Mathematical Preliminaries

Introduction to Electromagnetism with Practice
Theory & Applications

Sunkyu Yu

Dept. of Electrical and Computer Engineering
Seoul National University

P$BI% SEOUL NATIONAL UNIVERSITY
4ll¥ Dept. of Electrical and Computer Engineering

" Intelligent Wave Systems Laboratcry




Curvilinear Coordinates
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Remind: Cartesian Coordinates

3 Lengths

(X,y,2)
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Remind: Cylindrical Coordinates

2 Lengths + 1 Angle

(0,0,2)
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Remind: Spherical Coordinates

1 Length + 2 Angles
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Remind: Selecting Proper Coordinates for Geometry

JA

Standard for selecting coordinates

l “Symmetry”
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Orthogonal Curvilinear Coordinates

Coordinates: U, U,,U; Unit Vectors: €,€,,€,

Distances “or” Angles “Directions” of
Positive Displacements of u, 5

Assume that €,,€,,€; are orthogonal at each point

Orthogonal Curvilinear Coordinates

e-e;=0; (1,]=1273)

J
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What we have to learn...

|. Transformations between Different Coordinates

Il. Differential Operators in Curvilinear Coordinates
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Transformation between Coordinates
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Transformation of Positions

y
X
X = pCOS @
y=psing
L =17

X =rSsiné@cos e
y=rsindsing
Z=1rcosé

i
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Transformation of Vectors: Cylindrical Coordinates

E=Ee, +Ege, +Ez¢, .
=E e, +Ee, +E.;¢,

E,=e -E=Ee, -e,+Ee -e +Ege -e,

=E, cosp+E sing
E,=e,-E=Ee, -e,+Ee e +Ege -e

=—-E,sinp+E, cosg

E, cosep sSing O] E,
E,|=|-sing cosep O|E,
E,|] | O 0 1j|E,
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Transformation of Vectors: Spherical Coordinates

E=Ee, +Ee, +Ez¢, ?

=Ee +Eeg,+Eze¢,

e, P
rsing| A
e(D
E | [sin@cose sin@sing cosd || E,
E, |=|cos@cosep cosdsing —sind || E,
E, | | —Sin @ COS @ 0 |J|E,
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Transformation of Vectors: Cylindrical to Spherical

E, cosgp sing O E,

E,|=|-singp cosep O] E,

E,| | O 0 1||E,
E, | [sinfcose sin@sing cosd ][E,]
E, |=|cosdcosep cosfsing —sind || E,
E,| [ —sing COS @ 0 ||E,|

[ sin @ cos @

Ccos@cos @

—sing

sin@dsin @
cosédsin @
COS @

cosd |
—sin@

0
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Differential Operators — Curvilinear Coordinates
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Infinitesimal Displacement

Coordinates: U;,U,,U; Unit Vectors: €,€,,€,

Distances “or” Angles “Directions” of
Positive Displacements of u, 5

Assume that €,,€,,€; are orthogonal at each point

Orthogonal Curvilinear Coordinates

Infinitesimal Displacement Vector

3
ds =e,hdu, +e,h,du, +e;h,du, = > e, hdu,
k=1

h,: Metric Coefficients: connecting coordinates to distance
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Infinitesimal Displacement: Polar Coordinates
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do P
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>
Ih,=Lh, = p|
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Infinitesimal Displacement: Cylindrical Coordinates

‘ds=epdp+e(ppdgp+ezdz‘ A

(0,0,2)

Ih, =Lh, = p,h, =1
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Infinitesimal Displacement: Spherical Coordinates

7 +

‘ds=erdr+e9rd9+e¢rsin¢9dgp"_Z 9/ T

‘hr =1,h,=r,h, :rsiné"

X

rsin@| i

2
p .
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Gradient Revisited

Definition: The gradient of a function drives
the infinitesimal change of the function along the displacement vector

dV =VV .ds

We know that

dVv :8_Vdul+8_vdu2 +8—Vdu3
ou, ou, Ou,

=VV -ds=VV -(ehdu, +e,h,du, +e;h,du,)

10V 1 oV
= e, + e
h, ou, h, ou,

i
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Divergence Revisited

Definition: The divergence of a vector field characterizes

the source/sink of the vector in the infinitesimal volume
= The flux per unit volume through an infinitesimal closed surface

