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Problem Setup: Discounted Total Cost
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States: 

Decisions: 

Transitions:

Costs: 

Objective

s 2 S

<latexit sha1_base64="qfzjAC5uuUFVLjvq4dWNBzStvGE="></latexit>

a 2 A(s)

<latexit sha1_base64="9dY/taNKBqkip8jy2OMgJAf6P9o="></latexit>

p[j|s, a]

<latexit sha1_base64="ZsRWgZJgxhyAz7iwzkDQ9/1i6P0=">AAACNHicbVDLSsNAFJ34tj6rSzcXi+BCSiKCuhMEceFCwaqQBrmZ3ujoZCbMTIRS+xlu9S/8F8GduPUbnNQufB24cDj3dThpIYV1YfgSjIyOjU9MTk3XZmbn5hcW60tnVpeGU4trqc1FipakUNRywkm6KAxhnko6T2/3q/75HRkrtDp13YKSHK+UyARH56W4iG/gHuwGYHK52Aib4QDwl0RD0mBDHF/Wg+V2R/MyJ+W4RGvjKCxc0kPjBJfUr7VLSwXyW7yi2FOFOdmkN/DchzWvdCDTxpdyMFC/b/Qwt7abp34yR3dtf/cq8b9eXLpsJ+kJVZSOFP96lJUSnIYqAOgIQ9zJrifIjfBegV+jQe58TD++VLeNzay/AUdYoOQEqDpw4MMXZKCyp2UTWpagPTDCTc3HGP0O7S8522xGW83dk63G3s4w0Cm2wlbZOovYNttjh+yYtRhnmj2wR/YUPAevwVvw/jU6Egx3ltkPBB+fQ+ioyQ==</latexit>

or p(st+1 = j|st = i) = pij

<latexit sha1_base64="PUxjVulwgPm7N6CicPzTI3auXP8="></latexit>

c(s, a)

<latexit sha1_base64="i0A5bSyHF/u6UMvof5fsALO2a4k=">AAACMHicbVDLSsNAFJ34tr6qXboZLIKChEQK1p0giAsXFewD2iA3kxsdOpmEmYlQih/hVv/Cr9GVuPUrnKRdqPXAwOHc15kTZoJr43nvztz8wuLS8spqZW19Y3Orur3T0WmuGLZZKlLVC0Gj4BLbhhuBvUwhJKHAbjg8L+rdB1Sap/LGjDIMEriTPOYMjJW67EAfUTi8rdY91ytBZ4k/JXUyRet226kNopTlCUrDBGjd973MBGNQhjOBj5VBrjEDNoQ77FsqIUEdjEu/j3TfKhGNU2WfNLRUf06MIdF6lIS2MwFzr//WCvG/Wj83cTMYc5nlBiWbHIpzQU1Ki8/TiCtkRowsAaa49UrZPShgxkb060qxW+lY2x30CjIQDCnIiF7Y4DkqWthLhUvbGumgNMJUxcbo/w1tlnSOXb/hnl436mfNaaArZJfskQPikxNyRi5Ji7QJI0PyRJ7Ji/PqvDkfzuekdc6ZztTILzhf38uLpwc=</latexit>

min
a0,a1,a2,···

E
" 1X

t=0

↵tc(st, at)

����� s0

#

<latexit sha1_base64="IKEXgaadsSUVCjWaB2SZOsxBpfI="></latexit>

↵ 2 (0, 1)

<latexit sha1_base64="P83V4I3JIcc4R9QOEeZxCvlfWIA="></latexit>

Note:

1. MDP formulated in discrete time.

2.                                         do not depend on time (stationary)

3. s is countable

4. c(s, a) are bounded

A(s), p[j|s, a], c(s, a)

<latexit sha1_base64="y2Tn5ndT7tnE8B+p5YpK8nG3Fks="></latexit>

|c(s, a)|  M

<latexit sha1_base64="82fiOu59uflLOOsHOABZjtyehvw="></latexit>

for all s, a



Policies and Value Functions
History-dependent policy vs. memoryless-randomized policy
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For any                   and any history ht⇡ 2 ⇧HR

<latexit sha1_base64="HCk3PuDZmKWmgakJEdrH3MwVEWM="></latexit>

Policy      is optimal if⇡⇤

<latexit sha1_base64="MqzVH6NwDc2Zu7x498bgEbhvkXw=">AAACLnicbVDLSsNAFJ34tr7t0s1gEcRFSaSg7gRBXLioYNpCW+VmcqODk0mYmQgl+A1u9S/8GsGFuPUznKRZWOuBgcO5rzMnSAXXxnU/nJnZufmFxaXl2srq2vrG5tZ2RyeZYuizRCSqF4BGwSX6hhuBvVQhxIHAbvBwVtS7j6g0T+S1GaU4jOFO8ogzMFbyBym/ObjdbLhNtwSdJl5FGqRC+3bLqQ/ChGUxSsMEaN333NQMc1CGM4FPtUGmMQX2AHfYt1RCjHqYl26f6J5VQholyj5paKn+nsgh1noUB7YzBnOv/9YK8b9aPzPR8TDnMs0MSjY+FGWCmoQWX6chV8iMGFkCTHHrlbJ7UMCMDWjiSrFb6UjbHfQSUhAMKciQntvYOSpa2EtEk/oa6aA0wlTNxuj9DW2adA6bXqt5ctVqnB5XgS6RHbJL9olHjsgpuSBt4hNGOHkmL+TVeXPenU/na9w641QzdTIB5/sHVkim3A==</latexit>

