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3.5 Rigid Flap-Lag-Torsion

The blade is assumed rigid and it undergoes three degrees of motion, flap, lag and feather rotations
about three hinges. The hinge sequence assumed here is, from the rotation axis the flap hinge is
followed by lag hinge and then at the outboard is pitch bearing. with the changed hinge sequence,
there will be modification in some of the nonlinear terms. This model not only represents articulated
blades but also can be a good approximation of hingeless blades for dynamic analysis. For simplicity
of analysis, it is assumed that all the hinges are located at the same place. The important nonlinear
terms up to second order are retained. Let us examine the element forces in each mode of vibration.
Flap Mode

AF

Flap hinge

(a) IF: inertia force m(r — e)f dr arm (r — e) about flap hinge
—ma 0 drm arm (r — e)
(b) CF: centrifugal force mQ%r dr arm (r — €)3
—m&%r dr arm 76

BLADE CONFIGURATION

A

Rotating angle

Feathering
Flapping
Lagging

v ™ @ <

Rotation
axis

(¢) CorF: coriolis force 2m§Q¢ arm (r — e)f
(d) AF: aerodynamic force Fjdr arm (r — e)
(e) SF: spring force kg( — (p) moment
(f) DF: damping force CBB moment
where
x1 = chordwise offset of cg behind feathering axis
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Bp = precone angle

kg = flap bending spring at hinge

cg = damping constant

= QCw,gofﬁ

(g = viscous damping ratio in flap mode

wgo = non-rotating flap frequency, rad/sec

Is = mass moment of inertia about flap hinge
Taking moment of forces about flap hinge

R
/ {m(r —e)?6 —mz(r — e)8 + mQ2r(r — e)8 — mQ%*raz 0 — 2mQ(r — e)5¢

—F(r — e)}dr + kg(B8 — Bp) + 2CswsolsB = 0

Assuming Iz ~ I3 where I, is the total flap inertia. Dividing the above equation by ,Q2? gives the
flap equation in nondimensional form.

*x * * *x N ’UJ2
B +3B + 2wanCs B ~28 ¢ ~I,(0 +0) = yMp + g, (3.45)

where v is the rotating flap frequency,

efeRm(r —e)dr wéo
Is 02

Vé:1+

and

I I, fERmxjrdr
I, I

For uniform blades

2

3 e w
2 B0
:1 — _
Y e
and
3

The « is the Lock number,

pacR*
I

and

— 1 R
M’B_ipacR‘lQZ/@ Fg(r —e)dr

Also note that S= % and ¢ = Q.
II. Lag Mode
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b) CF: mQ?rdr arm £(r — )¢

d) AF: Fydr arm (r —e)

e) SF: k¢ moment

(f) DF: 2I;we0¢r.¢ moment
where

I

( . .

(c) CorF: 2mQ(r — e)BB dr arm (r — e) —max 08 dr arm (r — e)
(

(

(1, = viscous damping ratio in lag mode
w¢p = non-rotating lag frequency
Taking moment of forces about lag hinge

R
/ {m(r — e)*¢ + mQ?%e(r — e)¢ + 2mQ(r — €)*88 — may(r — e)B0 — F¢}dr

+he¢ 4 2cweo(rC =0

Assuming I ~ I; and dividing through I,9? gives the lag equation in nondimensional form
¢+ C+2-7CL ¢ +268 5 —1.(28 0) = vM; (3.46)

where v is the rotating frequency

_ efeRm(r —e)dr Wgo

2
ve I, 02

For uniform blades

VC:_

2R—e €2

and also I, = %Z‘ 1/R. The aerodynamic moment is

_ 1 R
MC:pacQQR‘l/e Fe(r—e)dr

III. Torsion Mode
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AF

(a) TFy: max 10dr arm z; about feathering axis
—m(r —e)fdr arm 7
1F5: Ioé dr moment
(b) CF1: IyQ26 dr moment
CFy: mrQ?Bdr arm x1
(c) CorF: 2mQr(f arm x;
(d) AF: My dr moment
(e) SF: kg(0 — Ocon) moment
(f) DF: 21 wgoCpf moment
where

o 1 R
My = —F— Myd
o pacQZR‘l/e oar

and the vy is the rotating torsion frequency.

2
w
vg =1+ %
The flap, lag and torsion equations can be rewritten as
S A 290005 26 0 3
0 1 0 I 28 279 —20L ;
_I* O I* *k 0 26[* 2%(9[* *
x f 0 x / 0
inertia damping
2 _— w3
Vs 02 719*: B Mg %510
+ 0 v 0 ¢ = | M, + 0
L0 —I. p M, 7% (3.47)
T f J’; Q2 vcon
stiffness force

These equations are coupled inertially. The inertia and stiffness matrices are symmetric. The
damping matrix consists of two parts. The viscous damping terms are diagonal terms whereas
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coriolis force terms are antisymmetric. Also, the coriolis force terms are nonlinear in nature, but
these are important coupling terms.

The complete nonlinear equations for this hinge sequency are also available (Chopra (83)).
With changed hinge sequence one will get a new set of equations with different coupling terms. For
example, Chopra and Dugundji (1979) derived nonlinear equations for a blade with pitch bearing
inboard, followed by flap hinge and the lag hinge outboard.

