-i] j
8 s[i]=i |
9 ri1=q q=17
10. returnrands

i o|1|2|3|4|5|6|7]|8]|09

ii] o[ 1| 5|8 |10[13]17
s[i] 1| 2(3]|2]2]|6




Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

1. letr[0...n] and s[0...n] be new arrays
2. r[0]=0 .
. Lengthi 1 2 3 4 5 6

3. forj=lton,.. b 1 5 9 10 17
4. gq=-00
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[il+rf-]1 =7
8 s[j]=i i =38
Q. r[j]1=q q=18
10. returnrands

i o|1|2(|3|4|5|6|7|8]|09
rli] | 0 5|8 |10(13 |17 | 18
s[i] 2 | 3| 2|2]|6|1

7
17

8
20

9
24



Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

1. letr[0...n] and s[0...n] be new arrays
2. r[0]=0 .
. Lengthi 1 2 3 4 5 6

3. forj=lton,.. b 1 5 9 10 17
4. gq=-00
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+rf-]1 =8
8 s[j]=i i=9
0. r[il=q q=22
10. returnrands

i o|1|2(|3|4|5|6|7|8]|09
rli] | 0 5|8 |10|13 |17 |18 | 22
s[i] 2 | 3| 2|2]|6|1]2

7
17

8
20

9
24



Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

1. letr[0...n] and s[0...n] be new arrays
2. r[0]=0 .
. Lengthi 1 2 3 4 5 6

3. forj=lton,.. b 1 5 9 10 17
4. gq=-00
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[il+rf-1 j=9
8 s[j]=i i =10
0. r[il=q q=25
10. returnrands

i o|1|2(|3|4|5|6|7|8]|09
rli] | 0 5|8 |10(13 |17 |18 (22| 25
s[i] 2| 3| 2|2|6|1]|2]|3

7
17

8
20

9
24



Reconstructing a Solution

EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

1. letr[0...n] and s[0...n] be new arrays
2. r[0]=0 .

. Lengthi 1 2 3 4 5 6
3 for]:ltonPricepi 1 5 9 10 17
4. gq=-00
5. fori=1toj
6 if g<pli]+r[j-i]
7 q=p[i]+rf-1 j =10
8 s[j]=i
9. r1=q
10. returnrands
i o|1|2(|3|4|5|6|7|8]|09
rli] | 0 5|8 |10(13 |17 |18 (22| 25
s[i] 2| 3| 2|2|6|1]|2]|3

7
17

8
20

9
24



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

silj|o0o|1|2[3|2|2|6|1|2]3

= PRINT-CUT-ROD-SOLUTION(p,9) - print 3 and 6



‘L Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)
1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

2. whilen>0
3. print s[n]
4 n=n-s[n]

= PRINT-CUT-ROD-SOLUTION(p,9)



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)
1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)

2. whilen>0
3. print s[n]
4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

sij|o0|1|2[3|2|2|6|1|2]3

= PRINT-CUT-ROD-SOLUTION(p,9)



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0 n=9

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

sij|o0|1|2[3|2|2|6|1|2]3

= PRINT-CUT-ROD-SOLUTION(p,9)



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0 n=9

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

sij|o0|1|2[3|2|2|6|1|2]3

= PRINT-CUT-ROD-SOLUTION(p,9)



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0 n=9

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

sfi] {0 | 1|2 |3 |2 |26 |1|2]|3

= PRINT-CUT-ROD-SOLUTION(p,9) - print 3



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0 n=9-3=6

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

sfi] {0 | 1|2 |3 |2 |26 |1|2]|3

= PRINT-CUT-ROD-SOLUTION(p,9) - print 3



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0 n=6

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

sij|o0|1|2[3|2|2|6|1|2]3

= PRINT-CUT-ROD-SOLUTION(p,9) - print 3



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0 n=6

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

silj|o0|1|2[3|2|2|6|1|2]3

= PRINT-CUT-ROD-SOLUTION(p,9) - print 3, print 6



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0 nN=6-6=0

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

silj|o0|1|2[3|2|2|6|1|2]3

= PRINT-CUT-ROD-SOLUTION(p,9) - print 3, print 6



i Reconstructing a Solution

PRINT-CUT-ROD-SOLUTION(p,n)

1. (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p,n)
2. whilen>0 n=0

3. print s[n]

4 n=n-s[n]

i o 1|12(3| 4|56 |7 8|09

r[i] 0 1 5|8 |10(13 |17 |18 | 22 | 25

sij|o0|1|2[3|2|2|6|1|2]3

= PRINT-CUT-ROD-SOLUTION(p,9) - print 3, print 6



!'_ Matrix-chain Multiplication



i Matrix-chain Multiplication

= A product of matrices is fully parenthesized if it is
either a single matrix or the product of two fully
parenthesized matrix products, surrounded by
parenthesis.