U⇡⇤
(ht) = U⇤(ht) 8ht

<latexit sha1_base64="XvQGe6A+oq7r0Sc1BVMr76gG2Tg="></latexit>

V ⇡(s) := E⇡

" 1X

t=0

↵tc(st, at)

����� s0 = s

#
= U⇡(h0)

<latexit sha1_base64="+G25Y3JK4mTf1d9oXWvN0J+GoRU="></latexit>

where h0 = s

V ⇤(s) :=
X

⇡2⇧HR

V ⇡(s) = U⇤(h0)

<latexit sha1_base64="dd+YtWuC/JPLjeOsjuYFiKtnSJQ="></latexit>

initial time에서는 같다.

U⇤(ht) := sup
⇡2⇧HR

U⇡(ht)

<latexit sha1_base64="+9KSXKQc73Oq/j8xY/CglC+vgSc="></latexit>

U⇡(ht) := E⇡

" 1X

⌧=t

↵⌧�tc(s⌧ , a⌧ )

�����ht

#

<latexit sha1_base64="xVkLS0IOJpZtZQT7Fy15XvgrKBg="></latexit>
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We want to show that for any history ht = (s0, a0, · · · , st�1, at�1, st)

<latexit sha1_base64="7YbOqC3E68cy9RlmgJtXO2VbiQo="></latexit>

History → Memoryless

Theorem

Consider any                 . Fix            then there exists                    such that⇡ 2 ⇧HR

<latexit sha1_base64="btHvEji0bp2ayQdgIwJxwSca0DI="></latexit>

s 2 S

<latexit sha1_base64="JcFHLTOqGlZ7xp4ZRpc3US7ir2s="></latexit>

⇡0 2 ⇧MR

<latexit sha1_base64="xkSG6BggLmvUJGX/LkmFeCauUIU="></latexit>

p⇡
0
[st = y,At = a| s0 = s] = p⇡ [st = y,At = a| s0 = s]

<latexit sha1_base64="tbxtK648Yjt4I1Tej8eEuLmLBcU="></latexit>

for all y, a, and t.

For any ht

U⇤(ht) := sup
⇡2⇧HR

U⇡(ht) = sup
⇡2⇧MR

U⇡(st, t)

<latexit sha1_base64="mZ5kGzW4hBGJvaj2jan+UzPmP/4="></latexit>

Corollary

U⇤(ht) = V ⇤(st)

<latexit sha1_base64="uXH31JiWWTeCUDOGZ+ntFe1rQ/0="></latexit>



Value Fcn Under a Decision Rule
Stationary Policy
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Decision Rule (Policy는 좀 더 general한 개념임. Sequence of d = policy)

1 Deterministic decision rule

d : S ! A

<latexit sha1_base64="j4bSkNCluivxSTDyGGKjznUXhns="></latexit>

(d(s) 2 A)

<latexit sha1_base64="tce2b0Omxd7Mz7ZpLo5CwJ30xi4="></latexit>

Note: deterministic decision rule is the same as a stationary 
deterministic policy.

2 Randomized decision rule
d : S ! Probability distiribution on A

<latexit sha1_base64="Fa7mil883hfR6AKEhay+CqpPyv4="></latexit>

Note: randomized decision rule is the same as a stationary 
randomized policy.

d(s, a) = prob. of choosing a 2 A in s 2 S

<latexit sha1_base64="P+IS+0HQ409R7A0aP1RaxWLLFFA="></latexit>

X

a2A
d(s, a) = 1

<latexit sha1_base64="KhASPpXgFZtS2TK028hJ2rZ68cA="></latexit>
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• A policy                   is a sequence (d0, d1, d2, … ) of deterministic 
decision rules.

• A policy                    is a sequence (d0, d1, d2, … ) of randomized  
decision rules.

⇡ 2 ⇧MD

<latexit sha1_base64="IKgFVPBwg1jvPIgvGotsRZdOrvg="></latexit>

⇡ 2 ⇧MR

<latexit sha1_base64="hbiqI1z1IbDfhiftTZCgjRjvcTw="></latexit>



Value Fcn Under a Decision Rule
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For any deterministic decision rule d, let

cd(s) = c(s, d(s))

<latexit sha1_base64="w+Mx/z6cKBjSvQhm0rsQaD0PBu8="></latexit>

; single-stage cost

pd[y|s] = p[y|s, d(s)]

<latexit sha1_base64="QHTWkrZS5OGxfzBhTcawANzoICA="></latexit>

For any randomized decision rule d,

cd(s) =
X

a2A
d(s, a)c(s, a)

<latexit sha1_base64="yrEsnrul11H60hSy6GJ6BUiNEqk="></latexit>

pd[y|s] =
X

a2A
d(s, a)p[y|s, a]