3.6 Flexible Flap-Lag-Torsion-extension

An appropriate model for rotor blade is to assume it as an elastic beam undergoing flap bending,
lead-lag bending and elastic torsion. These motions are coupled through inertial and aerodynamic
forces. The derivation of the equations of motion for the coupled flap-lag-torsion blade is lengthy
and involved. Many authors have derived these equations with different approximations in mind.
Among notable works are Houbolt and Brooks (1958), Hodges and Dowell (1974), and Johnson
(1977).

3.6.1 Second order non-linear beam model

The blade is idealized into a twisted beam. Due to pitch and twist distribution, there is a structural
coupling between the out of plane bending and inplane bending. The derivation details are not
given here. The equations of motion are given here for uniform blades.
u axial deflection, in
lead-lag deflection, in
flap deflection, in
elastic twist, rad
blade pitch, rad

D= <

3.6.2 Equations for uniform beams

Assumptions
1. Uniform blade
Slender beam
Moderate slopes (terms 2nd order retained)
No droop, sweep or torque offset
Tension axis lies on elastic axis
xy = chordwise offset of cg from ea (+ ve aft)
E1I, = flapwise stiffness, 1b - in?
EI, = chordwise stiffness, 1b-in?
GJ = torsional stiffness, 1b-in?
k4 = polar radius of gyration, in
m = mass per unit length, lIb-sec? / in?
mk?n1 = flapwise principal mass moment of inertia
mk?m = chordwise principal mass moment of inertia

Sl N

mk?2, = torsional mass moment of inertia

Flap Equation:

1
[EI, + (EI, — EI,)sin® 0jw’" + 5 (BL = El,)sin 200"V
+(EI, — EI,)[cos 20(¢v")" + sin 20 (¢w")"] - TmQ%w' (R? — r?))
+mi + 2mQB,0 — 2mQ(w’ fTR vdx) — mxrd
+{maz[Q*r¢cos + 2Qusin 0]} = L, — mQ?rp,
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Lag Equation:

[EI, — (EI, — EI,)sin®0]v’ + %(EIZ — FI,)sin 20w’
+(EL, — EI,)[—sin20(¢v")" + cos 20(¢w")"] — 3mQ2 [ (R? — r?)]
+mi — mQ* — 2mQByw — 2mQ [; (V'Y + w'i') dr
—2mQ (v fTR vdx) + mardsinf + 2mQu (v cos  + i’ sin 0)
—mQPxrsinf ¢ = L,

Torsion Equation:

1
~GJo" + §(EIZ — ELL)[(w" —v")sin 20 + v"w" cos 20)]
—%mQ2ki[¢’(R2 — 7“2)]/ + mk?ngb + sz(k‘%TQ — kznl)gb cos 20
—ma[Q%r(w cos @ — v'sinf) — (i — Q?v)sin 6 + wcos

1
=M, — §mQ2(kfm — k2, )sin20

3.6.3 Detailed model for non-uniform beams

The rotor blades are modeled as long, slender, homogeneous, isotropic beams undergoing axial, flap,
lag and torsion deformations. The deformations can be moderate as the model includes geometric
non-linearities up-to second order. Radial non-uniformities of mass, stiffness, twist, etc., chordwise
offsets of mass centroid (center of gravity) and area centroid (tension axis) from the elastic axis,
precone, and warp of the cross section are included. The model follows the Hodges and Dowell
formulation (1974) while treating elastic torsion and elastic axial deformation as quasi-coordinates
based on Ormiston (1980). The model assumes a straight blade. Modeling refinements required to
incorporate structural sweep and droop were first treated by Celi and Friedmann (1992), and Kim
and Chopra (1995). The governing equations and their derivations can remain same, the swept and
drooped elements can be formulated using additional coordinate transformations and a modified
finite element assembly procedure. The following derivation is taken from Datta (2004). Details of
the validation can be found in Datta and Chopra (2006).

The equations of motion are developed using Hamilton’s Principle, a statement of the Principle
of Least Action. The governing partial differential equations can be solved using finite element
method in time and space. The finite element method provides flexibility in the implementation of
boundary conditions for modern helicopter rotors. For example, specialized details like blade root
pitch flexibility (pitch link stiffness), pitch damping, elastomeric bearing stiffness and damping can
be incorporated within a finite element model.

3.6.4 Blade Coordinate Systems

There are 4 coordinate systems of interest, the hub-fixed system, (X, Yy, Zg) with unit vectors
I}{, J}{,KH, the hub-rotating system, (X,Y,Z) with unit vectors f, j,K', the undeformed blade
coordinate system, (z,y,z) with unit vectors %,j,fc and the deformed blade coordinate system,
(&,m,¢) with the unit vectors {57 j;7, k:g. These frames of references are denoted as H, R,U and D
respectively. The hub-rotating coordinate system is rotating at a constant angular velocity OK
with respect to the hub-fixed coordinate system. The transformation between the hub-fixed system
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and the hub-rotating system is defined as

I costy siney 0 Iy Iy
J Y= —sinv cosyp 0 Jy Y =Trul Jy (3.48)
K 0 0 1 Ky Ky

where the azimuth angle, 1, equals 2¢. The undeformed blade coordinate system is at a precone
angle of 3, with respect to the hub-fixed system. The transformation between the undeformed
blade coordinate system and the hub-fixed system is defined as

i cosB, 0 sinf, I I
Jj oy = 0 1 0 J p=Tury J (3.49)
2 —sinf, 0 cosf, K K

The transformation between the undeformed blade coordinate system and the deformed blade
coordinate system remains to be determined.

