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Maxwell’s Equations
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General Form: Light in the Vacuum

V><E:—luo(’;—|;I

E Maxwell’s Equations
VxH = £, — in the Vacuum

ot

Uo=4rx107 (H/m)
V-E=0 £,=8.854 x10°12 (F/m)

V-H=0
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General Form: Light in Media

VXE:—§§

ot
oD

VxH=J+—
ot

V-D=p

V-B=0

Eh3% SEOUL NATIONAL UNIVERSITY
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Maxwell’s Equations
in General Media

D = D(E, H)
B = B(E, H)

Also, functions of x,t, k,w
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Approximated Form: Light in Simpler Media

D — D(E, H) This approx. loop D — gogr (C())E

is not unique!

B=B(E,H) B=u,u (0)H
functions of w
Linear, Local (k-independent) Homogeneous
functions of x,t,w
D = ¢,eE + ., H D =¢,¢, (X, )E
B =7%,.E+ 1,nH B = sy, (X, 0)H

functions of x,w

Without Bi-Isotropy/Bi-Anisotropy Static Materials

D=¢,eE D =¢,¢,(X,t,0)E

Isotropic

B=u,nH B =, (Xt,0)H
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Linear, Local, Isotropic, Static, Homogeneous Media

VXE:—§§

ot

Maxwell’s Equations
VxH=J+ @_D in Simple Media

ot

V-D=p D=¢,¢ (w)E
V-B=0 B = s, 14, (0)H
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In this Lecture...Focusing on Static Fields, not on Light

very, very slow variation of light fields
a ~ very small energy of photons

VxE=-
ot

D Maxwell’s Equations
VxH=J+ for Static Fields

ot

V-D=p D=¢,cE
V-B=0 B = uu H
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In this Chapter... Static Magnetic Fields
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Lorentz’s Force Equation
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Remind: Force from Electric Fields

Electric Field
= The electric force per unit charge exerted on a small “test charge” g in the limitg —»> 0

Why g — 07 To prohibit the effect on the other charges and existing fields

F E It is the force for stationary charges
e — U

What happens when charges move?
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Force from Magnetic Fields

Charge Velocity X Magnetic Field
= The magnetic force per unit charge exerted on a small “test charge” g in the limitg — 0

VxB(X) = Iimi
q—0 q

Why g — 07 To prohibit the effect on the other charges and existing fields
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Lorentz’s Force Equation

Lorentz’s Force Equation

F=F. +F =q(E+vxB
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Charge Motion inside a Magnetic Field
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E x B Drift

Garr

Proper E & B provides an interesting motion...
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The Biot-Savart Law
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The Biot-Savart Law

1 . o ¢ JX)x(X=X") 5,
E= °X B=20 d
47&9()j px )|x x| A IV |x—x'|3 "
Stationary Charges v 1 X=X ' Steady Currents
[ ETE0) S Ty vt PRV

,} SEOUL NATIONAL UNIVERSITY
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The Biot-Savart Law for a 1D Wire — Constant Current

_ /UOJ‘ ‘J(X')X(X;X')CPX.
4V x=x|

Because the current should
compose the closed loop, ...

5 Cj) dx, X(X_BXI)
4z 7 |x—x||

J$H1s% SEOUL NATIONAL UNIVERSITY
WY Dept. of Electrical and Computer Engineering
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Example 022

EXAMPLE 6-4 A direct current | flows in a straight wire of length 2L. Find the
magnetic flux density B at a point located at a distance r from the wire in the bisecting

plane: (a) by determining the vector magnetic potential A first, and (b) by applying

Biot-Savart law.

By applying Biot-Savart law. From Fig. 6-5 we see that the distance vector from

the source element dz' to the field point P is

R=ar—az

df' x R =a,dz x (ar —a,z') = a,rdz.

Substitution in Eq. (6-33c) gives

ol
B = [dB-a, e I L{z’1+r1)3f2

ol L

= A 5
®nrJL? + 12

which is the same as Eq. (6-35).

} SEOUL NATIONAL UNIVERSITY
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Example 023

sssmmm EXAMPLE 6-5 Find the magnetic flux density at the center of a square loop, with
side w carrying a direct current I.