V-E(ul,uz,ug)zlim1

V>0\/ ¢S

E(u,,u,,u,)-dS

_I_

_I_

V-E(U;,Uy,U;)dV =[ Ehyh,

_E2h3h1

B E3hlh2

Uy +duy

u,+du,

Ug+dug

B E1h2h3
B E2h3hl
o E3h1h2

E, (along e,) penetrates the infinitesimal surface ds,ds, = h,du,h,du,

] _ SEOUL NATIONAL UNIVERSITY
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Divergence Revisited

dV = h,h,h,du,du,du,

V-E(u,,u,,u,)hhhdudu,du, =| Ehh,

u+du,

+| Ehh,

Uy+du,  —2'3'1|u,

]
+ :E3h1h2 Ug+duy E3hlhz u3:|dU1dU2
]

1
V- E(ul’uzius)mhzhs = [E1h2h3 u+du, E1h2h3 Uy
du,
1 _
T d E2h3h1 Uy+du, E2h3hl u2:|
u, -
1 —
T E3h1h2 Ug+dug E3h1h2 u3:|
du, -
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Divergence Revisited

1
V . E(ul’ UZ,U3)h1h2h3 = E[Elhzhs Uy +duy - E1h2h3 u1:|
1
+ L TEh hy —Ehh, ]
dU2 | 27301 | up+du, 27371 |uy
1 [E hh -Eshh ]
dU3 | 37102 | ug+dug 37172 s

1 [o(Ehh) o(Ehh)  (Ehh,)

E =
hh,h, ou, ou, ou,
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Curl Revisited

Definition: The curl of a vector field characterizes
the circulation of the vector in the infinitesimal volume
= The circulation per unit area around an infinitesimal loop

n-(VxE(u,u,,u,))= Iim1 E(u,,u,,u,)- dl

S—)OS C

€, ’(VX E)dS3 =| E;h, U rdy, E,h, ul]duz
o Elhl uy+du, Elhl uz]dul
E, (along e,) circulates along the infinitesimal line ds, = h,du,
RN [ 42
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Curl Revisited

dS; = hyh,du,du,

1
e,-(VXE)hh, = d—ul[Ezhz o — B ., ]
1
d_|: 1h1 U, +du, Elhl u2:|
e, (VxE)= " _a(EZhZ)_a(Elhl)}
hhh | au, ou, eh, eh,  eh

el~(V><E): h1 _8(E3h3)_8(E2h2)} VXE_ 1 8 i i

hhh, | au, Ol hlh2 h3 8U1 8U2 5U3
_ hz _a(Elhl)_a(ESh3) hlEl h2E2 h3E3
 hhh| au, ou,
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Scalar Laplacian Revisited

VV =V-(VV)
VV = + " @ ov.
h, ou, " h28u22 h@u kz a i
v.E-_ L a(E1h2h3)+a(E2h3hl)+a(EBhlhz)
h.h,h, ou, ou, ou,

hhy V) (b av ) [ hh, oV

1 h, ou, . h, ou, . h, ou,
 hhh, ou, ou, ou,

i
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Scalar Laplacian Revisited

Cartesian Coordinate
0° 0° 0°

% +—+
ox>  oy* oz°

Cylindrical Coordinate

, 10 0 1 ¢° ©°
Vis——|p_— |+ 5571t
pOop\ Op) p° 0p° 0Oz

Spherical Coordinate

, 1 o(,0 1 o(. 0 1 0
Vi=——I 1" — |+ —— siné +——— -
reor or) resiné o6 00 ) r°sin“6 op
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Vector Laplacian Revisited

Vx(VxA)=V(V-A)-V*A

) [VPA=V(V-A)-Vx(VxA)

Cylindrical Coordinates

Py L Py Py Va2 My
a2 A e I S
Viy = ﬂ.pl_ﬂq.ﬁ.pl_aﬁ.pé di _ Y8
s = ot d=? rodr 2 g A
i i i i
Foo 1 #Fe | Fv 1 de
s e i Foodr
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Gauss’s Theorem: Conserved for Curvilinear Coordinates

Divergence Theorem

3y _
(V-u)d x—<j§Su-dS

V

WIKI
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Stokes’s Theorem: Conserved for Curvilinear Coordinates

Curl Theorem

| (Vxu)-ds=¢ u-dI
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X v
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Important Relations
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Gradient 1/r