3.6.5 Blade Deformation Geometry

Consider a generic point P on the undeformed blade elastic axis. The orientation of a frame
consisting of the axes normal to and along principle axes for the cross section at P defines the
undeformed coordinate system (x,y, z). When the blade deforms, P reaches P’. The orientation of
a frame consisting of the axes normal to and along principle axes for the cross section at P’ defines
the deformed coordinate system (£, 7, ). Figure 3.1 shows the undeformed and deformed coordinate
systems. Adequate description of the deformed blade requires in general a total to six variables
: three translational variables from P to P’, w,v,w along x,y,z, and three rotational variables
from (z,y,z) system to (§,n,() system, and any out of plane deformations of the cross section,
e.g., warp. These out of plane deformations are neglected, which results in plane sections remaining
plane after deformation i.e., the Euler-Bernoulli beam assumption. The Euler-Bernoulli assumption
leads to a further simplification - two of the three angles can be expressed as derivatives of the
deflection variables. Thus four deformation variables - three deflections u, v, w and one rotational
angle, completely determine the deformed geometry. The definition of this rotation angle - the
angle of elastic twist is described below.

The coordinate transformation matrix between the undeformed system and the deformed system
is defined by the direction cosines of (£,7,() with respect to (z,y,z), where z is tangent to the
elastic axis of the undeformed blade and £ is tangent to the elastic axis of the deformed blade. The
transformation matrix can be written as

ic
in ¢ =Tbu
ke

(3.50)

T[T S0

where Tpy can be described as a function of three successive angular rotations in space required
to align (x,y, z) along (£,7,¢). The two intermediate orientations can be described as (z1, 1, 21)
and (z2,y2,z2) with unit vectors (zAl, jAl,k:Al) and (zAg, jAg,kAg) . Classical Euler angles use rotation
1 about z, § about x1; and ¢ about z9 to orient (z,y,z) along (&,7,(). Singularities result when
the second angle is zero because the first and third transformations are then about the same
axis. Small angle rotations are important for a rotor problem, zero rotations being a special case.
Therefore, instead of Euler angles, modified Euler angles are used where the axes do not approach
one another for rotations in the neighborhood of zero. The unit vectors i, j, k, initially coincident
with (z,y,2), can be made to align with i%, jAn,kAC by rotation through three orientation angles
in space &, 3,0. Depending on the choice of their sequence, six combinations are possible. The
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z, k
A

X, 1

Figure 3.1: Beam cross-section before and after deformation showing undeformed and
deformed coordinate systems

resulting transformation matrix takes a different form depending on the selected combination. The
numerical values of the matrix elements, i.e. the direction cosines of the unit vectors i%, jAn, k} with
respect to i, J, k, are offcourse independant of the choice of combination. The direction cosines are
intrinsic properties, i.e., they are uniquely determined by the loading and boundary conditions.
Here, we consider a rotamon sequence &1, 51,601 about k, — 1, iy respectively, in that order. That
is, the first rotation & is about z resulting in the new set (x1,y1,21), 81 about —y; resulting in
(2,Y2, 22) and 6 about xy resulting in (£, 7, (). This produces

CB,C¢y CB15¢ 5By
Tpu = | —C¢, 88,509, — Co15¢,  CeiCo, — 5¢,58,50, €350, (3.51)
—C¢, 58, Co, + S0,8¢,  —Cg S0, — S£,58,C0; CB,LCo,

where ¢y = cos( ), s() = sin( ) and Tpu ! = TpuT. The goal is to express this transformation
as a function of blade deflections and one rotation angle.
The position vector of any point on the deformed-blade elastic axis can be written as

t = (z+u)i+v]+wk (3.52)

and the unit vector tangent to the elastic axis of the deformed blade is

or A A -

5 = (z+uwti+oty+wtk (3.53)
where 1 is the curvilinear distance coordinate along the deformed-beam elastic axis and ()t =
0/0r(). Assuming pure bending and the cross sections remain normal to the elastic axis during
deformation

or

5 = ie = Ti1i + Tiaj + Tizk (3.54)



200 CHAPTER 3. COUPLED FLAP-LAG-TORSION DYNAMICS

where T;; is the element on the ith row and jthe column of Tpy. Thus

T11 = (CL’ + u)+
T12 == U+ (355)
T13 = w+

In the case of a pure elastic axial elongation, u., in addition to pure bending, it is subtracted from
total axial elongation to calculate the unit vector tangent to the elastic axis of the deformed blade.

ie = (r4+u—u)Ti+ot)+wk (3.56)
and then
Ty = (v +u—ue)"
T12 = U+ (357)
Tig =wt

Because Tpy is orthonormal

Ty +T® + Tis* =1 (3.58)
and therefore

(x+u—u) = V1—vt2 —pt2 (3.59)