<latexit sha1_base64="I7MqpkQ6N1VqUuPxKydtb3LNN5g="></latexit>

d(s, a) : prob. of taking a

<latexit sha1_base64="Dlq3AWj31qy3GvY52y4xOudkZik="></latexit>



Value Fcn Under a Decision Rule

8

Memoryless Policy ➝ Infinite horizon value fcn

⇡ 2 ⇧MR

<latexit sha1_base64="hbiqI1z1IbDfhiftTZCgjRjvcTw="></latexit>

⇡ = (d0, d1, · · · )

<latexit sha1_base64="kr1jvYOtC8SGt3IaDc/OmGl9DuY="></latexit>

t: state-transition probability

p⇡,t = pd0 ⇥ pd1 ⇥ pd2 ⇥ · · ·⇥ pdt�1 =
t�1Y

⌧=0

pd⌧

<latexit sha1_base64="cyPMl63m4L+2J3FFbMG77Nfv/MQ="></latexit>

p⇡,0 = I

<latexit sha1_base64="Aoq0hGk/mEbllWSZnM9zTRpJLL4="></latexit>

(처음 initial state에서 t = 0에 그 initial state에 있을 확률)

) V ⇡ =
1X

t=0

↵tp⇡,tcdt

= cd0 + ↵pd0cd1 + ↵2pd0pd1cd2 + · · ·
= cd0 + ↵pd0(cd1 + ↵pd1cd2 + · · · )

<latexit sha1_base64="RQ6GGT3zeo6xmLaWP6bNbTNtVWE="></latexit>

(1)
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Let ⇡1 = (d1, d2, · · · )

<latexit sha1_base64="glnsLMNgh98zNv4dq/LwhNEW2wo="></latexit>

Then, V ⇡1

= cd1 + ↵pd1cd2 + · · ·

<latexit sha1_base64="+drh5b9fDG3SH8qnViNzwsrH6Lo="></latexit>

(1)  becomes
V ⇡ = cd0 + ↵pd0V

⇡1

<latexit sha1_base64="ah2kDM4ZVrry8LIX4tMr4ejsMVw="></latexit>

Suppose                  ,⇡ 2 ⇧SR

<latexit sha1_base64="MoS6Pkj8yu3XjNkUoJl7jOyxIVo="></latexit>

⇡ = (d, d , d, · · · )

<latexit sha1_base64="4HgKZtl95i//7QIRJc7uD8sUAR4="></latexit>

V ⇡ = cd + ↵pdV
⇡

<latexit sha1_base64="5km091aE0pXKCwCKzev9W+oaa/4="></latexit>

Let        be the set of functions (bounded)V

<latexit sha1_base64="ErlU+p4J3G+qKHt6Ig6yvQn4DlU="></latexit>

V : S ! R

<latexit sha1_base64="R/ieCskTFUf7yko9O1EzFTHKIsA="></latexit>

For any decision rule d (randomized or deterministic), let  
be defined by 

Td : V ! V

<latexit sha1_base64="dEv5AduAXc70hLX6GIZ7OD1qwP8="></latexit>

V ⇡ = Td(V
⇡)

<latexit sha1_base64="yI1fh1yyrN0JaslFhyLdTU7lenw="></latexit>

(system of equations)
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In other words,       is a fixed-point of TdV ⇡

<latexit sha1_base64="giZyvmc10J/+13YQXX5Kn2IMZLA=">AAACLnicbVDLSsNAFJ34rPVZu3QzWARXJRFBBReCIC5cVDBtoYlyM71pByeTMDMRSuk3uNW/8GsEF+LWz3DSdqGtBwYO577OnCgTXBvX/XAWFpeWV1ZLa+X1jc2t7Z3KblOnuWLos1Skqh2BRsEl+oYbge1MISSRwFb0eFnUW0+oNE/lnRlkGCbQkzzmDIyV/OZ9kPGHnZpbd8eg88SbkhqZovFQcapBN2V5gtIwAVp3PDcz4RCU4UzgqBzkGjNgj9DDjqUSEtThcOx2RA+s0qVxquyTho7V3xNDSLQeJJHtTMD09WytEP+rdXITn4ZDLrPcoGSTQ3EuqElp8XXa5QqZEQNLgCluvVLWBwXM2ID+XCl2Kx1ru4PeQAaCIQXZpVc2do6KFvZSUae+RhqMjTBVtjF6s6HNk+ZR3Tuun90e1y7Op4GWyB7ZJ4fEIyfkglyTBvEJI5w8kxfy6rw5786n8zVpXXCmM1XyB873D6Uupww=</latexit>

Theorem

For any                 , ⇡ 2 ⇧SR

<latexit sha1_base64="MoS6Pkj8yu3XjNkUoJl7jOyxIVo="></latexit>

⇡ = (d, d, · · · )

