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Remind: Theory of Dielectric Matter: Polarization

Dielectric ( )f r

( )P r

Polarization Charge 
(Bound charge)

Free Charge

ext ( )E r

int ( )E r

tot others( ) ( ) ( ) + =P r E r F r O

Chemical Bonding, Q.M., ...
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Remind: Theory of Dielectric Matter: Polarization

Dielectric

( )P rV

S
s( ) P r

Neutral Dielectric

Separating volume & surface parts in 
polarization charge s( ) ( ) 0

V S
dv ds + = P Pr r

Remembering Gauss’s Theorem!
: Introducing
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Remind: Theory of Dielectric Matter: Polarization

( ) ( ) = −P r P r

s s( ) ( ) = P nr P r e

Polarization
The rearrangement of internal charge that occurs when matter is exposed 
to an external field – characterized by P(r)

P(r) is not uniquely determined by the volume & surface charge distributions 
➔ Helmholtz Theorem
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Remind: Theory of Dielectric Matter: Electric Potential
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Remind: Electric Dipole VS Magnetic Dipole
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Magnetic Dipole ~ Current Loop: Orbital Angular Moment

The stereotypical "solar-system" model for hydrogen (WIKI)

Proton Mass: 

1.6726219236×10−27 kg

Electron Mass:

9.1093837015×10−31 kg

Sun Mass: 

1.989×1030 kg

Earth Mass:

5.972×1024 kg

1.8×103

3.3×105

Two-Body Problem
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Magnetic Dipole ~ Current Loop: Spin Angular Moment 

A classical spin in a macroscopic environment is 
actually an orbital angular momentum! 

What happens when a particle becomes a point?
Spin  Internal Degree of Freedom for a Particle
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Polarization vs Magnetization
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Magnetization & Current Density
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Magnetization & Current Density

0 0

3

1
' ' '

4 4 '
d dv dv

R

 

 

 
= =    − 

M R
A M

x x

0

'

1
' '

4 'V
dv





 
=    − 

A M
x x

( ) ( ) ( )f f f =  −  A A A ( ) ( ) ( )f f f  =  −A A A

0

' '

0

' '

'
' ' '

4 ' '

''
   ' '

4 ' '

V V

n

V S

dv dv

dv ds









  
= −   

− − 

  
= + 

− − 

 

 

M M
A

x x x x

M eM

x x x x

P. 6-20



Intelligent Wave Systems Laboratory
SEOUL NATIONAL UNIVERSITY
Dept. of Electrical and Computer Engineering 13

Magnetization & Current Density
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Interpretation of Magnetization

( ) ( ) = −P r P r

s s( ) ( ) = P nr P r e

m ( ) = J r M

ms s( ) n= J r M e

Sec. 6-5.1 & 6.1
When J = 0:
The use of scalar p
otential is available 
also for B: Same for
mulation with that 
of Electrostatics! 
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Permeability

Kolhatkar, Arati G., et al. "Tuning the magnetic properties of nanoparticles."

International journal of molecular sciences 14.8 (2013): 15977-16009.

0

1


 =B J m

0

1


 = +B J J

m

0

1


 = + = +B J J J M



Intelligent Wave Systems Laboratory
SEOUL NATIONAL UNIVERSITY
Dept. of Electrical and Computer Engineering 16

Permeability

Kolhatkar, Arati G., et al. "Tuning the magnetic properties of nanoparticles."

International journal of molecular sciences 14.8 (2013): 15977-16009.
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Maxwell’s Equations for Magnetostatics

 =H J

0 =B

0 r =B H

m1r = +
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Classification of Magnetic Materials

1r  1r  1r  1r  1r 
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Why Paramagnetic  Ferromagnetic? – Order vs Disorder

S. Yu†, C.-W. Qiu†, Y. Chong, S. Torquato* & N. Park*. Engineered Disorder in Photonics.
Nature Reviews Materials 6, 226 (2021)
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Paramagnetic VS Ferromagnetic Materials

Short-range Order 
Long-range Order

Fully Random
(Uncorrelated)

Short-range Order

Vapor,
Uncorrelated Disorder

Liquid, 
Liquid-like Materials

Crystal, 
Quasi-Crystal, …

Paramagnetic
Ferromagnetic
Ferrimagnetic

Anti-Ferromagnetic
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Magnetic Circuits
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Remind: Electromotive Force (emf)

Electromotive Force
(emf) ➔ Voltage Source

2 1

in out
1 2

0
C

d d d =  +  =  E l E l E l

Ein

Eout

2 1

in out
1 2

d d−  = +  E l E l

2 1

in out
1 2

d d = −  = +  E l E l

Electric Battery, Electric Generator, Solar Cells, …

Allowing potential drop 
from (+) to (–) electrode
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Remind: Kirchhoff’s Voltage Law

=J E

2 1 1

in out
1 2 2

d d d RI


= −  = +  = +  =  
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E l E l l

j k k
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Kirchhoff’s Voltage Law