Solution Assume that the loop lies in the xy-plane, as shown in Fig. 6-6. The mag-
netic flux density at the center of the square loop is equal to four times that caused

4 )
B=J'dB=a;tﬂIJ'L rdz

N
o ® 4n J-L (22 + r?)3?

— a‘;‘ 3
2ar/L* + r?
\_ J

FIGURE 6-6
A square loop carrying current [ (Example 6-35).

by a single side of length w. We have, by setting L = r = w/2 in Eq. (6-35),

I 242
B=a, 1% x4=a, \/““"I. 6-37)
ﬁnw nw
where the direction of B and that of the current in the loop follow the right-hand
rule. -
O\ £l D) W
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Example 024

s EXAMPLE 6-6 Find the magnetic flux density at a point on the axis of a circular
loop of radius b that carries a direct current I.

P(0, 0, 2)

FIGURE 6-7
A circular loop carrying current I (Example 6-6).

Solution We apply Biot-Savart law to the circular loop shown in Fig. 6-7:
de' =agbdd),

R =a,z — a,b,

R = {zz + bz)uz_
Again it is important to remember that R is the vector from the source element d¢’
to the ficld point P. We have
d¢’ x R =azbd¢’ x (a,;z — a,b)

=abzdd + a.b?dd'.

i
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Example 024

s EXAMPLE 6-6 Find the magnetic flux density at a point on the axis of a circular
loop of radius b that carries a direct current I.

P(0, 0, 2) d¢’ x R =a,bd¢’ x (a,z — ab)
= a,bzd¢’ + a_b?d¢"

FIGURE 6-7
A circular loop carrying current I (Example 6-6).

Because of cylindrical symmetry,_it is easy to see that the a,-component is canceled
by the contribution of the element located diametrically opposite to d¢’, so we need

only consider the a_-component of this cross product.
We write, from Egs. (6-33a) and (6-33c),

_ ol J‘Zu b2 d¢’

B=T2n Jo 2z o7
or
p’OIbz .
=8 357 1 by (T). (6-38)
-
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Asymptotic Forms
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Postulates: Differential Form

U = 1 inthe Vacuum

VxH=J
V.B=0 =

B — ILlOILlI'H

W
i 2

$$50% SEOUL NATIONAL UNIVERSITY
WY Dept. of Electrical and Computer Engineering
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Postulates: Integral Form

U = 1 inthe Vacuum

VxH=J
Gauss & Stokes

V.B=0 =

B — ILlOILlI'H

<H}s% SEOUL NATIONAL UNIVERSITY
"’“x'u Dept. of Electrical and Computer Engineering
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Electrostatics versus Magnetostatics

1 43y J(X) x (X=X
E=——/| p(X -2 X B:ﬂj (X=X g3y
Adre, Y Ix— x| 4z |x—=x'
)% SEOUL NATIONAL UNIVERSITY 57 Intelligent Wave Systems Laboratory
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Then, a Natural Question should arise...

A7 |x —X'
It will be discussed in the next lecture!
&, L3 bl
\Wjs% SEOUL NATIONAL UNIVERSITY o . |
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Connecting Maxwell’s Eq. & The Biot-Savart Law

i
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From the Biot-Savart to Maxwell: Divergence

The Biot-Savart Law

1~ x=X

_Hy ‘J(X')X(X_Xl)ds .
_471'[ |x—X'|3 " |X_X'| |X_X'|3

d3x'

H J(X)x(x=x") , .
_4EJV d°x'=— 4ﬂ'.‘J(X)xV

xf ]

Vx(fA)=f(VxA)-Ax(Vf) = Ax(Vf)=f(VxA)-Vx(fA)

J<07% SEOUL NATIONAL UNIVERSITY

'”L Dept. of Electrical and Computer Engineering 3 o Intelllgent Wave SyStems Labora wery



From the Biot-Savart to Maxwell: Divergence

B :—&JVJ(X')XV

4 Y, {w J(x) vXJ(x')}dgx.
T \

X=X Ar |x—x'|_ X=X

ZVX'UOI J(x") dsx._ﬂj‘ V xJ(x') NENE
A7V X=X A V| |[x=x]

Remember that V is applied to x coordinates, not to x’ coordinates

ﬂj{w&ﬂd X'=0

Ar X=X

B:in‘;j 10 g3y = [V.B=0|

/x|
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From the Biot-Savart to Maxwell: Curl