<latexit sha1_base64="HRnEuwKjxnvNO6LK6KABujOGUm8="></latexit>

V ⇡

<latexit sha1_base64="giZyvmc10J/+13YQXX5Kn2IMZLA=">AAACLnicbVDLSsNAFJ34rPVZu3QzWARXJRFBBReCIC5cVDBtoYlyM71pByeTMDMRSuk3uNW/8GsEF+LWz3DSdqGtBwYO577OnCgTXBvX/XAWFpeWV1ZLa+X1jc2t7Z3KblOnuWLos1Skqh2BRsEl+oYbge1MISSRwFb0eFnUW0+oNE/lnRlkGCbQkzzmDIyV/OZ9kPGHnZpbd8eg88SbkhqZovFQcapBN2V5gtIwAVp3PDcz4RCU4UzgqBzkGjNgj9DDjqUSEtThcOx2RA+s0qVxquyTho7V3xNDSLQeJJHtTMD09WytEP+rdXITn4ZDLrPcoGSTQ3EuqElp8XXa5QqZEQNLgCluvVLWBwXM2ID+XCl2Kx1ru4PeQAaCIQXZpVc2do6KFvZSUae+RhqMjTBVtjF6s6HNk+ZR3Tuun90e1y7Op4GWyB7ZJ4fEIyfkglyTBvEJI5w8kxfy6rw5786n8zVpXXCmM1XyB873D6Uupww=</latexit>

is the unique solution (fixed point) of V = Td(V)

and V ⇡ = (I � ↵pd)
�1cd

<latexit sha1_base64="eXsk/GCh9r6ypI4dUz9zJhERtss="></latexit>



Stationary Deterministic Policy & Its Optimality
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Decision rule is same at every time period.

⇡ 2 ⇧SR, ⇡ 2 (d, d, d, · · · )

<latexit sha1_base64="PWGx6XUg1ZgIjNVp7iuvgb8Ypao="></latexit>

V ⇡ = cd + ↵pdV
⇡ = Td(V

⇡)

<latexit sha1_base64="s/GWSbO/S8jTQjTywSV8C9u/S8I="></latexit>

V ⇤ = sup
⇡2⇧HR

V ⇡(s) = sup
⇡2⇧MR

V ⇡(s)

<latexit sha1_base64="axbj8BK/ZBamjRKUzak1VLtW5+E="></latexit>

(This is what we know so far)

Optimality Equation

V ⇤ = sup
d2⇧SD

[cd + ↵pdV
⇤]

<latexit sha1_base64="emnMR//rdP7NNPxO2atZwd5t4Ck="></latexit>

Dynamic Programming Operator (T)

T : V ! V

<latexit sha1_base64="LxnEPdN/FwcK70JSjqqCZWTkGWw="></latexit>

T (V ) := sup
d2⇧SD

{cd + ↵pdV }

<latexit sha1_base64="yVCF4wA8Vpt/PJj/lrgVEGCsAT0="></latexit>
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We want to show that T has a unique fixed point; that is, there is a unique 
value function                          such that

One can also show that 

V 0 : S ! R

<latexit sha1_base64="o3V+eU43dc0oeeK/1n/zBxDjauw="></latexit>

T (V 0) = V 0

<latexit sha1_base64="v1cqtpm6m3aCnea6wDbWyoD/G2k="></latexit>

V 0 = V 0⇤

<latexit sha1_base64="9ysRtYxJFKQdnV85tfLTVLEKSWw="></latexit>

(유인물: Banach Fixed Point Theorem 참고)

+ several other proofs



Value Iteration and Policy Iteration

13

Value Iteration: See the handout

Policy Iteration

Choose a policy

Find the infinite horizon, discounted value of the policy

This value is then used to choose a new policy



Algorithm: Policy Iteration
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Step 0. Choose any (deterministic) decision rule d0, " > 0, set i = 0

<latexit sha1_base64="P3BgzRseTtbPbtL25kNFx60NSPU="></latexit>

Step 1. Policy                     given by ⇡i 2 ⇧SD

<latexit sha1_base64="vuuleXCdvijw8jmXsWTeRdDd2pQ=">AAACEHicbVDLSsNAFJ3UV62v1K6km8EiuCqJCCq4KOjCZYv2AU0Mk+m0HTqZhJmJEEJ+wh9wq3/gTty6cK8f4Hc4fSxs64ELh3Pu5VyOHzEqlWV9GbmV1bX1jfxmYWt7Z3fPLO63ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2PrsZ++4EISUN+p5KIuAEacNqnGCkteWbJiahHoUM5hE6d3qe315lnVqyqNQFcJvaMVGpFp/zdOPise+aP0wtxHBCuMENSdm0rUm6KhKKYkazgxJJECI/QgHQ15Sgg0k0nz2fwSCs92A+FHq7gRP17kaJAyiTw9WaA1FAuemPxP68bq/65m1IexYpwPA3qxwyqEI6bgD0qCFYs0QRhQfWvEA+RQFjpvuZSMOKYsKygi7EXa1gmrZOqfVq9aOiGLsEUeVAGh+AY2OAM1MANqIMmwCABT+AZvBiPxqvxZrxPV3PG7KYE5mB8/AIL1Z8s</latexit>

⇡i = (di, di, di, · · · )