1 0 10 1 0 (1) 1 r
V—=|e, —+e,——+€,— —|=—8, 5 =——
E “or ‘roe rsmeﬁ(pj

1 %, 1 X—X'

vV I:(e — . j[ j
— X=X)+(y-y) +(z-z2 X —X
X=X \/( )2 +( )%+ ( ) | |

1 0 1 X=X
V |=(ex—+ j( J: e
— X=X)+(y-y) +(z-z2 X — X
X - X JX=XY +(y—y)Y+(z-2) ) |x=x]

,} SEOUL NATIONAL UNIVERSITY
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3D Laplacian: 1/r

, 1 1@(25) 1 a(. aj 1 0 )1
Vo=l ——|r +—— siné +—— = |=
r \r°o or) rcsiné oo 06 ) r°sin“6op° )r

In contrast to the first-order derivative, the second-order derivative is not well defined near 0
5 161774611 y. 0.061814397

Resulting in an exotic behavior!
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3D Laplacian: 1/r

Let’s apply a tricky method!

1 .. 1
~—=[lim

r a—0 /r2+a2

go_ 1 _1a(rza)+ 1 a(sin95j+ 1 & 1
Jri+a? (rorl or) r?singod 06 ) r?sin®0 0¢° )\/r? + 32

Integration over all the space!
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3D Laplacian: 1/r

a-independent

, 1 _ 1.,
IV Vv ﬁdV— 4 :> J.VOOVZFdV——47Z'

0

Vzl:0 (r #0)
r

Definition of the Delta Function

5’(r=0 (r=0) va 53(r)dv =1
2 1 3 2 1 . 3 1
V2 = —478°(r) V== 475" (x—X)
r x—x]
FSJ3s% SEOUL NATIONAL UNIVERSITY //
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2D Laplacian: Inp

V.21In p=275%(r) V.2 In|x = x| = 2728 (x - X")
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2D & 3D Laplacian: In(1/p) & 1/r

V.21In p=275%(r) V2 In|x—x'| = 276° (x—X')
2 1 2 2 1 2 I
20 \V 2 In—=-276°(r) In =276 (Xx—X")
p x—x]
2 1 3 2 1 3 i
3D \Ve==-A475 (r) Vv . =476 (X—X)
r X=X
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Static Electric Fields

Introduction to Electromagnetism with Practice
Theory & Applications

Sunkyu Yu

Dept. of Electrical and Computer Engineering
Seoul National University
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Maxwell’s Equations
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General Form: Light in the Vacuum

V><E:—luo(’;—|;I

E Maxwell’s Equations
VxH = £, — in the Vacuum

ot

Uo=4rx107 (H/m)
V-E=0 £,=8.854 x10°12 (F/m)

V-H=0
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@lZL¥ Dept. of Electrical and Computer Engineering

3 Intelligent Wave Systems Laboratcry



General Form: Light in Media

VXE:—§§

ot
oD

VxH=J+—
ot

V-D=p

V-B=0

FEWI% SEOUL NATIONAL UNIVERSITY
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Maxwell’s Equations
in General Media

D = D(E, H)
B = B(E, H)

Also, functions of x,t,k,w
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Approximated Form: Light in Simpler Media

D — D(E, H) This approx. loop D — gogr (C())E

is not unique!

B = B(E, H) B = 11,1, (w)H

functions of w
Linear, Local (k-independent) Homogeneous

functions of x,t,w

D = ¢,eE + ., H D =¢,¢, (X, )E
B =%cE+ 1nH B = z,1. (X, 0)H

functions of x,w

Without Bi-Isotropy/Bi-Anisotropy Static Materials

D=¢,eE D =¢,¢,(X,t,0)E

Isotropic

B=u,nH B =, (Xt,0)H

F§jp% SEOUL NATIONAL UNIVERSITY
@lZL¥ Dept. of Electrical and Computer Engineering
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Linear, Local, Isotropic, Static, Homogeneous Media

VXE:—§§
ot
Maxwell’s Equations
VxH=J+ @_D in Simple Media
ot
V-D=p D=¢,¢ (w)E
V-B=0 B = s, 14, (0)H

$kjs% SEOUL NATIONAL UNIVERSITY
MY Dept. of Electrical and Computer Engineering
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Simple + Source-Free Media