0
C

d = E l

It is just …
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Magnetomotive Forces (MMF)

 =H J

0 =B

0 r =B H

m
C S

d d NI =  = =  H l J s

Closed Loop!
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Example 026

Closed Loop!
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Example 026
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Example 026
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Example 026

Reluctance
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Magnetomotive Forces (MMF)

 =H J

0 =B

0 r =B H

m
C S

d d NI =  = =  H l J s
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Magnetostatics – Boundary Conditions
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Remind: Maxwell’s Equations: Electrostatics

 =E O

 =D

0
C

d = E l

S
d Q = D S

Gauss & Stokes

D will be discussed later…

Boundary Conditions: Connecting “Fields” across the boundary

Tangential & Normal Fields!
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Remind: Strategy for Boundary Conditions

Δh

0
C

d = E l
S

d Q = D S

I.   Boundary includes “different” materials ➔ Integral forms are proper

II.   Stokes ➔ “Closed Loop” across materials
Gauss ➔ “Closed Surface” across materials

III.   Loop measures tangential fields & Surface measures normal fields

Medium 2

Medium 1
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Remind: Analyzing Boundary Conditions

Δh

0 1 2 0h t t
C

d E w E w = =  −  = E l ( )2 1 2n s
S

d S S =  −  =  D S e D D

E2t

E1t

D2n

D1n

Δh → 0 to characterize the “boundary”

Medium 2

Medium 1

en2
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Remind: Boundary Conditions: Electrostatics

Δh

1 2t tE E= ( )2 1 2n s − =e D D

E2t

E1t

D2n

D1n

Normal Fields

Medium 2

Medium 1

en2

Tangential Fields
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0
C

d = E l

0
C

d

 =

J
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J
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Irrotational Electric Field

Remind: Governing Equations for Steady Current Density

d

dt


 = −J

S V

d
d dv
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 = − J s

Equation of Continuity
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Remind: Boundary Conditions for Current Density

1 2

1 2

t tJ J

 
= ( )2 1 2n

d

dt


 − = −e J J

Normal FieldsTangential Fields

1 2n nJ J=

If there is no external 
source…
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Strategy for Boundary Conditions

Δh

,
C S

d d =  H l J s 0
S

d = B S

I.   Boundary includes “different” materials ➔ Integral forms are proper

II.   Stokes ➔ “Closed Loop” across materials
Gauss ➔ “Closed Surface” across materials

III.   Loop measures tangential fields & Surface measures normal fields

Medium 2

Medium 1
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Analyzing Boundary Conditions

Δh

0 1 2 sn ,h t t
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Δh → 0 to characterize the “boundary”
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en2
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Boundary Conditions: Magnetostatics

Δh

( )2 1 2n s − =e H H J 1 2n nB B=

H2t

H1t

B2n

B1n

Normal Fields

Medium 2

Medium 1

en2

Tangential Fields
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Boundary Conditions: Electro-/Magneto-Statics + Current

( )2 1 2n s − =e H H J 1 2n nB B=

Normal FieldsTangential Fields

1 2

1 2

t tJ J

 
= ( )2 1 2n

d
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 − = −e J J

Normal FieldsTangential Fields

1 2t tE E= ( )2 1 2n s − =e D D

Normal FieldsTangential Fields
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Remember the Relations between Maxwell & B.C.

( )2 1 2n s − =e H H J 1 2n nB B=

Normal FieldsTangential Fields

1 2t tE E= ( )2 1 2n s − =e D D

Normal FieldsTangential Fields

 =E O  =D

 =H J 0 =B
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Example 027
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Example 027
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Inductance
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Remind: Self-Capacitance

Perfect Conductor
Equipotential Body!
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Remind: Capacitor

12Q CV=
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Inductance: Linking Magnetic Flux & Current

12Q CV=

Magnetic Circuit

 I

Q V

R

C

L

? = Memristor

Source & H

Source & D E

B
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Self-Inductance
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Mutual Inductance

2

2

21 1 2( ') '
S

d =  B x s
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When C2 has N turns

21 21N = 
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Total 21
21

1

L
I


=



Intelligent Wave Systems Laboratory
SEOUL NATIONAL UNIVERSITY
Dept. of Electrical and Computer Engineering 22

Generalization of Circuit Elements: Nonlinear Responses

Q CV= LI =

dQ CdV= d LdI =

d
L

dI


=

dQ
C

dV
=
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Example 028
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Example 028
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Example 028

Material Parameter + Structural Parameters



Intelligent Wave Systems Laboratory
SEOUL NATIONAL UNIVERSITY
Dept. of Electrical and Computer Engineering 26

Example 029

Prove the reciprocity:

21 12L L=
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Magnetic Energy
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Remind: Electrostatic Energy: Materials

31

2
EU d= D E x

In the vacuum

0 r =D E
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Remind: Electrostatic Energy: Materials
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Magnetostatic Energy: Materials

31
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Magnetostatic Energy: Materials
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