<latexit sha1_base64="YrCJamnyQ3Ub16VaZu+sM+tARMA=">AAACHHicbVDLSgMxFM3UV62vUZcKBotQQcqMCCooFNy4rGAf0BmGTCatoZnMkGSEMtSd6/6BP+BWf0DciVvBH/AP3Js+QNt64F4O59zLTY4fMyqVZX0amZnZufmF7GJuaXlldc1c36jKKBGYVHDEIlH3kSSMclJRVDFSjwVBoc9IzW9f9P3aLRGSRvxadWLihqjFaZNipLTkmTtOTD0Kz2Eh8OjB3W9zcBApue+ZeatoDQCniT0i+dJ2zyl8v/TKnvnlBBFOQsIVZkjKhm3Fyk2RUBQz0s05iSQxwm3UIg1NOQqJdNPBR7pwTysBbEZCF1dwoP7dSFEoZSf09WSI1I2c9Prif14jUc0TN6U8ThTheHiomTCoIthPBQZUEKxYRxOEBdVvhfgGCYSVzm7sCkYcE9bN6WDsyRimSfWwaB8VT690QmdgiCzYArugAGxwDErgEpRBBWBwDx7BE3g2HoxX4814H45mjNHOJhiD8fEDFs+ksw==</latexit>

Policy Evaluation

Compute         by solvingV ⇡i

<latexit sha1_base64="W6XPqw3QwJdWwrWb4rGCE4PbKGg=">AAACBHicbVDLSgNBEOyNrxhfUY+CLAbBU9gVQQXBgBePCZiHJGuYnUySITOzy8ysEJY96g941T/wJoInwc/wB7zoRzh5HExiQUNR1U13lx8yqrTjfFqpufmFxaX0cmZldW19I7u5VVFBJDEp44AFsuYjRRgVpKypZqQWSoK4z0jV710M/OotkYoG4kr3Q+Jx1BG0TTHSRrqu3MSNkDZp0szmnLwzhD1L3DHJnX983+2+lX6KzexXoxXgiBOhMUNK1V0n1F6MpKaYkSTTiBQJEe6hDqkbKhAnyouHByf2vlFadjuQpoS2h+rfiRhxpfrcN50c6a6a9gbif1490u0TL6YijDQReLSoHTFbB/bge7tFJcGa9Q1BWFJzq427SCKsTUYTWzASmLAkY4Jxp2OYJZXDvHuUPy05ucIZjJCGHdiDA3DhGApwCUUoAwYOD/AIT9a99Wy9WK+j1pQ1ntmGCVjvv6zCnVc=</latexit>

Tdi(V
⇡i) = V ⇡i

<latexit sha1_base64="70+Ofni1b33Ub4pZBggv4NRYCmU=">AAACHXicbZDLSgMxFIYz9VbrbdSlLoJFqJsyI4IKCgU3Liv0Bm0dMplMG5rJDElGKMNs3fYRfAG3+gCCO3ErvoBv4N70gtjWHwJf/nMOJ/ndiFGpLOvTyCwsLi2vZFdza+sbm1vm9k5NhrHApIpDFoqGiyRhlJOqooqRRiQIClxG6m7valiv3xEhacgrqh+RdoA6nPoUI6Utx4QVJ/EcmsJC7TZpRXSIR/AS/t4cM28VrZHgPNgTyJf2B63C98ug7JhfLS/EcUC4wgxJ2bStSLUTJBTFjKS5VixJhHAPdUhTI0cBke1k9JMUHmrHg34o9OEKjty/EwkKpOwHru4MkOrK2drQ/K/WjJV/1k4oj2JFOB4v8mMGVQiHsUCPCoIV62tAWFD9Voi7SCCsdHhTWzDimLA0p4OxZ2OYh9px0T4pnt/ohC7AWFmwBw5AAdjgFJTANSiDKsDgHjyCJ/BsPBivxpvxPm7NGJOZXTAl4+MHAY+lLg==</latexit>

Note:         is contraction mapping, and thus         is unique.Tdi

<latexit sha1_base64="DkSog9GjsWDxAhKjq5aMWzgf4eU=">AAACAnicbVDLSsNAFJ3UV62vqhvBTbAUXJVEBOuu4MZlhb6gDWEyuWmHTiZhZiLUkJ1bF271D9yJWz9Cl/6AO//B6WNhWw9cOJxzL/fe48WMSmVZX0ZuZXVtfSO/Wdja3tndK+4ftGSUCAJNErFIdDwsgVEOTUUVg04sAIceg7Y3vBr77VsQkka8oUYxOCHucxpQgpWW2g039V2aucWSVbEmMJeJPSOl2tHd50P556PuFr97fkSSELgiDEvZta1YOSkWihIGWaGXSIgxGeI+dDXlOATppJNzM7OsFd8MIqGLK3Oi/p1IcSjlKPR0Z4jVQC56Y/E/r5uooOqklMeJAk6mi4KEmSoyx7+bPhVAFBtpgomg+laTDLDAROmE5rYQzAmwrKCDsRdjWCats4p9Xrm80QlV0RR5dIxO0Cmy0QWqoWtUR01E0BA9oif0bNwbL8ar8TZtzRmzmUM0B+P9F2ksm/w=</latexit>