The Biot-Savart Law

= ,UoJ‘ J(X')X(X;XI)d?’X' VxB= ,uo j Vx(J(X) )deX'
A oV

x| xf

Vx(AxB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B

o, [J(x) (x- )j:\](xl{v.(xx'?}_(xx"zm

[x— x| X=X X=X

e

Remember that V is applied to x coordinates, not to x” coordinates

,} SEOUL NATIONAL UNIVERSITY

E‘L-‘ Dept. of Electrical and Computer Engineering
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From the Biot-Savart to Maxwell: Curl

{am( )] i ){ <—x'>}[J(X.).V]<x—xlg

I x| X x| X=X

Potential to Field Green Function
1 v 1 x=x v? 1
X - x| [x— x| \x—x'\?’ [x— x|

\Y%

= —475°(X—X)

v.2X vl vt -vr t _arsix-x)
X=X [x=x| [x x|

Let’s consider this!

[J(X) (x- )J47ZJ(X')53(X—X') [J(X)V]( -x)

[x— x| X - x|

i
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From the Biot-Savart to Maxwell: Curl

[J(X').V](X—X'z =—[J(X')-V'](X_Xl)

X = x| [x = x| o
|V'.[fJ(X')]=[J(x').V']f+f[v'.J(X-)]| V-J= g -0
' | (steady current)
960 VIET | g B8 5y | O X)W
|X X| |X X| |X—X|
[0 VIED | v DX 5
x=x1|" ), X=X

V{(XX')J(X') d*x'= ¢ (X=X) 369 ds
\Y 1 S X i

= 0: Sufficiently Large V for J = 0 at the outside

$Jjs% SEOUL NATIONAL UNIVERSITY
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From the Biot-Savart to Maxwell: Curl

Nonzero...but neglectable at the volume integral

Vx[‘](xl)x(x_x')}:47zJ(x')53(xx')[J(x')-

x=x{

Vx[J(XI)X(XX|)J477J(X')53(x—x')

x=xT

V><B=ﬂ V x J(XI)X(X;X') d°x’
X=X

7, . : :
< [ 473006 (X —X)IK = 1)00 [V B = s

Eh3% SEOUL NATIONAL UNIVERSITY
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From the Biot-Savart to Maxwell: Conclusion

The Biot-Savart Law

_ yoj J(X')X(X;X')dsx.
4V |x=x]

<

lV.B =0| ‘VXB:,uOJ

Not different laws, but the same laws
— The Biot-Savart Law is the Solution of Maxwell’s Eqs —

J305s% SEOUL NATIONAL UNIVERSITY
¥ Dept. of Electrical and Computer Engineering
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Magnetic Vector Potential
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Remind: Helmholtz Theorem

Helmholtz Theorem (or Helmholtz Decomposition)

An arbitrary vector field can always be decomposed into the sum of two vector fields:
one with zero divergence and one with zero curl

E=E, +E.
Solenoidal (divergence-free) Irrotational (curl-free)
V-E,=0 VxE.=0

Remembering Null Identities
V- (VxA)=0 Vx(Vf)=0

We can write E as follow:
The proper boundary

E — V X A + Vf condition (B.C.) allows

the unique E

J$H1s% SEOUL NATIONAL UNIVERSITY
LY Dept. of Electrical and Computer Engineering
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Remind: Helmholtz Theorem for Electrostatics

V-E, =0
E=E,+E_ ’
VxE.=0
v.E=£ VxE=0
o
V-E=V-(E;+Ec)  VxE=Vx(E,+E.)
:V-EC=£ =VxE, =0
o
E, =0
SEOUL NATIONAL UNIVERSITY 12 Intelligent Wave Systems Laboratcry
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Remind: Helmholtz Theorem for Electrostatics

E:EC VXEC:O

Let’s assign E for the conventional notation

E.=-VV

Electric Potential (or Scalar Potential) V

E=-VV

J305s% SEOUL NATIONAL UNIVERSITY
¥ Dept. of Electrical and Computer Engineering

13 Intelligent Wave Systems Laboratcry



Helmholtz Theorem for Magnetostatics

IV-B=0| ‘VXBZ,UOJ‘

B=VxA

Magnetic Vector Potential A

i
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Gauge Condition (or Non-Uniqueness) of A

'VxA=B]|

A'=A+Vy

VxA'=Vx(A+Vy)=VxA=B

Both A & A’ are magnetic vector potentials of B
= Non-Unique! Or Gauge-dependent!