» For a chain of matrices <A, A,,A;,A,>, we can fully

parenthesize the product in 5 distinct ways:
. (A1(A2(A3A4)))
(A((A2A3)AY))
((A1A)(AsAY))
((A1(AA3))A4)
(((A1A2)A3)A,)



i Matrix Multiplication

\

all a12 ses alk
a21 a22 nes a2k

(" N

d

\nl an2 nes ankj

bll b12 nes blm
b21 b22 aes bzm
\bkl by - bkmj

~ N

C11 C12 'y Clm
C21 C22 'y sz

Cni Crz -+ Crm
- ~/



‘L Matrix Multiplication

/

\
C12 Clm

C21 C22 'y sz

Cni Crz -+ Crm
- ~/

. % * *
Cy1=a11 by +a by +...+ay *byy



‘L Matrix Multiplication

(" ) ~ )

b11 T blm Cll!... Clm

x b21 'y bzm = C21 22 nnn sz
b bkmj \Cm Cry --- cnmj

) \kl

. % * *
C1,=a11 by +a*byy+...+ay *by,



‘L Matrix Multiplication

~ N )
by byy ... Cy1 Cqp - !

x b,; by, ... Cy1 Co9 ... Com

Dt Dr -

) J \Cnl Cn2 - Cnm./

o % * *
Cim=a11 ™ Dimta*bym+...+ay *by



‘L Matrix Multiplication

N N
... bim Cy1 Cy9 -+ Cim
o Dy | m -czz . O
bkmj \Cm Cry --- cnmj




‘L Matrix Multiplication

(" ) ~ )
b4 . Dy Cy1 Cy5 --- Cym
b5, . Do czi . Gom

b N o cn Cr --- Cam
\kl k) \1 2 ./

. % * *
Cpy=ap1 by +a5,* byy+... 435 *by,



‘L Matrix Multiplication

~ (~ ~ )
dqy A1 .- gk

by byy ... Cy1 Cip -o. C
Bt 3¢ | o - b | m [ -

b by - cn Cr2 - Com
\kl k2 J \1 2 ./

d,; d d

nl “n2 == “nk
-

o % * *
Com=a21 ™ Dim+as*bym+...+a5* by,



‘L Matrix Multiplication

a ~ )
a11 a12 T alk bll b12 T C11 C12 nna Clm
a21 a22 R a2k x b21 b22 'y = C21 C22 nnn sz

b b - Cn1 Cra --- ‘

- / N

_ b3 % S
Cnm_anl I:)1m'|'an2 I:)Zm'l"'-'|'ank I:)km



i Matrix Multiplication

MATRIX-MULTIPLY(A, B)
1. if A.column # B.rows

2 error “incompatable dimensions”

3. else let C be a new A.rows X B.columns
4 for i=1 to A.rows

5. for j=1 to B.columns

6. ;=0

7 for k=1 to A.columns

8 Ci=Ci+ai by

9. returnC

= We can multiply two matrices A and B only if they are compatible: the number
of columns of A must equal the number of rows of B.

= If Ais a pxg matrix and B is a gxr matrix, the resulting matrix C is a pxr matrix.

= The time to compute C is dominated by the number of scalar multiplications in
line 8, which is pqr.



i An Example

= Consider the problem of a chain <A, A,, A;> of three matrices
| Al' 10)(100, Az. 1OOX5, A3. 5X50

1. ((ALA%)A;3) = 5000+2500 = 7500
(A XA,) : Al: 10 x 100 = 10 x 5 matrix
A2: 100 x 5

10 x 100 x 5 = 5000 scalar multiplications

((A;xA)XA;) : Al x A2 : 10 x 5 = 10 % 50 matrix
A3: 5 x 50

10 x 5 x 50 = 2500 scalar multiplications



i An Example

= Consider the problem of a chain <A, A,, A;> of three matrices
| Al' 10)(100, Az. 1OOX5, A3. 5X50

. (Ai(AA3)) = 50000+25000 = 75000
(A, xA3) Al1: 100 x 5 =) 100 x 50 matrix
A2: 5 x 50

100 x 5 x 50 = 25000 scalar multiplications

(A1 % (A;xA3)) : Al :10 x100 — 10 x 50 matrix
A2 x A3: 100 x 50

10 x 100 x 50 = 50000 scalar multiplications



i An Example

= Consider the problem of a chain <A, A,, A;> of three matrices
= A;: 10x100, A,: 100x5, A;: 5x50

i. ((A,A)A;3) = 5000+2500 = 7500
i. (A;(AA3)) = 50000+25000 = 75000



Matrix-chain Multiplication

i Problem

= Given a chain <A,A,,...,A,> of n matrices, where A has
dimension p,_; X p

= Fully parenthesize the product A;A,...A, in a way that minimizes
the number of scalar multiplications.



Counting the Number of
i Parenthesizations

= Denote the number of alternative parenthesizations of a
sequence of n matrices by P(n)

= A fully parenthesized matrix product is the product of two fully
parenthesized matrix subproblems.

(A1(Ax(AsA4)))

(A1((A2A3)A,))

((A1A)(AsAS))

((A1(AA3))A,)

(((A1A2)A3)A,)

= The split between the two subproducts may occur between the

k-th an (k+1)-st matrices for any k.
1 if n=1

P =18 pwyp(n-k) if nz2

= The solution to the recurrence is Q(4"/n3/?)