V ⇡i

<latexit sha1_base64="Pgrlu9DlfRBvce7+F056XLjcoeQ=">AAACBHicbVDLSgNBEOyNrxhfUY+CLAbBU9gVwXgy4MVjAuYhyRpmJ5NkyMzsMjMrhGWP+gNe9Q+8iZBT/sMf8OJPOHkcTGJBQ1HVTXeXHzKqtON8WamV1bX1jfRmZmt7Z3cvu39QVUEkManggAWy7iNFGBWkoqlmpB5KgrjPSM3v34z92iORigbiTg9C4nHUFbRDMdJGuq8+xM2QtmjSyuacvDOBvUzcGcldj4bln6fjYamV/W62AxxxIjRmSKmG64Tai5HUFDOSZJqRIiHCfdQlDUMF4kR58eTgxD41StvuBNKU0PZE/TsRI67UgPumkyPdU4veWPzPa0S6U/BiKsJIE4GnizoRs3Vgj7+321QSrNnAEIQlNbfauIckwtpkNLcFI4EJSzImGHcxhmVSPc+7F/mrspMrFmCKNBzBCZyBC5dQhFsoQQUwcHiBV3iznq1368P6nLamrNnMIczBGv0CXeydHA==</latexit>

V ⇡i(s) = c(s, di(s)) + ↵
X

y2S
p[y|s, a]V ⇡i(y)

<latexit sha1_base64="bUiwEx7iOjFyGTbpOghKisAa2RA="></latexit>

8s 2 S

<latexit sha1_base64="IxuMOpvuSFZAvBLrei8CCWhUsNA="></latexit>

# of eqns
= # of states

or V ⇡i(s) = cdi + ↵pdiV
⇡i

<latexit sha1_base64="BsLngWdI4ISI6r5z3tZseFUQOHw="></latexit>

(*)
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Step 2. Policy Improvement

Choose decision rule (deterministic)           such thatdi+1

<latexit sha1_base64="sLXndLMks94vyxUK3fn3khl9hfY="></latexit>

di+1(s) 2 arg max
a2A(s)

8
<

:c(s, a) + ↵
X

y2S
p[y|s, a]V ⇡i(y)

9
=

;

<latexit sha1_base64="9p/NNsDAJiKLM4E15CTmp9u7rCk="></latexit>

Step 3. If di+1(s) = di(s), 8s 2 S

<latexit sha1_base64="eW9a/UDbof38Zh2bV/RJP0NbIGc="></latexit>

or if kV ⇡i � V ⇡i�1k1 <
1� ↵

2↵
"

<latexit sha1_base64="jmjUaDXdvpp1WdUJihI66CtbXm0="></latexit>

, then stop with optimal or 𝜀-optimal policy ⇡i+1

<latexit sha1_base64="C/x4HnWXvtjkU0pVQvDfhjpUN5M=">AAACBnicbVDLSgNBEOyNrxhfUY9eBoMgCGFXAip4CHjxGME8IFnC7GQ2GTI7s8zMCmHZuz/gVf/Am3j1N/wBv8NJsgeTWNBQVHXT3RXEnGnjut9OYW19Y3OruF3a2d3bPygfHrW0TBShTSK5VJ0Aa8qZoE3DDKedWFEcBZy2g/Hd1G8/UaWZFI9mElM/wkPBQkawsVK3F7N+ytAF8rJ+ueJW3RnQKvFyUoEcjX75pzeQJImoMIRjrbueGxs/xcowwmlW6iWaxpiM8ZB2LRU4otpPZydn6MwqAxRKZUsYNFP/TqQ40noSBbYzwmakl72p+J/XTUx47adMxImhgswXhQlHRqLp/2jAFCWGTyzBRDF7KyIjrDAxNqWFLQQLQnlWssF4yzGsktZl1atVbx5qlfptHlERTuAUzsGDK6jDPTSgCQQkvMArvDnPzrvz4XzOWwtOPnMMC3C+fgFrcpjU</latexit>

otherwise, set i  ⃪   i + 1 and go to step 1.



• Faster convergence in terms of # of iterations

• Solving (*) is quite hard if the # of states is large.

• Matrix inversion can be computationally expensive.

• Value iteration updates the value at each iteration and then 
determines a new policy given the new estimate of the value function. 
At any iteration, the value fan is not the true, steady-state value of the 
policy. PI converges faster because it is doing a lot more work in each 
iteration. 

Comments on PI

16



Illustration of VI and PI
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V

<latexit sha1_base64="n4RNx9MnFiGpaZPR2Gs1UeD6U0I=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hV0JqLeAF48JmAckS5id9CZDZmeXmVkhLPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lDzmjxkqNVr9UdivuHGSdeDkpQ456v/TTG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JRcWmVAwljZkobM1b8TGY20nkSB7YyoGelVbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZms7SFUclQTIs2GG81hnXSuq541cpdo1quVfOICnAOF3AFHtxADR6gDk1ggPACr/DmPDvvzofzuWjdcPKZM1iC8/ULvMWVLQ==</latexit>

