
Fluid Flow

Chapter 7



What is a fluid?

ÁGas

Áloosely associated molecules that are not close 

together and that travel through space for long 

distances (many times larger than the molecular 

diameter) before colliding with each other

ÁLiquid

ÁMolecules that are very close together (on the same 

order as their molecular diameter) and that are in 

collision with each other very frequently as they move 

around each other



The Concept of Pressure

ÁAbsolute pressure

ÁGauge pressure

ÁAbsolute pressure ïAtmospheric pressure

fluid pressure

atmospheric pressure

P=0 (perfect vacuum)

gauge pressure

of the fluid
absolute pressure

of the fluid



Example 7.1

ÁAbsolute pressure 

= Gauge pressure + Atmospheric pressure

= 34.0 psig + 14.2 psia (usually 14.7 psia)

= 48.2 psia

Ápounds (lbf) per square inch (psi)

Ápsia

Ápsig

Á1 atm = 14.7 psi = 760 mmHg = 101,300 Pa



Non-flowing (stagnant) Fluids

P2ïP1 = r g (z1ïz2)

z is distance UPWARD

ɟis fluid density

1 and 2 are locations in the liquid



Example

P2ïP1 = r g (z1ïz2)

Example: The Titanic sank in 12,500 ft. What is 
the pressure (in psi) where she lies?

12,500 ft

1

2

Note: the density of sea water is ~64.3 lbm/ft3



Principles of Fluid Flow

ÁLaminar flow

ÁTurbulent flow



Principles of Fluid Flow

ÁAverage velocity (vavg)

ÁVolumetric flow rate

V = vavg Acs

Acs : cross-sectional area

ÁMass flow rate

r V = m = rvavg Acs

.

. .



Mechanical Energy Equation
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For steady-state incompressible flow

(in the unit of energy per mass of fluid)



Mechanical Energy

ÁKinetic energy

ÁK.E.: ½  m(v2)avg

ÁK.E. per mass: ½  (v2)avg = ½  a(vavg)
2

Áa: a conversion factor from (vavg)
2 to (v2)avg

ÅCan be assumed to equal 1.0

ÁPotential energy

ÁP.E.: mgz

ÁP.E. per mass: gz

ÁEnergy associated with pressure

ÁP : force/area, r : mass/volume

ÁP/r : energy/mass



Work and Friction

ÁWork (ws)

ÁThis kind of work is called ñshaft workò.

ÁPositive when work is done on the fluid 

(e.g., by a pump)

ÁNegative when the fluid does work on its 

environment (e.g., in a turbine)

ÁFriction (wf)

ÁAlways positive



Mechanical Energy Equation

P2-P1

ɟ + Ŭ(v2
2 - v1

2 ) + g(z2 ïz1 ) = ws - wf
1
2

Increase in fluid mechanical energy Positive when

work is done

on the fluid

Always positive
(pressure + kinetic energy + potential energy)

Note 1: each grouping of variables has units of energy per mass of 

fluid. To cast the equation in terms of ñPowerò (energy/time), multiply 

all terms by mass flow rate

energy/mass x  mass/time = energy/time



Special Case: No Friction or Shaft Work

Called the ñBernoulli Equationò after Daniel 

Bernoulli, a 19th Century fluid mechanics 

expert

P2-P1

ɟ + Ŭ(v2
2 - v1

2 ) + g(z2 ïz1 ) = 01

2



For no work or friction

What happens to the pressure in a 

horizontal pipe when it expands to a larger 

diameter?  

Which form(s) of energy is (are) decreasing, 

and which is (are) increasing? 

P2-P1

ɟ + Ŭ(v2
2 - v1

2 ) + g(z2 ïz1 ) = 01
2



a. What is the average velocity in the larger pipe?  

Example: Liquid Flow in an Expanding Pipe

2 m/s

15 kPa

b.  What is the pressure in the larger pipe?  

vavg,2 = vavg,1 A1/A2
= vavg,1 d1

2/D2
2 = vavg,1/4 = 0.5 m/s

P2 - P1

ɟ
+ Ŭ (v2

2 - v1
2 ) + g(z2 ïz1 ) = 0

1

2

P2 - P1 ɟ= Ŭ (v1
2ïv2

2 )
1

2
The Pressure Increases!

d D1 2



Example: An Emptying Tank

Liquid in an open tank flows out through a small outlet 

near the bottom of the tank. Friction is negligible. What is 

the outlet velocity as a function of the height of the liquid 

in the tank?

h
vout

1

2

vout
2 - gh = 0  

1

2

v2 = vout

P2 - P1

ɟ
+ Ŭ(v2

2 - v1
2 ) + g(z2 ïz1 ) = 0

1

2

P1 = P2 = 0 0 0

v1 = 0
0

z2ïz1 = -h

-h

Ŭå 1

1

vout = ã2gh
Torricelliôs

Equation



The Effects of Fluid Friction

The mechanical energy equation says that friction 

(wf) causes mechanical energy to decrease.

Friction is produced in flowing fluid, because 

fluid molecules...