Applying Dynamic
i Programming

Characterize the structure of an optimal solution
= Recursively define the value of an optimal solution

= Compute the value of an optimal solution in a bottom-up
fashion

= Construct an optimal solution from computed information




Step 1:
i Optimal Structure

Find the optimal substructure and then use it to construct an
optimal solution to the problem from optimal solutions to
subproblems.

= A ;: the matrix resulting from evaluating the product AA,;...A,
= We must split the product between A, and A, ; for some integer
kintherangei <k <j.

= Thatis, for some value of k, we first compute the matrices A, ,
and A, ; and then multiply them together to produce the final
product A, ;.

= The cost of parenthesizing this way is the cost of computing the

matrix A, ,, plus the cost of computing the matrix A, j plus
the cost of multiplying them together.




Step 1:
i Optimal Structure

= Suppose that to optimally parenthesize AA,,;...A;, we split the
product between A, and A, . ;.

= Then, the way we parenthesize the prefix subchain AA,,,...A,
within this optimal parenthesization of AA;,;...A;, must be an
optimal parenthesization of AA,;...A.. Why? If there were a less
costly way to parenthesize AA,,;...A, to produce another way
parenthesize AA;, ;...A;whose cost was lower than the optimum:
A contradiction!

= A similar observation holds for how we parenthesize the
subchain A, ;...A;in the optimal parenthesization of AA,;...A;.




Step 2:
i A Recursive Solution

Define the cost of an optimal solution recursively in terms of the
optimal solutions to subproblems.

= We pick as our subproblems the problems of determining the minimum
cost of parenthesizingcforl <i<j<n.

= Let m[i, j] be the minimum number of scalar multiplications needed to
compute the matrix A, ;.

= For the full problem, the lowest-cost way to compute A, ,, would thus
be m[1,n].

= Suppose that we split the product between A, and A, ;.

= Computing the matrix product A; \ A, ;takes p;;p,p; scalar
multiplications.
= We can define m[i, j] recursively as follows.
» Ifi=j, m[i,j]=0forl1<i=j<n.
= Wheni <j, m[ij] = m[i,k]+m[k+1,j]+p;Pp;




Step 2:
i A Recursive Solution

We can define m[i, j] recursively as follows.
« Ifi=j,m[i,j]=0forl1<i=j<n.
= Wheni <j, m[ij] = m[i,k]+m[k+1,j]+p;,pcp;.
= This recursive equation assumes that we know the value of k,
which we do not.

= There are only j - i possible values for k, however, namely k = i,
i+1...,j-1.

= Since the optimal parenthesization must use one of these values
for k, we need only check them all to find the best.

= Thus, our recursive definition for the minimum cost of
parenthesizing the product AA,,;...A; becomes

o 0 ifi=/,
mli, j1=4 . . . L

mm{m[/,k] +mlk +1/]1+ p,_pkpj} ifi<j.

[<k</



Step 2:
i A Recursive Solution

= Our recursive definition for the minimum cost of parenthesizing
the product AA;,;...Ajis

N 0 ifi=]J,
mii. /1= minymli, K]+ mlk +1./1+ b,.0,0,} ifi<].

[<k<j

= The m[i, j] values give the costs of optimal solutions to
subproblems, but they do not provide all the information we
need to construct an optimal solution.

= Thus, we define g[i, j] to be a value of k at which we split the
product AA,;...A;in an optimal parenthesization.



Step 3: Computing the
‘L Optimal Cost

MATRIX-CHAIN-ORDER(p) // p = <Py, P1, ---s P>
n= p.length-1
fori=1ton
m[i,i]=0
forl=2ton // |'is the chain length
for i=1to n-l+1
j=i+l-1
m(i,j]=c0
for k=i to j-1
qzm[ilk]+m[k+1/j]+pi-1pkpj
10. if g < m[i,j]
11. m[i,jl =q
12. s[i,jl =k
13. return mands

WoONOUMAWD -



Step 3: Computing the
i Optimal Cost

MATRIX-CHAIN-ORDER(p) // p = <Py, P1, ---) Pn>
n= p.length-1
fori=1ton
m[i,i]=0
forl=2ton // |'is the chain length
for i=1to n-l+1
j=i+l-1
m(i,j]=c0
for k=i to j-1
qzm[ilk]+m[k+1/j]+pi-1pkpj

10. if g < m[i,j]
11. m[|,]] = q i=1 i=2 e i=n-3 i=n-2 i=n-1

©ENOUIEWN

12 S[I’J] = k 1=2 m[1,2] m[2,3] .. m[n3,n-2] mn-2,n-1] m[n-1,n]
13. returnmands



Step 3: Computing the
i Optimal Cost

MATRIX-CHAIN-ORDER(P) // P = <Py, Py, -y Pr>
n= p.length-1
fori=1ton
m[i,i]=0
forl=2ton // |'is the chain length
for i=1to n-l+1
j=i+l-1
g[rl,lk]:iotoo 1 i=1ton-41 (n-2+1)
q=m{i,KI+m{k+1,i-+p P, 0