VXE:—§§

ot

VXH:QQ

ot
V-D=0

V-B=0

$kjs% SEOUL NATIONAL UNIVERSITY
k5 Dept. of Electrical and Computer Engineering

Maxwell’s Equations
in Simple
+ Source-Free Media

J=0, p=0

D=¢,¢6 (w)E
B — IUO:ur (C())H
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In this Lecture...Focusing on Static Fields, not on Light

very, very slow variation of light fields
a ~ very small energy of photons

VxE=-
ot

D Maxwell’s Equations
VxH=J+ for Static Fields

ot

V-D=p D=¢,cE
V-B=0 B = uu H

SEOUL NATIONAL UNIVERSITY
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In this Chapter... Static Electric Fields

3 SEOUL NATIONAL UNIVERSITY
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Electrostatics — Coulomb’s Law
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Coulomb’s Law

Fl

1 X, =X,
dre, A X, —Xz‘s

1 r 1 r
472_50 q1q2 ‘r‘3 472'80 q1q2 ‘r‘

11
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Coulomb’s Law: Superposition Principle

1

F —
A

&,

N X — X
q> q. <
k=1 ‘X—Xk‘

SEOUL NATIONAL UNIVERSITY
Wil Dept. of Electrical and Computer Engineering
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Remind: Gradient 1/r

i
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Coulomb’s Law: Superposition Principle — Continuum

V

dg = p(x’)d3x’

1 N —X 1 X—X'
F = K F =
Are, | 3 » Are, qJV ‘x—x"3

WA &‘jﬂy“‘“ W

#SWjs% SEOUL NATIONAL UNIVERSITY Sdaps : IS
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Electric Field

Electric Field
= The force per unit charge exerted on a small “test charge” g in the limitg —> 0

Why g — 0? To prohibit the effect on the other charges and existing fields

SEOUL NATIONAL UNIVERSITY
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Electric Field from Discrete Charges

d1

Electric Field?

You should always remember this!

1 X—X'

SEOUL NATIONAL UNIVERSITY
WY Dept. of Electrical and Computer Engineering
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Example 001

Electric Dipole: Estimating an electric field far from the dipole?

_--z=%%
R—d/Z—,—*”::”’,””
—””’R ’/””/”’
+q e e e L Nq X —X,
=" - = k 3
qd T_--"7 R+d/2 Adre, o ‘x—xk‘

1 R—g R+g

== e | 4F T 4f
I [R== R+—

N 2 2| )

We cannot learn a lot from accurate but too complex equations!

'.\. SEOUL NATIONAL UNIVERSITY
Wl¥ Dept. of Electrical and Computer Engineering
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Example 001

Electric Dipole: Estimating an electric field far from the dipole?
3 3
-3 5 2 ) 2 )
I R R ]
2 2 4 R*> 4R
3
2\ 2 .
_r3[1 R, & ~R3(1+§R2dj
R’ 4R 2 R
E~_1 (R—QJR-B(lﬁ dj—
4re, 2 2 2
A
4re,RP|\ 2 2 R 2

= q 3 BR.ZdR_d:|
AreR R

-t
2

/s SEOUL NATIONAL UNIVERSITY
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Example 001

Electric Dipole: Estimating an electric field far from the dipole?

R ”,7
+q I 0 ’,,"’ [Electric Dipole Moment}
d -~ —
p=qd
—q
E~—1 3[3R Ir- d}
Are,R R?
_ 1 3 3R P & p} 1 3{3RpC259Rer—ezp}
dre,R” | R? Are,R R
_ 1 . RIOCOS‘gRe -—(e, cosf—e sm@)p}
Are,R™ |
P

= (e,2cos@+e,sin o)
g,

F§jp% SEOUL NATIONAL UNIVERSITY
@lZL¥ Dept. of Electrical and Computer Engineering
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Example 001

Electric Dipole: Estimating an electric field far from the dipole?

R - -7
q -7 [Electric Dipole Moment]
di-~ _
p=qd
—q
— 3[3R°2p —p}=L3(er20056’+egsin6’)
Are,R R Are,R
5 dipole charges
- P
¢=0 = 47&90R3
_7 __p
0= 2 47e,R®
_ ___2p
O=r dre,R®

_ SEOUL NATIONAL UNIVERSITY
”u Dept. of Electrical and Computer Engineering
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Electric Field from a Charge Continuum

"4
Electric Field?
g =p(xX)dx
You should always remember this!
1 _ X—X'
x=x1  |x=xT
— 1 qJ‘ X=X o(x")d*x' » E L j X=X o(x")d>x"
A7, V|x—x'|3 Are, V|x—x'3

e Y SEOUL NATIONAL UNIVERSITY
4ll¥ Dept. of Electrical and Computer Engineering




Example 002

Example 3.1 (a) Find E on the symmetry axis of a ring with radius R and uniform charge per unit
length A. (b) Use the results of part (a) to find E on the symmetry axis of a disk with radius R and
uniform charge per unit area o. (¢) Use the results of part (b) to find E for an infinite sheet with
uniform charge density o. Discuss the matching condition at z = 0.