Á Flow past solid boundaries

Á Flow past other fluid molecules



P2 - P1

ɟ
+ Ŭ(v2

2 - v1
2 ) + g(z2 ïz1 ) = - wf

1

2

Friction in liquid flow through horizontal 

constant-diameter pipe:

Friction in liquid pipe flow reduces pressure (not 
velocity)

P2 = P1 - ɟwf

v1 = v2
0

1 2

z2ïz1 = 0

0



Pumps

P2 - P1

ɟ + Ŭ(v2
2 - v1

2 ) + g(z2 ïz1 ) = ws - wf
1

2

2 1 pump fP P w wr r= + -

0 0



Pumps

Pump Efficiency  =
Power delivered to the fluid

Power to operate the pump

s s

work
Power mw V w

time
r

¶ ¶

= = =

ñwork per mass



Turbines

Turbine Efficiency  =
Power delivered by the turbine

Power extracted from the fluid

ÁThe calculated power

ÁPower extracted from the fluid using a perfect turbine

ÁActual power delivered by the turbine is smaller than 

that value. (friction loss, mechanical inefficiencies, 

etc.)



Mass Transfer

Chapter 8



Mass Transfer

ÁMolecular Diffusion

ÁConcentration difference

ÁMass Convection

ÁBy bulk fluid flow



Molecular Diffusion

ÁRandom movement (in liquids, called Brownian 

motion)

ÁMolecules of one species (A) moving through a 

stationary medium of another species(B)



Fickôs Law

NA =  - DAB  A
cA,2 - cA,1

x2 - x1

.

X
1 2

NA= moles of ñAò transferred per time from ñ1ò to ñ2ò
.

DAB= ñdiffusivityò of ñAò diffusing through ñBò

A = area through which diffusion occurs (cross-section)

A

B

(ñAò diffusing through ñBò)

A



Fickôs Law

Analogy with Ohmôs Law

What molecular variables affect DAB?

NA = - DAB A
cA,2 - cA,1

x2 - x1

.

I =
V

R

molecular size, shape, charge, temperature

NA =
cA,1 - cA,2

R

.
=

DAB A

cA,1 - cA,2

x2 - x1( )

Transfer rate = Driving force / Resistance



Diffusion in Contact Lens

ÁñHard lensesò (polymethylmethacrylate)

Áphysically uncomfortable 

Áinadequate oxygen diffusion (irritation, inflammation)

ÁñSoft lensesò (hydrocarbon hydrogels)

Áphysically more comfortable 

Áinadequate oxygen diffusion

ÁñOxygen permeableò (siloxane)

Áphysically uncomfortable 

Ábetter oxygen diffusion

ÁLatest (siloxane hydrogels)

Áphysically more comfortable 

Ábetter oxygen diffusion



Mass Convection

ÁFlow-enhanced transfer of one species moving 

through another species. 



Mass Transfer across Phase Boundaries

ÁMass convection + Molecular diffusion

ÁMass convection >> Molecular diffusion

ÁPhase boundaries

ÁLiquid/Gas, Solid/Liquid, Liquid/Liquid



Mass Transfer across Phase Boundaries

hm = mass-transfer coefficient

cA1= concentration of ñAò at the 

phase boundary in phase II



Mass Transfer across Phase Boundaries

What variables affect hm?

- molecular size

- molecular shape

- molecular charge

- flow patterns (depends on geometry, etc.)

NA = hmA(cA,1-cA,2)
.

Analogy with Ohmôs Law

I =
V

R
NA =

cA,1-cA,2

R

.
=

hmA

cA,1-cA,2

1( )

- temperature



Ex. 8.1. The level of a lake drops throughout the summer 

due to water evaporation. 

(a) How much volume will the lake lose per day to to 

evaporation?

(b) How long will it take for the water level to drop 1m?

conc. of water at the water surface

conc. of water in the wind

area of the lake

mass transfer coefficient

density of the lake water

3 3

3 3

2

3

1.0 10 /

0.4 10 /

1.7

0.012 /

1000 /

kgmol m

kgmol m

mi

m s

kg m

-

-

³

³



Multi-Step Mass Transfer

ÁMembrane Separation



Membrane Separation



Membrane Separation

Inlet
cAi

cAo

Outlet

cAm,i

cAm,o

NA = DA,m Aepore

cAm,i
- cAm,o

æxm

NA = hmi
A(cAi

-cAm,i
) NA = hmo

A(cAm,o
- cAo

)
.

.

.

cAi
- cAm,i

= 

.
NA

hmi  
A

cAm,o
- cAo 

= 

.
NA

hmo 
A

cAm,i
- cAm,o

= 

.
NA æxm

DA,m Aepore

Solving for the concentration differences

.
NA

{ǳƳƳƛƴƎ ǘƘŜǎŜΧ

cAi 
- cAo 

= ( )
hmi

A

1

hmo 
A

1æxm

DA,m  A epore

+ +



Membrane Separation

.
NA

cAi
-cAo overall driving force

resistancesʅ

=

hmi 
A

1

hmo 
A

1æxm

DA,m A epore

+ +

=

Concept: Limiting Resistance

If one resistance >> the others, changing the others 
will not change the total resistance significantly

Total Resistance  =

convection 
resistance on 
the inlet side

diffusion 
resistance in 
the membrane

convection 
resistance on 
the outlet side

+ +=

hmi 
A

1

hmo 
A

1æxm

DA,m A epore

+ +



Ex. 8.2. Liquid B flows on one side of a membrane, and liquid C flows 

along the other side. Species A present in both liquids transfers from 

liquid B into liquid C.