10. if g < m[i,j]
11. m[|,]] = q i=1 i=2 e i=n-3 i=n-2 i=n-1

©ENOUIEWN

12 S[I’J] = k 1=2 m[1,2] m[2,3] .. m[n3,n-2] mn-2,n-1] m[n-1,n]
13. returnmands



Step 3: Computing the
i Optimal Cost

MATRIX-CHAIN-ORDER(p) // p = <Py, P1, ---) Pn>
n= p.length-1
fori=1ton
m[i,i]=0
forl=2ton // |'is the chain length
for i=1to n-l+1
j=i+l-1
m(i,j]=c0
for k=i to j-1
qzm[ilk]+m[k+1/j]+pi-1pkpj

10. if g < m[i,j]
11. m[|,]] = q i=1 i=2 e i=n-3 i=n-2 i=n-1

©ENOUIEWN

12. S[IIJ] =k =2 m(1,2] mi23]1 .. mn3n2]  mh2n1]  mn-1n]
13. return mands 1=3 m[L,3] mi24] .. mn3n1]  mn2n] X



Step 3: Computing the
i Optimal Cost

MATRIX-CHAIN-ORDER(p) // p = <Py, P1, ---s P>
n= p.length-1
fori=1ton
m[i,i]=0
forl=2ton // |'is the chain length
for i=1to n-l+1
j=i+l-1
m(i,j]=c0 .
for k=i to j-1 i=1ton-1+1 (n-3+1)
qzm[ilk]+m[k+1/j]+pi-1pkpj

10. if g < m[i,j]
11. m[|,]] = q i=1 i=2 e i=n-3 i=n-2 i=n-1

©ENOUIEWN

12. S[IIJ] =k =2 m(1,2] mi23]1 .. mn3n2]  mh2n1]  mn-1n]
13. return mands 1=3 m[L,3] mi24] .. mn3n1]  mn2n] X



Step 3: Computing the
‘L Optimal Cost

MATRIX-CHAIN-ORDER(p) // p = <Py, Py, ..., Po>

1. n=p.ength-1

2. fori=1ton

3. m[i,i]=0

4, forl=2ton // |'is the chain length

5. for i=1to n-l+1

6. j=i+l-1

7. ml[i,j]=c0

8. for k=i to j-1

9. q=m[i,k]+m{k+1,j]+p; PPy

10. if g < m[i,j]

11. m[i,j] =q i=1 i=2 .. i=n-3 i=n-2 i=n-1
12, s[i,j] =k 1= mit2]  m23 .. m302  mn2nd] min-n]
13. return mands I M3 m24] .. m3nd] min2n] X

]
A W N

m[1,4] m[2,5] m[n-3,n] X X



Step 3: Computing the
‘L Optimal Cost

MATRIX-CHAIN-ORDER(p) // p = <Py, Py, ..., Po>

1. n=p.ength-1

2. fori=1ton

3. m[i,i]=0

4, forl=2ton // |'is the chain length

5. for i=1 to n-l+1

6. j=i+l-1

/. m[i,j]=00

8. for k=i to j-1 i=1ton-l+1 (n-4+1)

9. qzm[ilk]+m[k+1/j]+pi-1pkpj

10. if g < m[i,j]

11. m[i,jl = q i=1 i=2 .| i=n-3] i=n-2 i=n-1
12. S[i,j] =k I= m[1,2] m[2,3] . m[n3n2]  mn-2n-1] mln-1,n]
13. returnmands I N I T —— y

]
A W N

m[1,4] m[2,5] m[n-3,n] X X



Step 3: Computing the
‘L Optimal Cost

MATRIX-CHAIN-ORDER(p) // p = <Py, Py, ..., Po>

1. n=p.ength-1

2. fori=1ton

3. m[i,i]=0

4, forl=2ton // |'is the chain length

5. for i=1 ta n-l+1

6. j=i+l-1

7. ml[i,j]=c0

8. for k=i to j-1

9. q=m[i,k]+m{k+1,j]+p; PPy

10. if g < m[i,j]

11. m[i,j] =q i=1 i=2 .. i=n-3 i=n-2 i=n-1
12, s[i,j] =k 1= mit2]  m23 .. m302  mn2nd] min-n]
13. return mands I M3 m24] .. m3nd] min2n] X

]
A W N

m[1,4] m[2,5] m[n-3,n] X X



Matrix-Chain Multiplication — How
Does the Algorithm Work?

AAAA,

/N

(AAADA,  (AA)(AsA))  A(AAA)

A1AA AAsA,

NN

(A1A2)A; A1(AA;) (AA3)A4 Ax(AsA4)

AA, AA AA,

Ay Ay Aq



Matrix-Chain Multiplication — How Does the Algorithm
Work?