Using equations (3.51) and (3.57) it can be deduced

SpL = wt
cg =V1—wt?
g, = =L (3.60)
& — /1—wT?2
_ Vi Fi e
€ = T imwrz

cp, and sy, remain to be expressed in terms of the blade deflections and some appropriate measure
of elastic torsion. The angular velocity of the frame (x,y, z) as it moves to (§,n,() is

w= &k — i1+ briz

~ ~ ~ (3.61)
= Welg + Wyly + Weic

where 7; and iy are unit vectors of the intermediate frames (x1,y1,21) and (x2,ys2,22), and () =
0/0t( ). The components of the angular velocity are

we =01 + &1 s,
wy = —P1 co, + &1 g, 50, (3.62)
we = &1¢5, o, + B1 50,
The bending curvatures and torsion (or angle of twist per unit length) can be deduced with the
use of Kirchhoff’s kinetic analog by replacing () with ( )*. Thus,
ke =07 +& sp,
Ky = =61 co, + & s, 50, (3.63)
k¢ =& cpyco, + By so,
where k¢, K, and k¢ are the components of bending curvatures in the deformed blade £, 7, ¢ direc-

tions. k¢ is the torsion. The angle of elastic twist, ¢ is defined such that

(0: + ¢)" = ke (3.64)
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where 0;" = 0, 2. 0, is the rigid pretwist of the blade. From (3.63a) and (3.64) we have
0f = (6 + )t — ¢ wt (3.65)

¢ can be expressed as a function of blade deflections. Using (3.51), (3.57b) and (3.60b) we have

vt
Sg= (3.66)
(1 —wt)
Differentiating equation (3.66) and substituting equation (3.60d) we have
++ +oytott
e = v n viwtw (3.67)
VI o2 —wt2 (1 —wh2)y/1—vt2 — 2
From (3.67) and (3.65) we have
+ +oytett
+ +_ w ++ L WW
07 = (0 + ¢) W(v + T ) (3.68)
or
r wt vtwtwtt
_ ++
01 =0+ ¢ ; m(u + | w2 )dr (3.69)
and
=0+ ¢ (3.70)

where 6, is the blade rigid twist arising from pre-twist and control angles. ¢ is the blade elastic
twist which is used in Hodges(1974) as the rotation variable. $ is the blade elastic twist including
the kinematic integral component and is used in the present work as the rotation variable. The
Tpy matrix can now be expressed as a function of the unknown blade deflections and one rotation
angle 0, related to the unknown blade twist ¢ via equation (3.70).

V(1 =02 —wt2) vT wh
—vteg, —whsg /(1—vT2—wt2) cg / (1—vt2—wt2) —vTwtsy, T
Tpu = Vi—wt2) V/(I—wt?) s v/ (1 —wt?) (3.71)
vtsg, —wheg /(1—vt2—wt2)  —sp \/(1—vF2—wF2) —vtwhcy, ——>
Vi) Vi—w2) EOAC

The above expressions and coordinate transformation Tpy are exact. Now they are reduced to
second order. To second order ( )™ = (')". To second order

V1I—vt2—wt? 1— (02 +w?)
Vi—wt? 1— uw?

1,2 1.2
1-— %w’Q 1-— %w’Q
_1 }U/Q
2
Finally we have
1-% -5 v’ w'
— %)091 —vw'sg,  (1-— “’,2)591 (3.73)

Tpu = | —v'cy, —w'sp, (

M|S\M‘
N

1
v'sg, —w'cy, (1-— %)391 —v'w'ey, (1 — % )cy,
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where 6 is expressed as

01 = 6o + O1c cos(pp) + 01 sin(ih) + Opy + ¢

- 3.74
=0+¢ ( )

0o, 010,015 are the collective, lateral and longitudinal cyclic angles respectively, ¢ is the blade
azimuth location, 6, is the rigid twist angle and ¢ is the elastic rotation angle. From equation
(3.69), the elastic rotation is related to the blade elastic twist as follows

b=¢— /07‘ w'v" dr (3.75)

where r denotes a blade radial station. Now the blade equations can be formulated using Hamilton’s
Principle. The equations are formulated in a non-dimensional form.

3.6.6 Nondimensionalization and Ordering scheme

The entire analysis has been done in a nondimensional form. This avoids scaling problems while
computing results and increases the generality of the analysis. Table 3.1 shows the reference
parameters used to nondimensionalize the relevant physical quantities.

Physical Quantity Reference Parameter

Length R
Time 1/Q
Mass/Length mo
Velocity QR
Acceleration Q2R
Force moQPR?
Moment moS2R3
Energy or Work mo?R3

Table 3.1: Nondimensionalization of Physical Quantities

In deriving a nonlinear system of equations, it is necessary to neglect higher-order terms to
avoid over-complicating the equations of motion. A systematic and consistent set of guidelines has
been adopted for determining which terms to retain and which to ignore. The ordering scheme is
same as that in Hodges (1974). It is based on a parameter € which is of the order of nondimensional
flap deflection w or lag deflection v (nondimesionalized with respect to radius, R, as described in
table 3.1). wu is of the same order as the square of w or v. The elastic twist ¢ is a small angle
in the sense that sin ¢ ~ ¢ and cos ¢ ~ 1. The axial coordinate x is of order R and the lateral
coordinates are of order chord, ¢, and thickness, t. Chord, ¢, thickness, ¢ and rigid blade twist 6,
are all of same order as v and w. The warp function Ap is of the same order of magnitude as u so
that the warp displacement, which is Ap multiplied with twist is one order of magnitude less than
u. Thus,

IR

r =0l r = UIE

1 =0() M}%%n: O(e) (3.76)
o0 o
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The order of magnitude of the other nondimensional physical quantities are are as follows.

