Seoul National University

Dept. of Civil and Environmental Engineering

Instructor: Junho Song
junhosong@snu.ac.kr

457.646 Topics in Structural Reliability

In-Class Material: Class 05

% See supplementary material on bivariate normal joint PDF

Covariance & Correlation Coefficient

— Partial descriptors or measures for

D Covariance
(a) Definition:

Cov[X,Y]=E[

cf.c.owv. 6=
(b) Cov[X,Y]=

(c) Cov[X,Y] >0

=0

<0

= Not useful to measure/compare the strength

Why?

® Correlation Coefficient

]

fyv (X, y)dydx

linear dependence

linear dependence

linear dependence

(a) Dimensionless measure of linear dependence

dependence

yl

— Hy

Hx

of the linear dependence.


mailto:junhosong@snu.ac.kr

Seoul National University
Dept. of Civil and Environmental Engineering

Proof: Consider

Instructor: Junho Song
junhosong@snu.ac.kr

f(a)
f(a) = [[Ta(x—1) = (y =1, I fiy (%, y)dxcly
S,
=a®Var[X]-2a-Cov[X,Y]+Var[Y] 0 LT
-.D/4=(Cov[X,Y])* —Var[X]-Var[Y] 0
[Cov(X, V)P _
" Var[X]-Var[Y]
SPyy S
(c) What does p,, = & py, = mean?
f(a)
Consider the case D=
_ _Cox V] ”
f(a)_Var[X](a Var[X] j +
f(a)=0 at a=mza*
Var[x]
Substituting this into f(a),
f@)=Jr (X—1) = (Y =1, )T (%, y)dxdly =0

—00 —00

. for Y(X,Yy), the following (deterministic/probabilistic) and (linear/nonlinear)

relationship between X and Y holds:

|- P = p=-1
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d) py =0 <« Cov[X,Y]=0
“No linear dependence”
“Un ”

(e) “Uncorrelated” vs “Statistical Independence”

Py =0

(E[XY]= ) - fxy (X' y):

—7?
Suppose Y=X? and X has a symmetric distribution in [-a, a]

E[XY]=
E[X]=
Cov[X,Y]=

«?

¥ Vector/matrix formulation for multiple RVs

2
X, My, ©1 ,
: c
X=9q: Ry = Ty = ?
xn “’Xn 2
sym ... O
() vector ( ) vector=E[X] ( ) matrix
20 = EI(X =M, )(X~M,)"] = E[XX"]-M,M]
=DRD
where
D= , =[ ] diagonal matrix of
1 P12 P13
1 .
R= N =[ ] matrix
| sym 1
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#* X, and Ry, are and

- a'X,a>0 (va=0) If no perfect linear dependence
(a simple proof: Y =a'X, o =a'Z,,a>0)

- a'X,.a=0 for 3a if there exist linear dependence among X

Xl
eg. X;=2X, Y =1:X,-2X,=[1 2] _*|=0

2
2 _ AT _
oy =a X,,a=0
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In-Class Material: Class 06
[I-6. Functions of Random Variables (See Supp. 03)

Consider Y = g(X)

(1) For input X: distribution model fx(x) or expectations (Myx, Zxx) available

(2) For output Y: distribution model ( ) or expectations ( : )?

Examples:
(1) Regional/inventory loss: L = Y-, V;D; > linear function

. . ) _1 2
(2) Wind-induced pressure: P = > 4
Mathematical expectation of linear functions
n
Ye=a,+2.3,X, k=1..,m
i=1

@ Algebraic formula (n<3): See Supp.3

@ Matrix formula:

For Y=A, + AX

where
A o &y A A n X,
Y= Y:Z ’AO_ a20 ,A— a?,l a%,z 2,n and X= X:Z
Ym a'm,O am,l a'm,2 am,n Xn
MY=
yy =

+ Proof of Positive-definiteness of Zxx
Consider Y =a™X (A, = , A= )
Using the formula above,

EYY:G%:
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% Linear transformation for standardization, i.e.,

Suppose X has and

Find Y = A, + AX

such that My = and Zyy =
MY = Ao + AMX = (1)
Zyy = Ay AT = (2)

Since Xxx is positive semi-definite, Exx = LyLL (e.g. by

Therefore, =| and
A= - Substitute to ()
Ap =
In summary,

Y =
Alternatively,

z“><>< = DxRxxDx

= L):LTE

Therefore, Ly = and Lz! =

Y=
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decomposition)

-> This version is preferred because of numerical stability in decomposition (‘p‘ <.

Mathematical expectation of nonlinear functions

Ve =gk (x), k=1,--,m

Taylor series expansion around the mean point, x = My

dg
Y = g (My) + ok

4 x-M

X=MX

Matrix form

Y =g(My)+Jy«] w, (X=My)

X=
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(D First-order approximation

(Scalar: See supp.)

(2 Second-order approximation
= Can use 2" order approximation from Taylor series expansion

= Not useful because higher-order moments are needed (y,x,---)

(® Accuracy of FO/SO approximation

Sources of large errors in approx.
- o,
[}
- Nonlinearity in g (x) /\
- 1
Example : U = K'P (Frame structure) | :
Hx
Derived Distribution of Functions
Consider Y =g(X) where Y ={V;,---,Y,,} and X ={Xy,---, X}
Given: fx(x) 2 fy(y)? X O Y X x Y
. —> . .
(1 m = n, one-to-one mapping . ,//—.>
I I I
a) Discrete
TiA YN ‘
PY(ylv"'!yn) Px()if" K TF 4227 -b':_‘_?:
b) Continuous >x; >V
fY(yll"'1yn) fx()gv--'?‘

fy (y) = fx(x)-|det |
=f, (x)-|det
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T/
oX,  OX, OX,

“Jacobian”J, , =

W D
0%, OX,

Consider y =g(x), x=h(y)

o f, (y)= Ty (h(y))|d8t‘3y,x(h(y))|_l

# m=n=1
dh
()= T & = T ( )‘ (y)‘
Example: X ~ N(0,1%) y

a) Y=gX)=aX +b

One-to-one mapping?

f, (y) =, (%) W r¥

Distribution

b) T,, T, ~exponential r.v.'s (See supplement on “Other Distribution Models”)

fr (t,) =a-exp(-at), t, >0
fTZ (t,) =B-exp(-pt,), t,>0
T,,T, . statistically independent

Y, =T,+T,
Joint PDF of ?
Y,=T,-T,

f,(y) = f,(t)|detd, |
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v o
J oo |
Yy, o,
atl atZ
|detJy,t|_1 =
fY(Y):

Inverse relationship

1
T1 :E(Yl"i'Yz)
1
Tz :E(YI_YZ)
)= Lopl- 228y, 28
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yz]’ y1>01_y1< Yo <Y

- Range of Y derived from the condition t,t, >0 & t=h(y)
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