000000

mli,j] = min {m[l k] + mlk + 1,j] + pi—1pkpj}

Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35x%x 15 15X 5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

@ |

mli, j] = igigj{m[i, k] +mlk + 1,j] + pi—1pkpj}
m[1,2] = m[1,1] + m[2,2] + pyp.1p, = 15750

Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35x%x 15 15X 5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

2%5

mli,j] = m1n {m[z k] +mlk + 1,] + pi—10kp;}
m[2,3] = [2 2] + m[3,3] + pypops = 2625

Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

2%@5

mli,j] = m1n {m[z k] +m[k +1,j] +pi- 1PkD;}
m[3,4] = m[3 3] + m[4,4] + p,psp. = 750

Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

30702000

mli,j] = igigj{m[i, k] +mlk + 1,] + pi—10kp;}

m[4,5] = m[4,4] + m[5,5] + p3paps = 1000

Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25

Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

3 4

30702020705

mli,j] = igigj{m[i, k] +mlk + 1,] + pi—10kp;}

SOOOP

m[5,6] = m[5,5] + m[6,6] + pypsps = 5000

Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25

Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

lSk<j{ [ ]
. (m[1,1] + m[2,3] + pop1p3 = 0 + 2625 + 5250 = 7875
m[1,3] = min
m[1,2] + m[3,3] + popops = 15750 + 0 + 2250 = 18000
= 7875

Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25

Po P1 P2 pP3 P4 Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

ml[i,j] = min {m[i, k] + m[k + 1,/] + p;_1pkp;}

i<k<j

m[2,2] + m[3,4] + p1p.ps = 0 + 750 + 5250 = 6000
m[2,4] = mi
m[2,3] + m[4,4] + pypsps = 2625 + 0 + 1750 = 4375
= 4375
Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

m[35] = min m[3,3] + m[4,5] 4+ p,psps = 0 + 1000 + 1500 = 2500
S m[3,4] + m[5,5] + p,psps = 750 + 0 + 3000 = 3750
= 2500
Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 P4 Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

,4] + m[5,6] + p3paps = 0 + 5000 + 1250 = 6250
m[4,5] + m[6,6] + p3psps = 1000 + 0 + 2500 = 3500
= 3500
Matrix A1 AZ A3 A4 A5 A5
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe
30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

ml[i,j] = min {m[i, k] + m[k + 1,/] + p;_1pkp;}

[1,2] + m[3,4] + pop,Ps = 15750 + 750 + 4500 = 21000

m[1,1] + m[2,4] + pop1pa = 0 + 4375 + 10500 = 14875
m[1,4] = min
m[1,3] + m[4,4] + popsps = 7875 + 0 + 1500 = 9375

=9375
Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

[, k] +mlk +1,j] + pi_1pkp;}

m[2,2] + m[3,5] + pyp,ps = 0 + 2500 + 10500 = 13000
m[2,5] = min{ m[2,3] + m[4,5] + p1p3ps = 2625 + 1000 + 3500 = 7125
m[2,4] + m[5,5] + p1psps = 4375+ 0 + 7000 = 11375
= 7125
Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 P4 Ps Pe
30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

mli,j] = min {mli, k] + m[k + 1,j] + p;_1pp;}

<k<j ’

m[3,3] + m[4,6] + p,p3ps = 0 + 3500 + 1875 = 5375
m[3,6] = min{ m[3,4] + m[5,6] + p,psps = 750 + 5000 + 3750 = 9500

m[3,5] + m[6,6] + p,psps = 2500 + 0 + 7500 = 10000

= 5375
Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25

Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25

Po P1 P2 pP3 Pa Ps Pe

30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

+ p1p2ps = 0+ 5375 + 13125 = 18500

3,6]
4,6] + p1p3ps = 2625 + 3500 + 4375 = 10500
5,6]
6,6]

m[2,4] + m[5,6] + p1psps = 4375 + 5000 + 8750 = 18125
m[2,5] + m[6,6] + p1pspe = 7125 + 0 + 17500 = 24625
= 10500
Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 P4 Ps Pe
30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm
Work?

mli, j] = min {mli, k] + mlk + 1,71 + pi-1pep;3
m[1,1] + m[2,6] + popyPe = 0 + 10500 + 26250 = 36750
m[1,2] + m[3,6] + popaps = 15750 + 5375 + 11250 = 32375
m[1,6] = min{ m[1,3] + m[4,6] + popsps = 7875 + 3500 + 3750 = 15125
m[1,4] + m[5,6] + opape = 9375 + 5000 + 7500 = 21875
m[1,5] + m[6,6] + popspe = 11875 + 0 + 15000 = 26875

= 15125
Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe
30 35 15 5 10 20 25




Matrix-Chain Multiplication — How Does the Algorithm

25

20

10

35 % 15

30 x 35

15

Dimension

35

30




Step 4: Constructing an
i Optimal Solution

= Although RECURSIVE-MATRIX-CHAIN provide the optimal
number of scalar multiplications needed to compute a matrix-
chain product, it does not directly show how to multiply the
matrices.
= Each entry g]i, j] records a value of k such that an optimal
parenthesization of AA,,;...A; splits the product between A, and
Ags1-
= Thus, we know that the final matrix multiplication in computing
Al..n Optima”y IS Al..s[l,n]As[l,n]+1..n'
= We can determine the earlier matrix multiplications recursively.
= S[1, s[1,n]] determines the last matrix multiplication when
computing Ay g1,
= S[s[1,n]+1,n] determines the last matrix multiplication when
computing Agy n1+1..n-