A _
m0€2R2 = (E 2)
&ﬁﬂﬁyﬂﬂii_o(l)

R>R> R’ R >mg’ oy’ dx —
py cos P, sin, 0,0y, <L, %2 =0(1)
Ely EIz GJ _ 0(1)

mOQ2R4 akmO%ZRAL akmOQQRAL -

B 5 by g = O()

as,¢s = 0(5)
d

AL e =0()

EBo ECy _ O( )
moQ2R57 moQ2R5 — 3 €
%% = O
Qs, G Z 0(55)

EB E _ 2
mo§221R6’ m0921R6 =0(e?)

b =0

a’ a

(3.77)

R is the rotor radius, €2 is the rotational speed, F is the Young’s Modulus, G is the shear modulus,
I, and I, are cross-section moment of inertia from the y and z axis in the undeformed blade frame,
J is the torsional rigidity constant, a is the lift curve slope and mg is mass per unit length of the
blade. Rest of the symbols are defined in the beginning and later on as they appear. my is defined
as the mass per unit length of an uniform beam which has the same flap moment of inertia as the
actual beam. Therefore

3L 3 [y mrtdr

Mo = 53 R3 (3.78)
Azimuth angle is considered as nondimensional time, therefore
()=t =2 — i)
() = 20 _ 208 _ 2820 (3.79)
8%t T 5%y 6%t T 024

The ordering scheme is systematically and consistently adopted within the total energy context as
is explained during the calculation of the energy terms. However, while following the scheme, terms
are lost, which destroy the symmetric nature of the mass and stiffness matrix of the system, or,
the antisymmetric gyroscopic nature of the modal equations, then those terms must be retained in
violation to the ordering scheme.

3.6.7 Formulation Using Hamilton’s Principle

Hamilton’s variational principle is used to derive the blade equations of motion. For a conservative
system, Hamilton’s principle states that the true motion of a system, between prescribed initial
conditions at time t; and final conditions at time to, is that particular motion for which the
time integral of the difference between the potential and kinetic energies is a minimum. For an
aeroelastic system, e.g., the rotor, there are nonconservative forces which are not derived from a
potential function. The generalized Hamilton’s Principle, applicable to nonconservative systems, is
expressed as

to
51, = / (6U — 6T — §W)dt = 0 (3.80)
t1

where 0U is the virtual variation of strain energy and 67" is the virtual variation of kinetic energy.
The 6W is the virtual work done by the external forces. These virtual variations have contributions
from the rotor blades and the fuselage.
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The variations can be written as

Ny
oU = 6Ug + 6Up = (Z 5Ub) + 0Up (3.81)
b=1

Ny
0T = 6Tk + 6Tp = (Z 6Tb> + 0Tw (3.82)
b=1

Ny
SW = Wg + 6Wp = (Z 6Wb> + 0Wp (3.83)
b=1
where the subscript R denotes the contribution from the rotor, which is the sum of individual
contributions from the N, blades, and F' denotes the contribution from the fuselage. In the present
study, only the rotor contribution is considered. Strain energy variation from the flexible pitch
links are included in the blade energy terms. The expression for the virtual work W has been
dealt with in the chapter on Aerodynamic Modeling.

3.6.8 Derivation of Strain Energy

Because each blade is assumed to be a long slender isotropic beam, the uniaxial stress assumption
(0yy = 0y> = 02, = 0) can be used. The relation between stresses and classical engineering strains
are

Ope = Feégy (3.84)
Ouny = Gegy (3.85)
oz = Gege (3.86)

where €, is axial strain, and €., and €,¢ are engineering shear strains. The expression for strain
energy of the bth blade is

1 R
Uy, = 5 / // (szém; + Ozn€an + UzCGxC)dndde (3.87)
0 A

Using the stress-strain relations the variation of strain energy becomes

R
oU, = / // (Eergbery + Gegndery + Gegedeye )dnd(da (3.88)
0 A

The general non-linear strain displacement equations to second order are

/2 12 ”
€z = U + % + % — A" + (" + ) (0’ + %)
— 0" [ncos(8 + ¢) — Csin(f + ¢)] (3.89)
—w" [nsin(0 + ¢) + ¢ cos(6 + ¢)]
oA .
T <C * a—nT> ¢ =—Co (3.90)

oA P
xc = (1= 58 ) =0 (3.91)
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where Ap is the cross-sectional warping function. From equation (3.75) we have the relations
between the deformation variable ¢ and quasi-coordinate ¢.

¢/A: d“)/ + " (3 92)
5¢/ — 5¢/ + ’LU/(SU” + v”&w’ :
From equation (3.59) we have the relations between the deformation variable u and the quasi-

coordinate .