#SW1p% SEOUL NATIONAL UNIVERSITY
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Vector Poisson’s Equation

IB=VxA|

VxB :Vx(VxA)=V(V-A)—V2A= JI
If we “set”

V-A=0

W
i 2

$$50% SEOUL NATIONAL UNIVERSITY
WY Dept. of Electrical and Computer Engineering
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Remind: Superposition for Electric Potentials

E=-VV

> E =-V>V,
K K

The superposition principle is also valid for the potential V

1 r 1 e
E= == 9
Arg, 1 4dmg, 1

1 & X=X,

= g

472"90 k=1 k|X— k|3

1 X—X
— d3x'
4neojv\x—x'3p(x) "

JSHs% SEOUL NATIONAL UNIVERSITY
JZLY Dept. of Electrical and Computer Engineering

17

A
et

v-_a1

Argy 1

1 O 1
V g

N Arey 5 X=X, |

1 1
V=il

— ld3 1
dre, \x—x'\p(x) "
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Vector Poisson’s Equation

VA =—1,]

Hy 1 , ,
A = J d
472'IV X=X ()

Uy 1 : ,
A = J d
47Z'IV |x—x'| (X0

zluo 1 J |d3 1
A 47zJV|x—x'| X

#4Wis% SEOUL NATIONAL UNIVERSITY
4l Dept. of Electrical and Computer Engineering
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ILIO 1 T 31
A= J(x")d
477jV X=X (dx

u
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Magnetic Dipole
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Remind: Example 001

Electric Dipole: Estimating an electric field far from the dipole?

_--z=%%
R—d/Z—,—*”::”’,””
—””’R ’/””/”’
+q e e e L Nq X —X,
=" - = k 3
qd T_--"7 R+d/2 Adre, o ‘x—xk‘

1 R—g R+g

== e | 4F T 4f
I [R== R+—

N 2 2| )

We cannot learn a lot from accurate but too complex equations!

..\' »% SEOUL NATIONAL UNIVERSITY
.Y Dept. of Electrical and Computer Engineering
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Remind: Example 001

Electric Dipole: Estimating an electric field far from the dipole?
3 3
-3 5 2 ) 2 )
|rgh o) o re) oS
2 2 4 R*> 4R
3
2\ 2 .
_r3[1 R, & ~R3(1+§R2dj
R* 4R 2 R
E~_1 (R—QJR-B(lﬁ dj—
4re, 2 2 2
2250
4rze,R*|\ 2 2 R 2

= q 3 3R.2dR_d:|
AreR R

-t
2

j3s% SEOUL NATIONAL UNIVERSITY
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Remind: Example 001

Electric Dipole: Estimating an electric field far from the dipole?

R ”,7
+q I 0 ’,,*” [Electric Dipole Moment}
d -~ —
p=qd
—q
E~—1 3[3R Ir- d}
Are,R R?
_ 1 3 3R P & p} 1 3{3RpC259Rer—ezp}
dre,R” | R? Are,R R
_ 1 . RIOCOS‘gRe -—(e, cosf—e sm@)p}
Are,R™ |
P

= (e,2cos@+e,sin o)
g,

J305s% SEOUL NATIONAL UNIVERSITY
MlZL¥ Dept. of Electrical and Computer Engineering
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Remind: Example 001

Electric Dipole: Estimating an electric field far from the dipole?

+ N
q 0 _--~ Electric Dipole Moment
p=qd

E-_ 1 [3R°pR—p}=4 P (e,2cosf+e,sin )

3 2 3
4re,R R g,
dipole charges
g~ 2P
9 — O - 4 3
g, R
7T P
H - ~ 3 >0
2 4dre,R
2p
O=rx ~ -
Are,R®
WIK!
BH1% SEOUL NATIONAL UNIVERSITY o . |
'” Dept. of Electrical and Computer Engineering 23 5, Intelllgent Wave Systems Labora ery




Remind: Example 006: Revisiting a Dipole

Electric Dipole: Estimating an electric field far from the dipole?