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j)

if i==]j
print “"A”,

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,i])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,i)
print “)”

NV A W=



Constructing
‘L an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j)

if i==]j
print “A";

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)
print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(s,i,j) i1
if i==]j J:6
print “ A”i Output:

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(s,i,j)  i:1
if i==]j J:6
print “A”", Output: (

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)
print *)”

NSO AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(s,i,j)  i:1
if i==]j J:6
print “A”", Output: (

else
print “(”
PRINT-OPTIMAL-PARENS(S,i,s[i,j 3= PRINT-OPTIMAL-PARENS(s,1,3)
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)
print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i1

if i==]j J:3
print “A” OUtpUt: (

else (ij) = (1,3)
orint “(” (i) = (1,6)

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print )"

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i1

if i==]j J:3
else (i3) = (1,3)
print “(” (i) = (1,6)

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print )"

NSO AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i1

if i==]j J:3
print “A”- OUtpUt: ((

else (i3) = (1,3)
print “(” (i) = (1,6)

PRINT-OPTIMAL-PARENS(S,i,S[i,j]9=> PRINT-OPTIMAL-PARENS(s,1,1)
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)
print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i1
if i == ji1
prlnt \\Ani OUtpUt' ((Al

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)

print *)”

NSO AW

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i1

if i==]j J:3
print “A”- OUtpUt: ((Al

else (ij) = (1,3)
print (" (i) = (1,6)

PRINT-OPTIMAL-PARENS(s,i,s[i,j]) return
PRINT-OPTIMAL-PARENS(s,s[i,j]+ 1,/ PRINT-OPTIMAL-PARENS(s,2,3)
print )"

N AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(s,i,j) 2
if i==]j J:3
orint “ A”i Output: ((A;

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)

print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(s,i,j) 2
if i==]j J:3
orint ™ A”i Output: ((A(

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)

print *)”

NSO AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(s,i,j) 2
if i==]j J:3
orint ™ A”i Output: ((A(

else
print “(”
PRINT-OPTIMAL-PARENS(S,i,s[i,jl3=> PRINT-OPTIMAL-PARENS(s,2,2)
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,i)

print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i (Fs@al
1. if i==]j j:2 o —
2. print “A", Output: ((As(A; M
3. else (ij) = (1,3)
4, print(” (i) = (1,6)
5. PRINT-OPTIMAL-PARENS(s,i,s[i,i])

6.  PRINT-OPTIMAL-PARENS(S,s[i,i]+1,])

7. print *)”

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(s,i,j) i:2
if i==]j j:3
print \\Al/i Output: ((AI(AZ

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j]) return
PRINT-OPTIMAL-PARENS(S,s[i,j]+ 1,9 PRINT-OPTIMAL-PARENS(s, 3,3)
print *)”

N AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,ij)  i:3 QP
1. i i==] i3 LU= )
7. print “A” Output: ((A;(AA; M
3. else (ij) = (1,3)
4, print (" (i) = (1,6)
5. PRINT-OPTIMAL-PARENS(s,i,s[i,j])

6.  PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)

7. print *)”

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i
if i==]j J:3
print \\Ani OUtpLIt ((AI(A2A3)

else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,jyeturn

print *)”

Nouh W=

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i1

if i==]j J:3
print “A”- OUtpUt: ((AI(AZAB))

else (ij) = (1,3)
print (" (i) = (1,6)

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)yeturn
print *)”

Nouh W=

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i1
if i==]j J:6
print \\Al/i OUtpLIt ((AI(AZAB))

else
print “(” (i,j) = (1,6)
PRINT-OPTIMAL-PARENS(s,i,s[i,j]) return
PRINT-OPTIMAL-PARENS(s,s[i,j]+ 1,9 PRINT-OPTIMAL-PARENS(s,4,6)
print )"

N AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:6
print “A”- OUtpLIt: ((AI(AZAB))
|
else
print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print )"

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:6

print “A”- OUtpUt: ((AI(AZAB))(
else

print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print )"

NSO AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:6

print “A”- OUtpUt: ((AI(AZAB))(
else

print “(”

PRINT-OPTIMAL-PARENS(S,i,S[i,j]9=>> PRINT-OPTIMAL-PARENS(s,4,5)
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)
print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:5

print “A”- OUtpLIt: ((AI(AZAB))(
else

print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print )"

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:5

print “A”- OUtpUt: ((AI(AZAB))((
else

print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print )"

NSO AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:5

print “A”- OUtpUt: ((AI(AZAB))((
else

print “(”

PRINT-OPTIMAL-PARENS(S,i,S[i,j]9=>> PRINT-OPTIMAL-PARENS(s,4,4)
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)
print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,ij)  i.4 .
1. if i==] j4 ()= 6er))
2. print “A”, Output: ((A;(AA3))((A,4 (i3) = (4,5)
3. else (i) = (4,6)
4. print™(” (i) = (16)
5. PRINT-OPTIMAL-PARENS(S,i,s[i,i])

6.  PRINT-OPTIMAL-PARENS(S,s[i j]+1,)

7. print *)”