(a) E- 1J’

—— p(x")d*x

4re,

VIx=x]

In1D: |E=_1 |
Are, °C

3p<x')dx" E=

A

z-component

\/22-+R2 -
1 V7% +R? ARdy

i, )

ZzRZ Z AR Z
~ane, T 2 B
o (VER) e (2R
AR Z
E= > - €,
&y (52 2\2
(z +R )2 i
22 Intelligent Wave Systems Laboratcry



Example 002

Example 3.1 (a) Find E on the symmetry axis of a ring with radius R and uniform charge per unit
length A. (b) Use the results of part (a) to find E on the symmetry axis of a disk with radius R and
uniform charge per unit area o. (¢) Use the results of part (b) to find E for an infinite sheet with
uniform charge density o. Discuss the matching condition at z = 0.

(b)

Electric Field induced by g = 2nRA Electric Field induced by the unit charge

AR Z 1 Z
Ring: E= — E= e,
INg 280 (22+R2)2 eZ 472'(90 (ZZ+R2)2

annual ring

Disk: Integration of rings =» Superposition Principle

E =
Are,

~e,dr=——-¢,

1 J-R 2rrol d o1l R r dr
C(err)

0 3
(2% +r?)

Z +r

o1l R r O Z o Z
=—¢, dr=—=¢,|1-—/——|, [E=—2¢,|l-——
28, IO ( 2 2)2 2¢, ( ZZ+RZJ 2¢, [ \ 22+R2j

23 Intelligent Wave Systems Laboratcry



Example 002

Example 3.1 (a) Find E on the symmetry axis of a ring with radius R and uniform charge per unit
length A. (b) Use the results of part (a) to find E on the symmetry axis of a disk with radius R and
uniform charge per unit area o. (¢) Use the results of part (b) to find E for an infinite sheet with
uniform charge density o. Discuss the matching condition at z = 0.

(c) Consider some interesting cases... (z > 0)
Ring Disk
AR Z ;
E = 3 ez E= iez (l_ j
28, (22+R2)§ 28, 2’ +R?
Az 7
R>>7 E~Z-Ze - Q 2, E~iz(1__j
& R 4dre, R 2¢, R
Near the structures
® o
— >

24 Intelligent Wave Systems Laboraccry




Example 002

Example 3.1 (a) Find E on the symmetry axis of a ring with radius R and uniform charge per unit
length A. (b) Use the results of part (a) to find E on the symmetry axis of a disk with radius R and
uniform charge per unit area o. (¢) Use the results of part (b) to find E for an infinite sheet with

uniform charge density o. Discuss the matching condition at z = 0.

(c) Consider some interesting cases... (z > 0)
Ring Disk
AR Z ;
E:2 e E:2iez(1_ 2 |, p2
€ 5 &
0 (22 4+ R2 )2 0 z°+R
Discontinuity! (Discussed later)
R— E~O0 E~+ieZ (z>0), E~—ieZ (z<0)
&y 250
Infinite structures Uniform
® o}
g— —

i

5% .
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Example 002

Example 3.1 (a) Find E on the symmetry axis of a ring with radius R and uniform charge per unit
length A. (b) Use the results of part (a) to find E on the symmetry axis of a disk with radius R and
uniform charge per unit area o. (¢) Use the results of part (b) to find E for an infinite sheet with
uniform charge density o. Discuss the matching condition at z = 0.

(C) Consider some interesting cases... (z > 0)
Ring Disk » 1(RY
e-R_ 2 e oo (2 ) 25
28 § : 28 z 2 2
0 (ZZ+R2)2 0 Z2°+R Taylor R
Expansion ?
A R 1 1
R<<z E~——e¢, = Q — €, E~ Q — €,
2¢, 7 Are, 1 Are, 2
o Far from the structures ®
~ Point-like behaviors!
- el
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Electrostatics — Maxwell’s Equations
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Postulates: Differential Form

g = 1 in the Vacuum
VxE=0

V.-D=p )

D=¢,6.E

i
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Postulates: Integral Form

g =1 "in the Vacuum

VxE=0

Gauss & Stokes
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