W =l — 2(1}/2_’_71}/2)
U:Ue—2f0 v 4+ w'?

ou' = dul, — "o’ — ’5w (3.93)
du = due — fox(v/dv’ + w'dw’)dx
Using equations (3.92) and (3.93) we obtain the strains as follows.
o =, =A@+ W ")+ o+ O + 0w+ L T G o
- [77 cos(f + ¢) — ¢ sin(f + QAS)} —w” [?7 sin( + ¢) + ¢ cos(f + ng)]
o = —C(@ + 00" (3.95)
eac =N/ +w'v") (3.96)
The variation of the strains are
Sepe =0U, + Ap (60" 4+ w'0" 4+ 0" 5w + 0" 6w’ + w"6v")
+ (n* + Cz)[ﬁiéé/ + 0"w' v :I— 0"V 6w + (¢ + w'v") (64 + w' 60" + " 6w')] (3.97)
~ [eos(8 + @) — Csin(8 + B)J60” + [nsin(0 + §) + C cos(8 + $)]v'56
— [nsin(0 + @) + ¢ cos(0 + ¢)|ow"” — [ncos(d + ¢) — Csin(6 + ¢)|w” 6
Seen = —C (8¢ +w' 60" + " du') (3.98)
Seze = N(6¢" + w'dv" + v"dw') (3.99)

Substituting equations (3.97), (3.98) and (3.99) in equation (3.88) gives the variation of strain
energy as function of the deformation variables. It can be expressed in nondimensional form as
follows.

oUy

oU = mOQQR3

1
= U/(Su/e—i-U/(SU/—l—U 15w+ Uy 0" + Uyyrrdw”
/0 ( ul, v w v w (3'100)

+ U300 + Uy 68 + Uy, 66" da

In deriving the expressions the following section properties are used.

[ [ydnd¢ = A
[ [y ndnd¢ = Aea
J [4¢dnd¢ =0

ffA ArdndC =0
[ [a0? +¢?)dnd¢ = AK3
/ A(U +C2 2dnd¢ = By (3.101)
[ fan(*+¢*)2dnd¢ = By
[ [anPdnd¢ =1z
[ [, ¢Gdnd¢ = Iy
[ [ A2dnd¢ = ECy
J [aCArdnd¢ = ECy
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The coeflicients, up to second order of non-linearities are given below.

R 212
Uy =EA |u, + K5(0'¢/ + 0'w'v" + (b—)
2 (3.102)

— EAey {v”(cos@ — ¢sinf) + w”(sin 6 + ¢ cos 9)}
Uy =0 (3.103)
Uy = (GJ + EB10?)¢'v" + EAK%0'0"u. (3.104)
Uyr =v"[Elz cos*(0 + ¢) + Ely sin?(0 + ¢)]

+w"(EI; — Ely) cos(0 + ¢) sin(6 + ¢) (3.105)

— EBy0'¢) cos§ — EAequl(cos O — ¢psinf) + EAK3uw'0’
+ (GJ + EB10?)¢'w' — ECy¢" sin 0

Upr =w"[Elzsin®(0 + ¢) + Ely cos?(6 + )]
+"|El; — EIy] cos(0 + ¢)sin(6 + ¢) (3.106)
— EAeaul (sinf + ¢ cos ) — EBy¢/0' sin 6 + ECy¢" cos 6

U =w"?(El; — Ely)cos(0 + ¢)sin(0 + ¢) — v"*(El; — EIy) cos(0 + ¢) sin(6 + ¢)

) (3.107)
+v"w"(El; — Ely)cos 2(0 + ¢)
Uy =GJ(¢ +w'v") + EAK3(0' + ¢ )u, (3.108)
+ EB0"”%¢ — EBy0'(v" cos§ + w" sin )
Uy = ECy¢" + ECs(w” cos — v sin 9) (3.109)

Note that in the above expressions, the cos(d + ¢) and sin(d + ¢) terms associated with bending
curvature, i.e., with EIz and Ely, have been retained. These terms are expanded to second order
as

sin(0 + ¢) = (1 — %)sin@ﬂ{ﬁos@ } (3.110)

cos(f+ ¢) = (1 — %2)(:08«9 — ¢sinf

This expansion introduces third order terms in U,», U,» and U; which are retained in violation
of the ordering scheme. This is to maintain consistency between the force-summation and modal
methods of blade loads calculation. Thus we have the following

Uyr =v"(EIz cos? 0 + Ely sin® 0) + w"(EI; — Ely)cos fsin 6
— " ¢sin20(El; — Ely) + w"¢ cos 20(El; — Ely)
— "% cos 20(El; — Ely) — w"$? sin 20(EI; — Ely) (3.111)
— EBof' ¢/ cos — EAe qul(cos — ¢psinf) + BEAK 2 ulw'¢’
+ (GJ + EB10?)¢'w' — ECy¢" sin 0
Uy =w" (Elzsin? @ + Ely cos®0) +v"(EIz — Ely) cos §sin
+w"psin20(El; — Ely) +v"dcos 20(El; — Ely)

Y o (3.112)
+w" ¢ cos20(El; — Ely) —v"¢*sin20(El; — Ely)
— EAequl(sinf + ¢ cos 0) — EBsd'0' sinf + ECyd" cos 0
U, =(w" —v") cos §sin§(EI; — Ely) + v"w"” cos 26
b (3.113)

(W' — ") cos 20(El; — Ely) — 20" w” sin 260
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3.6.9 Derivation of Kinetic Energy

The kinetic energy of the bth blade, 67, depends on the blade velocity relative to the hub and
the velocity of the hub itself. The velocity of the hub originates from fuselage dynamics and is
neglected in the present analysis.