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:5

print “A”- OUtpUt: ((AI(AZAB))((A4
else

print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j]) return
PRINT-OPTIMAL-PARENS(s,s[i,j]+ 1,/ PRINT-OPTIMAL-PARENS(s,5,5)
print )"

N AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,ij)  i:s .
1. if i==] ji5 | $a)=E2)
> print W Output: (A(AA(AAs | ) = 45)
3. else (i) = (4,6)
4. print™(” (i) = (1,6)
5. PRINT-OPTIMAL-PARENS(S,i,s[i,i])

6.  PRINT-OPTIMAL-PARENS(S,s[i j]+1,)

7. print *)”

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:5

print “A”- OUtpUt: ((AI(A2A3))((A4A5)
else

print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)yeturn
print *)”

Nouh W=

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:6

print “A”- OUtpUt: ((AI(A2A3))((A4A5)
else

print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j]) return
PRINT-OPTIMAL-PARENS(s,s[i,j]+ 1,9 PRINT-OPTIMAL-PARENS(,6,6)
print )"

N AW =

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i ::j ]6

print “A”, Output: ((Ay(A2A3))((AA5)Ag | (i
else

print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print )"

NSO AW

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) 4

if i==]j J:6

print “A”- OUtpUt: ((AI(A2A3))((A4A5)A6)
else

print “(”

PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)yeturn
print *)”

Nouh W=

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j) i1
if i==]j J:6
print \\Ani OUtpUt: ((AI(A2A3))((A4A5)A6))

else
print “(” (ij) = (1,6)
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,j)yeturn
print *)”

Nouh W=

PRINT-OPTIMAL-PARENS(s,1,6)




Constructing
an Optimal Solution

PRINT-OPTIMAL-PARENS(S,i,j)
" plrint “JA"i Output: ((A;1(AA3))((A4A5)AG))
else
print “(”
PRINT-OPTIMAL-PARENS(s,i,s[i,j])
PRINT-OPTIMAL-PARENS(s,s[i,j]+1,))
print *)”

Ny AW =

PRINT-OPTIMAL-PARENS(s,1,6)
((AL(AA))((A4A5)A,)) is an optimal solution




i Dynamic Programming

Dynamic programming is applicable when the

subproblems are independent
Characterize the structure of an optimal solution
Recursively define the value of an optimal solution

Compute the value of an optimal solution in a
bottom-up fashion

Construct an optimal solution from computed
information



Elements of Dynamic Programming

= When should we look for a dynamic programming solution to a
problem?

= In order for dynamic programming to apply, the problem must
have

=« Optimal substructure
= Overlapping subproblems



Optimal Substructure

A problem exhibits optimal substructure if an optimal solution to
the problem contains within it optimal solutions to subproblems.

Whenever a problem exhibits optimal substructure, we have a
good clue that dynamic programming might apply.

In dynamic programming, we build an optimal solution to the
problem from optimal solutions to subproblems.

Consequently, we must take care to ensure that the range of
subproblems we consider includes those used in an optimal
solution.



Optimal Substructure

= We discovered the optimal substructure in both of the problems
we have examined so far.

= In rod cutting, we observed that the optimal way of cutting up a
rod of length n (if we make any cuts at all) involves optimally
cutting up the two pieces resulting from the first cut.

= In matrix multiplication, we observed that an optimal
parenthesization of AA;,;...A; that splits the product between A, and
A1 contains within it optimal solutions to the problems of
parenthesizing AA,;...Acand A, ;.. A



Optimal Substructure

Show that a solution to the problem consists of making a choice, such
as choosing an initial cut in a rod or choosing an index at which to split
the matrix chain.

Assume that you are given the choice that leads to an optimal solution.

Given this choice, determine which subproblems ensue and how to best
characterize the resulting space of subproblems.

Show that the solutions to the subproblems used within an optimal
solution to the problem must themselves be optimal by using a “cut-
and-paste” technique.

By supposing that each of the subproblem solutions is not optimal and
then deriving a contradiction.
= e.g.,) By “cutting out” the nonoptimal solution to each subproblem and

“pasting in” the optimal one, Show that you get a better solution to the
original problem, thus contradicting your supposition.



Running Time

= The running time of a dynamic programming algorithm depends
on the product of two factors

= the number of subproblems overall
= how many choices we look at for each subproblem.

= In rod cutting, we had ©(n) subproblems overall, and at most n
choices to examine for each, yielding an 8(n?) running time.

= Matrix-chain multiplication had ®(n?) subproblems overall, and
in each we had at most n-1 choices, giving an 0(n3) running
time.



i Overlapping Subproblems

= The space of subproblems must be “small” in the sense that a
recursive algorithm for the problem solves the same
subproblems over and over, rather than always generating new
subproblems.

= When a recursive algorithm revisits the same problem
repeatedly, we say that the optimization problem has
overlapping subproblems.