V

<latexit sha1_base64="n4RNx9MnFiGpaZPR2Gs1UeD6U0I=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hV0JqLeAF48JmAckS5id9CZDZmeXmVkhLPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lDzmjxkqNVr9UdivuHGSdeDkpQ456v/TTG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JRcWmVAwljZkobM1b8TGY20nkSB7YyoGelVbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZms7SFUclQTIs2GG81hnXSuq541cpdo1quVfOICnAOF3AFHtxADR6gDk1ggPACr/DmPDvvzofzuWjdcPKZM1iC8/ULvMWVLQ==</latexit>

TV

<latexit sha1_base64="n0JpCBNkUdZoIgwRm+ZzsXv5Eqg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiMkhckS5id9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/h5HEwiQUNRVU33V1BIrg2rvvt5DY2t7Z38ruFvf2Dw6Pi8UlTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaO7qd96QqV5LOtmnKAf0YHkIWfUWOmx3uwVS27ZnYGsE29BSrBArVf86fZjlkYoDRNU647nJsbPqDKcCZwUuqnGhLIRHWDHUkkj1H42u3RCLqzSJ2GsbElDZurfiYxGWo+jwHZG1Az1qjcV//M6qQlv/IzLJDUo2XxRmApiYjJ9m/S5QmbE2BLKFLe3EjakijJjw1nawqhkKCYFG4y3GsM6aV6VvUr59qFSqlYWEeXhDM7hEjy4hircQw0awCCEF3iFN+fZeXc+nM95a85ZzJzCEpyvX2gAlYs=</latexit>

0

<latexit sha1_base64="yoTlaW2X9uQvf6jvKzU3PJKuEhc=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hV0JqLeAF48JmAckS5id9CZDZmeXmVkhLPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lDzmjxkoNt18quxV3DrJOvJyUIUe9X/rpDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourTIgYaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpCW/9jMskNSjZYlGYCmJiMvuaDLhCZsTEEsoUt7cSNqKKMmOzWdrCqGQopkUbjLcawzppXVe8auWuUS3XqnlEBTiHC7gCD26gBg9QhyYwQHiBV3hznp1358P5XLRuOPnMGSzB+foFgDWVBw==</latexit>

V1

<latexit sha1_base64="w9l2rF2DoYwOsiLWiSn1CkY4uEA=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV0JqLeAF48RzQOSJcxOepMhs7PLzKwQloA/4FX/wJt49Vf8Ab/DSbIHk1jQUFR1090VJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WjGSfoR3QgecgZNVZ6aPa8XqnsVtwZyCrxclKGHPVe6afbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm3Sp+EsbIlDZmpfycyGmk9jgLbGVEz1MveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE1nYQujkqGYFG0w3nIMq6R5WfGqlZv7arlWzSMqwCmcwQV4cAU1uIM6NIDBAF7gFd6cZ+fd+XA+561rTj5zAgtwvn4B7VGV0Q==</latexit>

V ⇤

<latexit sha1_base64="8FhnJrs1A0cxkM4ncKOBmSIvvEU=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVgHoLePEY0TwgWcPspJMMmZ1dZmaFsAT8Aa/6B97Eq7/iD/gdTpI9mMSChqKqm+6uIBZcG9f9dlZW19Y3NnNb+e2d3b39wsFhXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATDm4nfeEKleSQfzChGP6R9yXucUWOl+/rjeadQdEvuFGSZeBkpQoZqp/DT7kYsCVEaJqjWLc+NjZ9SZTgTOM63E40xZUPax5alkoao/XR66picWqVLepGyJQ2Zqn8nUhpqPQoD2xlSM9CL3kT8z2slpnflp1zGiUHJZot6iSAmIpO/SZcrZEaMLKFMcXsrYQOqKDM2nbktjEqGYpy3wXiLMSyT+kXJK5eu78rFSjmLKAfHcAJn4MElVOAWqlADBn14gVd4c56dd+fD+Zy1rjjZzBHMwfn6BeCQlck=</latexit>

V

<latexit sha1_base64="n4RNx9MnFiGpaZPR2Gs1UeD6U0I=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hV0JqLeAF48JmAckS5id9CZDZmeXmVkhLPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lDzmjxkqNVr9UdivuHGSdeDkpQ456v/TTG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JRcWmVAwljZkobM1b8TGY20nkSB7YyoGelVbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZms7SFUclQTIs2GG81hnXSuq541cpdo1quVfOICnAOF3AFHtxADR6gDk1ggPACr/DmPDvvzofzuWjdcPKZM1iC8/ULvMWVLQ==</latexit>

V

<latexit sha1_base64="n4RNx9MnFiGpaZPR2Gs1UeD6U0I=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hV0JqLeAF48JmAckS5id9CZDZmeXmVkhLPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lDzmjxkqNVr9UdivuHGSdeDkpQ456v/TTG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JRcWmVAwljZkobM1b8TGY20nkSB7YyoGelVbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZms7SFUclQTIs2GG81hnXSuq541cpdo1quVfOICnAOF3AFHtxADR6gDk1ggPACr/DmPDvvzofzuWjdcPKZM1iC8/ULvMWVLQ==</latexit>