Let the position of an arbitrary point after the beam has deformed is given by (1, y1, 21) where

f:[xl U1 Zl] :[LL'—FUU’W] +[_)‘¢/77C]

T[THOD So
T[THOD So

(3.114)

—{[z+u v w]+[-r 7 ¢]Tpu}

I =0 fi?‘>§->J§"~>

Using equation (3.73) we obtain

r1=x4+u— X\ —v'(y1 —v) —w'(z —w)
y1=v+ (y1 —v) (3.115)
z21=w+ (21 — w)

where
y1 — v =1ncos(0 + ¢) — Csin(0 + ) }
z1 —w = nsin(f + QAS) + (cos(0 + q@) (3.116)
Now,
V= g+ 3.117
b= o + O xr (3.117)

where using equation (3.49) we have

Q = QK = Qsin By + Qcos Bk (3.118)
and

or N N A

a_z = 11 + 1) + sk (3.119)

Using equations (3.119) and (3.49) in equation (3.117) we have

Vo = Vial + Viyj + Vosk (3.120)

where all velocities are non-dimensionalized with respect to QR and () = d( )/0v.

Vow = &1 — y1cos By (3.121)
Viy = 91 + x1cos By — z18in B (3.122)
Vbz = 21 +y18in B, (3.123)

Taking variations of the velocities we have

V.dV = 1621 — yi1 cos Bpdi1 — &1 cos Bpdyr + y1 cos? Bpoy1
Y1691 + w1 cos By0y1 — 21 sin Bp091 + Y1 cos Bpdxy
71 cos> Bpdx1 — 21 8in By, cos Bydx1 — Y1 8in By021 — w1 cos B, sin B,021

+ %1 sin® Bpdz1 + 21021 + y1sin B0z + 21 sin Bp0y1 + v sin? Bpoy1

(3.124)
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According to variational method, this equation must be integrated in time between two arbitrary
points in time, ¢; and t3. The initial and final values (e.g.,21 0z \g) are taken as zero. Anticipating
integration by parts the various terms can be combined in equation (3.124) to obtain

V.dV = —&10z1 + 241 cos Bpdx1 + y1 cos? Bpdy1 — J10y1

— 2@ cos Bpoy1 + 221 sin B,0y1 + 1 cos? Bpox1 (3.125)
— 21 8in By, cos Bpdx1 — 291 sin 3,021 — x1 cos By sin By021 + 21 sin? Bpoz1 ‘

— %1021 + y sin? Bpoy1

For the bth, the resultant kinetic energy expression in non-dimensional form is given by

0T, L o

where p is the structural mass density. Substituting the velocity expressions as given before we

have
m092R3 / // (Tp10z1 + Ty10y1 + T21021) dnd¢| dx (3.127)
where
Ty = —&1 + 291 cos By + 21 cos? Bp — 21 sin B, cos B (3.128)
Ty =y cos? Bp — 1 — 2d1 cos By + Y1 sin? Bp + 2z sin B, (3.129)
T = —2¢18in B, — 1 + 21 5in® B, — 1 cos B, sin B, (3.130)

Now, using equations (8.32) and (3.116) we have

Y1 =10~ (21— w)9:1
‘ Zi=1w+ (y1 —v)b ' (3.131)
F1=10—Ap¢ — (V +w'0)(y—1—v)— (W —0'01)(21 — w)

and
=10 (21~ )61 (y1—v)922
T sy (132
—(z1 — w) (W — V6, — w6 —20'6,)
The variations are as follows
0y1 = v — 5‘21(’21 —w)
021 = dw + 69 (y1 — v) (3.133)

b1 = 0u — Apdd! — (y1 — v) (60 + w'd)
—(21 — w) (6w —v'5¢)

Using equations (3.133), (3.132), (3.131), (8.32) in (3.126) we obtain

0Ty,

0 = ——5—=
mOQQRS

1
= / m(Ty, 6ue + Tyév + Tyow + T dw' + Ty ov' + Ty + Tr)dr  (3.134)
0
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In deriving the expressions the following section properties are used.

I 4 pdnd¢ =m
I J4 pmdnd¢ = me,
J JapCdndC = miky,
J 4 p¢dnd¢ =0
J 4 pn€dnd¢ =0

f fA pArdnd¢ =0
assuming cross-section symmetry about the n axis and an antisymmetric warp function Ap. The

terms involving (y; — v) and (21 — w) are given by

[ [ p(y1 — v)dnd¢ = megy cos(6 + q})
J Jap(z1 —w)dnd¢ = megysin(0 + ¢) A A (3.136)
[ o1 = w)(g — v)dnd¢ = (2, — K2, )sin(6 + §) cos(9 + 6)
[ Japln —v)? = (21 = w)?|dnd( = mk3,
The coefficients in equation (3.134) are written up to second order, O(e2), as follows
Ty, = —t+u+x+20 (3.137)
where
1,2 2
u=1u — 3 [, (V" +w?)dx
i = die — [y (02 + 00 4+ "2 + w'i)de (3.138)
T, =— i+ e,fsin 6 + ey cosf + v — ¢sin @ + 2w, + 2e,0 cos
o) . A . . v Iy ] -/ (3]‘39)
+ 2e410' sin 0 + e,y sin 6 — 24, +2/ (V0" + w'w')dx
0
Ty = —eg(xcosf — $a sin 0 + 20 cos 0) (3.140)
Tw:—i[)—egécosﬁ—eg<£0050 (3.141)
— 2008, — xfp
Ty = —eg(xsinf + & cos + 20sin b) (3.142)
T,=- k2.¢— (k2 — k2, ) cos20 — (k2 — k2, ) cos@sinf — x,e, cos 0 (3.143)
— vegsinf + e, sin 0 — zw'ey cos O + e, sin  — ey cos O — k2,0
The non-variation term T is given by
(3.144)