= Dynamic-programming algorithms typically take advantage of
overlapping subproblems by solving each subproblem once and
then storing the solution in a table where it can be looked up
when needed, using constant time per lookup.
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‘_L Overlapping Subproblems

The recursion tree for RECURSIVE-MATRIX-CHAIN(p,1,4).




i Recursive Solution

RECURSIVE-MATRIX-CHAIN(p, i, j)
ifi==]j
return 0
m[i,j] = o
fork=itoj-1
g = RECURSIVE-MATRIX-CHAIN (p, i, k)
+RECURSIVE-MATRIX-CHAIN(p, k+1, j)
+Pi-1PkP;
if g < m[i,j]
m[i,jl =q
10. return m [j, j]

WONoU W=



Recurrence for Time
i Complexity?

s T(1) =21
s T(M) =1+ X3(Tk)+T(n—k)+1) forn>1
>2Y0 L T(k)+n
= We will show that T(n) > 2™1forn > 1.
= Basis: T(1)>1=20
« Inductively, for n = 2, we have
= T(n)=2Yr 1201 +n
=2y 72 +n
=22" 11— 1) +n=2"-2+n
—on-1_49n-1 _9 4 o
> 2n—1




Reconstructing an Optimal Solution

As a practical matter, we often store which choice we made in
each subproblem in a table so that we do not have to
reconstruct this information from the costs that we stored.

For matrix-chain multiplication, suppose that we did not
maintain the g[i, j] table and have filled in only the table m[i,j]
containing optimal subproblem costs.

We have to choose from among (j — i) possibilities when we
determine which subproblems to use in an optimal solution to
parenthesizing AA;,...A;, and j - i is not a constant.

Therefore, it would take 8(n) time to reconstruct which
subproblems we chose for a solution to a given problem.

By storing in s[i, j] the index of the matrix at which we split
product AA,,,...A;, we can reconstruct each choice in O(1) time.



Matrix-Chain Multiplication — Reconstructing an Optimal

Solution

25

20

10

35 % 15

30 x 35

15

Dimension

35

30




Matrix-Chain Multiplication — Reconstructing an Optimal
Solution

mli,j] = ig}(igj{m[i, k] +mlk + 1,] + pi—10kp;}

m[1,1] + m[2,6] + popyPe = 0 + 10500 + 26250 = 36750
m[1,2] + m[3,6] + popaps = 15750 + 5375 + 11250 = 32375
m[1,6] = min{ m[1,3] + m[4,6] + popsps = 7875 + 3500 + 3750 = 15125
m[1,4] + m[5,6] + popape = 9375 + 5000 + 7500 = 21875
m[1,5] + m[6,6] + popspe = 11875 + 0 + 15000 = 26875

= 15125
Matrix A1 AZ A3 A4 A5 A6
Dimension 30 x 35 35 % 15 15%x5 5x 10 10 x 20 20 x 25
Po P1 P2 pP3 Pa Ps Pe
30 35 15 5 10 20 25




Memoization

A memoized recursive algorithm maintains an entry in a table
for the solution to each subproblem.

Each table entry initially contains a special value to indicate that
the entry has yet to be filled in.

When the subproblem is first encountered as the recursive
algorithm unfolds, its solution is computed and then stored in
the table.

Each subsequent time that we encounter this subproblem, we
simply look up the value stored in the table and return it.



Recursive Solution with
Memoization

MEMOIZED-MATRIX-CHAIN(p)
n=p.legnth-1
let m[1..n, 1..n] be a new table
fori=1ton
forj=iton
m[i,j] = o
return LOOKUP-CHAIN(m, p, 1, n)

o v x W N = R

LOOKUP-CHAIN(m, p, i, )
if m[i, j] < oo
return mi, j]
if i==j
ml[i,j]=0
else
fork =itoj-1
g = LOOKUP-CHAIN (m, p, i, k)
+LOOKUP-CHAIN (m, p, k+1, j)
+D;-1PkP;
if q < mfi,j]
m[ijl =q
return m [i, j]

0 ® N O A W N =R

=
=]

-
N



Matrix-chain Multiplication Problem

We can solve the matrix-chain multiplication problem by either a
top-down, memoized dynamic programming algorithm or a
bottom-up dynamic programming algorithm in O(n3) time.

Both methods take advantage of the overlapping-subproblems
property.

There are only 0(n?) distinct subproblems in total, and either of
these methods computes the solution to each subproblem only
once.

Without memoization, the natural recursive algorithm runs in
exponential time, since solved subproblem are repeatedly
solved.



i Dynamic Programming

= If all subproblems must be solved at least once, a bottom-up
dynamic-programming algorithm usually outperforms the

corresponding top-down memoized algorithm by a constant
factor, because

= The bottom-up algorithm has no overhead for recursion and less
overhead for maintaining the table.
= For some problems we can exploit the regular pattern of table
accesses in the dynamic programming algorithm to reduce time or
space requirements even further.
= Alternatively, if some subproblems in the subproblem space
need not be solved at all, the memoized solution has the

advantage of solving only those subproblems that are definitely
required.



i Subtleties

= Let us think about these two problems

= Un-weighted shortest path - find a path from u to v consisting of
the fewest edges.

= Un-weighted longest path - find a simple path from u to v
consisting of the most edges.
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