TV

<latexit sha1_base64="n0JpCBNkUdZoIgwRm+ZzsXv5Eqg=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiMkhckS5id9CZDZmeXmVkhLMEf8Kp/4E28+i3+gN/h5HEwiQUNRVU33V1BIrg2rvvt5DY2t7Z38ruFvf2Dw6Pi8UlTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaO7qd96QqV5LOtmnKAf0YHkIWfUWOmx3uwVS27ZnYGsE29BSrBArVf86fZjlkYoDRNU647nJsbPqDKcCZwUuqnGhLIRHWDHUkkj1H42u3RCLqzSJ2GsbElDZurfiYxGWo+jwHZG1Az1qjcV//M6qQlv/IzLJDUo2XxRmApiYjJ9m/S5QmbE2BLKFLe3EjakijJjw1nawqhkKCYFG4y3GsM6aV6VvUr59qFSqlYWEeXhDM7hEjy4hircQw0awCCEF3iFN+fZeXc+nM95a85ZzJzCEpyvX2gAlYs=</latexit>

0

<latexit sha1_base64="yoTlaW2X9uQvf6jvKzU3PJKuEhc=">AAAB/HicbVDLSgNBEOz1GeMr6tHLYBA8hV0JqLeAF48JmAckS5id9CZDZmeXmVkhLPEHvOofeBOv/os/4Hc4SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lDzmjxkoNt18quxV3DrJOvJyUIUe9X/rpDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourTIgYaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpCW/9jMskNSjZYlGYCmJiMvuaDLhCZsTEEsoUt7cSNqKKMmOzWdrCqGQopkUbjLcawzppXVe8auWuUS3XqnlEBTiHC7gCD26gBg9QhyYwQHiBV3hznp1358P5XLRuOPnMGSzB+foFgDWVBw==</latexit>

working region of
cd0 + ↵pd0V

⇡0

<latexit sha1_base64="WKKsSP05NaWz36zF62+onlVeI9o=">AAACHnicbZDLSgMxFIYzXmu9jbp0Ey2CIJSZUlB3BTcuK9gLtONwJk3b0EwmJBmhDF37Gr6AW30Dd+JWX8DnML0sbOsPgY//nMM5+SPJmTae9+2srK6tb2zmtvLbO7t7++7BYV0nqSK0RhKeqGYEmnImaM0ww2lTKgpxxGkjGtyM641HqjRLxL0ZShrE0BOsywgYa4XuCQmzTuiN8AVuA5d9wHJq1B+ytmQWQrfgFb2J8DL4Myigmaqh+9PuJCSNqTCEg9Yt35MmyEAZRjgd5dupphLIAHq0ZVFATHWQTb4ywmfW6eBuouwTBk/cvxMZxFoP48h2xmD6erE2Nv+rtVLTvQoyJmRqqCDTRd2UY5PgcS64wxQlhg8tAFHM3opJHxQQY9Ob20JAEMpHeRuMvxjDMtRLRb9cvL4rFyqlWUQ5dIxO0Tny0SWqoFtURTVE0BN6Qa/ozXl23p0P53PauuLMZo7QnJyvX8shogo=</latexit>

V ⇡0

<latexit sha1_base64="UiXuVZ06BFKGXyKpxPRTncT3VbE=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiMYB6SrGF2MpsMmZldZmaFsOzVH/Cqf+BNvPof/oDf4STZg0ksaCiquunuCmLOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45up336iSrNI3ptJTH2Bh5KFjGBjpYfWY9qLWd/N+uWKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwinWamXaBpjMsZD2rVUYkG1n84OztCZVQYojJQtadBM/TuRYqH1RAS2U2Az0sveVPzP6yYmvPJTJuPEUEnmi8KEIxOh6fdowBQlhk8swUQxeysiI6wwMTajhS0ES0J5VrLBeMsxrJLWRdWrVa/vapV6LY+oCCdwCufgwSXU4RYa0AQCAl7gFd6cZ+fd+XA+560FJ585hgU4X7/kYJiX</latexit>

V ⇡1

<latexit sha1_base64="bd4Z7Hkd36IZhEciROUF2Uos0D0=">AAACBHicdVDLSgMxFM3UV62vqks3wSK4GmbaUdtdwY3LCvYh7VgyaaYNTTJDkhHK0K0/4Fb/wJ249T/8Ab/DtB3Bih64cDjnXu69J4gZVdpxPqzcyura+kZ+s7C1vbO7V9w/aKkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC9nfvueSEUjcaMnMfE5GgoaUoy0kW5bd2kvpn132i+WHLt6VjmveNCxnTkM8crlaq0C3UwpgQyNfvGzN4hwwonQmCGluq4Taz9FUlPMyLTQSxSJER6jIekaKhAnyk/nB0/hiVEGMIykKaHhXP05kSKu1IQHppMjPVK/vZn4l9dNdFj1UyriRBOBF4vChEEdwdn3cEAlwZpNDEFYUnMrxCMkEdYmo6UtGAlM2LRggvn+Hv5PWmXb9ezatVeqe1lEeXAEjsEpcMEFqIMr0ABNgAEHj+AJPFsP1ov1ar0tWnNWNnMIlmC9fwE9BJjR</latexit>

Value iteration Policy iteration