_--z=%%
R_d/Z”—”’::”’/””

g @ R

dir-~ _--7 R+d/2

—q
1 O 1

V= 2.0

1 Q 1 q 1 1

V = d, — _
drne, S *|x—x,| 4me,\[R-d/2 |R+d/2]

J305s% SEOUL NATIONAL UNIVERSITY
¥ Dept. of Electrical and Computer Engineering
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Remind: Example 006: Revisiting a Dipole

R-d/2["=[(R-d/2)-(R-d/2)] "

= \RZ—R-d+\d\2/4T/2

1 [ rd | ] 1(. R
=T l-——+ > oY 1+
Rl| R 4R[] [R

V q 1 B 1 B g R -d
4me,\[R-d/2] |R+d/2]) 4z, |R[

$<R3% SEOUL NATIONAL UNIVERSITY ) . |
v 25 ~ Intelligent Wave Systems Laboratcry
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Remind: Example 006: Revisiting a Dipole

_ g Rd_ g dcos¢ a@, BT
dre, ‘R‘B 4re, R’ d

—q
[Electric Dipole Moment} V _ p COS 9
P=4d Arg, R’

E_ vV —_a 8£pcos(9]_e 0 Epcosé’)

"OR\ 47g,R? ) "’ RoO| 4ze R’
e 2 pcosi’ e, psmi -_P ~(e,2cos@+e,sin o)
4re,R® "’ Amg,R®  Arme,R

Same result through a simpler process!

,} SEOUL NATIONAL UNIVERSITY

'“'-wfll»" Dept. of Electrical and Computer Engineering 26 o Intelllgent Wave SyStems Labora wery



Example 025

- A= “0 _J(x)d3X’
1 1
TT&Ey k=1 |X—Xk| 7 I 1
A= —dl’
. 4 7C' R
z 7
LineA/:;f’/;/ dli'=e,'bdp'=(-e,singp'+e, cosp')bde’
Cancelled
R
o5 Ul 2z bsing’
o4 Ae, Lol [DSND"y
) Ly 4zt TR
/ Line A’ e ,Uo J.znbsmgp do’
? -y, R'

i
o .
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Example 025

| 22 bsing’
A=¢ d
Y 47zj R a

‘s
. ,/’/
Line A .-
7z 7
7 7/
7 7
e

’
’
’
’
7z 7
7’ ’ RI
,
, ,’
,
’
’
’

J$H1s% SEOUL NATIONAL UNIVERSITY
WY Dept. of Electrical and Computer Engineering

1

RI

A

28

R? =R?+hb?—2bRcosé&
=R?+b® - 2bRsin dsin ¢'

-1/2

2
= 1—2—bsin gsin g '+ (Rj
R R R
~ l(1+ Esin gsin (p'j

R R

Hol b
"4z RY0

=6, —— 2”(1+%sin @sin gp'jsin p'do'
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Example 025

A=e Ml b 2”(lJr%sin @sin gp'jsin p'do'

A 1,1 b’

‘ A A=e, —sing
. A7 R
Line A ..~
,’:" 2
R ,/,," m — ezﬂ'b I
E R .
0. e. xe =e Sind
‘\,/ R Z r qD
..... 1= LY
b L | Line A"
. Ly, MXEe,
@ A = >
Ad7r R

SEOUL NATIONAL UNIVERSITY
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Example 025

| 7b° .
A=e, o —sing
) 47 R
m=e lzb
mxe
Az ”ﬂ A: ILIO 2 r
Ar R
LineA/:;f’
R . ' b2
| 7 .
9% R B =£h —(e,2cos0+e,sin6)
NN , Ar R
b Y7 —
| Line A /uo m _
o B=-2—(e,2cos6+e,sino)
A1 R
X

i 2
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Electric Dipole VS Magnetic Dipole

+q
d <l
—q
p=qd m=e, | zb’
1 p-e mxe
V = r A::Uo r
Are, R* Ar R’

P : M :
E = e 2cos@d+e,sin@)| IB=-"2—(e 2cos@+e.sind
47&90R3( ' ’ ) 47zR3( ' v )

o SEOUL NATIONAL UNIVERSITY
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