(a) What is the transfer rate of A from B to C?

(b) Calculate the limiting resistance.

conc. of A in liquid B

conc. of A in liquid C

thickness of the membrane

diffusivity of A in the membrane

area of membrane

porosity of membrane

mass transfer coefficient on side B

mass transfer coefficient on side C

9 2

2

4

4

5.0

0.1

200

1.0 10 /

1

70%

7.0 10 /

3.0 10 /

M

M

m

m s

m

m s

m s

m
-

-

-

³

³

³



Ex. 8.3. In patient with severe kidney disease, urea must be removed 

from the blood with a hemodialyzer. In that device, the blood passes by 

special membranes through which urea can pass. A salt solution 

(dialysate) flows on the other side of the membrane to collect the urea 

and to maintain the desired concentration of vital salts in the blood.

(a) What is the initial removal rate of urea? (Note. This rate will 

decrease as the urea concentration in the blood decrease.)

(b) One might be tempted to try to increase the removal rate of urea by 

developing better hemodialyzer membrane. Is such an effort justified?

Blood side

mass transfer coeff. for the urea

urea conc. within the dialyzer

Dialysate side

mass transfer coeff. for the urea

urea conc. within the dialyzer

Membrane

thickness

diffusivity of urea in the membrane

total membrane area

porosity

5 2

2

0.0019 /

0.020 /

0.0011 /

0.003 /

0.0016

1.8 10 /

1.2

20%

cm s

gmol l

cm s

gmol l

cm

cm s

m

-³



Reaction Engineering

Chapter 9



Reaction Rate

ÁFrequency of Molecular Collision

ÁDepends on concentrations

ÁDepends on velocity of moving molecules

ÅThe velocity depends on the temperature.

ÁOrientation and Force of the Collision

ÁNot all collisions lead to reaction

A + B Č C + D

A B

Reactive sites

Collision Activated 

Complex

C D

Transformation/

Separation



Reaction Rate

ÁEnergy Requirements of the Reaction



Reaction Rate

ÁHow could you alter reactor conditions to 

increase the reaction rate?

ÁIncrease temperature (collision rate, energy)

ÁIncrease pressure or concentration (collision rate)

ÁUse catalysts (activation energy)



Catalyst

ÁCatalysts are porous. 

1. Reactants diffuse into the pores.

2. Reaction proceeds.

3. Products diffuse out of the pores.

Adsorption 

of A

A
A

B

Reactive site 

on A exposed

Activated 

complex

D
C

Dissociation

D

Desorption 

of D



Biocatalyst (Enzyme)

ÁEnzyme

ÁProtein which accelerates chemical reactions



Reversible Reaction

ÁIrreversible Reaction

Áwhen the reverse reaction rate is insignificant 

compared with the forward reaction rate

ÁReversible Reaction

Áif the reverse reaction rate is significant 

A + B Č C + D

A + B Č C + D



Reaction Rate

ÁñOrderò of this reaction

ÁOverall order: n+m

Áwith respect to reactant A: n

A + B Č C + D

Reaction rate
time  volume

moles of A( )

rreaction,A = kr cA
n cB

m

rconsumption,A = rreaction,A Vreactor



Reaction Rate

ÁReaction Rate Constant

Ák0 : frequency factor

ÁEa : activation energy

A + B Č C + D

Liquid:   rreaction,A = kr cA
n cB

m

kr = k0 e - Ea / RT

Gas: rreaction,A = kr pA
n pB

m

(p = partial pressure)



Arrhenius Equation

ÁReaction Rate Constant

Ák0 : frequency factor (with the same unit as kr )

ÁEa : activation energy (in units of energy per mole)

ÁR : universal gas constant

ÁT : absolute temperature

kr = k0 e - Ea / RT



Reaction Rate

ÁReversible Reaction

rreaction,A = kr cA
n cB

mïkrô cC
r cD

s

A + B   Č C + D
kr

krô 



Reactor

ÁBatch Reactor

ÁContinuous Reactor

ÁPlug-Flow Reactor (PFR)

ÁContinuously Stirred Tank Reactor (CSTR), Chemostat



Ex. 9.2. Species A in liquid solution (concentration=0.74M) enters a 

CSTR at 18.3 L/s, where it is consumed by the irreversible reaction 

What reactor volume is needed so that the concentration of A leaving 

the reactor equals 0.09M? The density can be assumed to be constant.

A Ÿ C  where                 (                    and      is in units of gmol/L) A r Ar k c= 0.015/rk s= Ac