Tp = — (—fii—|—u—|—:v—|—2'[1)/ (v'ov" + w'ow')
0

=Ty, / (V60" + w'sw'’)
0

Note that the ordering scheme is violated in equation (3.144). It is important to keep the entire Ty,
in the non-variation form for articulated rotors where the bending moments at the hinge must go

to zero. For hingeless rotors with large bending moments at the blade root the error is negligible.
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3.6.10 Virtual Work

For each degree of freedom, there is a corresponding external force (or moment) which contribute
to virtual work on the system. The general expression is given by

6Wb ! A A A As
where Lf, Lf, Lé, M# are the distributed air loads in the z, y and z directions and M# is the

aerodynamic pitching moment about the undeformed elastic axis. Calculated air loads are motion
dependent. Measured air loads are not motion dependent.

In addition to distributed air loads, there can be concentrated forces and moments acting on
locations over the blade span, e.g. a prescribed damper force. They can be included as follows.

oWy

1
_OWe A A A As2
T /O(Lu6u+Lv5v+Lw6w+M¢ 5¢)dx

) (3.146)
+ / (Fypou + F,6v 4 F,0w + Myd¢ — Myow' + M,ov')(x — xf)dx
0

where F,, F,, F., M., M,, M, are the concentrated forces and moments acting at * = z, along
the blade span. The calculated forces and moments are described in Chapter 3.

3.6.11 Equations of Motion

Integrating the strain energy, kinetic energy and virtual work expressions (3.100), (3.134) and
(3.145) by parts we obtain

SU = [} (Y, 0ue + Yodv + V0w + Y;30,5)dz + b(U)
0T = [ (Zu,Stte + Zodv + Zubw + Z;8;)dx + b(T) (3.147)
SW = [} (Wy, 0ue + Wydv + Wpdw + W3d,5)dw + b(W)

where b(U), b(T') and b(W) are the force and displacement boundary conditions. Using equation
(3.80) and collecting terms associated with du, dv, dw and d¢ we obtain the blade equations as
follows.

ue equation :

N 712
EAu, + EAK% <9l¢' + 0w + %)

) ) : (3.148)
—EAeav"(cos — ¢psinf) + EAw” (sin 6 + ¢ cos 9)]

+m(tle — ue — & — 20) = Ly,

v equation :
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[v"(EIz cos® 0 + Ely sin® 0) + w"(El; — Ely) cos 0 sin§
—v"¢sin20(EI; — Ely) +w"¢cos 20(El; — Ely)
—v"$% cos 20(El; — Ely) — w"¢? sin 20(EI; — Ely)
—EBy0' ¢’ cos 0 — EAequl(cos 0 — psin ) + EAK 2 ulw'6’

A~ ~ /i
H(GJ + EB10?)d'w — ECy¢" sin 9} (3.149)

-m [—i}+egésin9+egc059+v — ¢sin b + 2wp, + 2e,0’ cos b

+2e,10 sin @ + pe, sin 6 — i, + 2/ (V' + u/u'/)d:c]
0

1

/
~ !
—meg (xcos@—¢xsin0+21’;cos€> —|—{mv// (—ije—|—ue—|-x-|-2f[;)} =1L,
x

w equation :

[w"(EIzsin®0 + Ely cos® ) +v"(EI; — Ely)cosfsinf

+w"psin20(El; — Ely) +v"dcos 20(EI; — Ely)

+w"§? cos 20(El; — Ely) — v"¢?sin 20(El; — Ely)

—EAeul (sin + ¢ cos ) — EBy¢'0' sin 0 + ECy¢" cos 9} ! (3.150)

—-m (—11') — egécosé — egécosﬁ — 208, — xﬁp>

1 /
—meg(:csin@—i—@cos@—i—%sin&)'—i—{mw// (—Ue+ue+x+21})} =L,
xT

z;AS equation :

(w" — ") cos Osin@(El; — Ely) + v"w" cos 26
d(w" — ") cos 20(El; — Ely) — 260" w" sin 260
+ {GJ(qB/ +w'v") + EAK%(0' + ¢')u!

~ !
+EB10?¢ — EBy0'(v" cos 0 + w" sin 0) (3.151)

- [fk‘?nqg - q;(kzm — k2, )cos20 — (k2,, — k2, ) cos@sin @ — z8,e4 cos §

L / Lt o / . i RS . o 2 _ .
—vegsinf + xv'eysinf — xw'eg cos b + veg sin 6 — ey cos O — k0| = L

3.7 Structural loads

The blade sectional loads, i.e. the flap, lag and torsion bending moments, are calculated using two
methods - (1) Modal Curvature and (2) Force Summation Method. For converged blade response,
i.e. when the response does not change with increase in the number of blade normal modes, both
methods should produce identical loads. In the immediate vicinity of a concentrated loading, e.g.,
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lag damper force, the force summation method captures the blade loads with lesser number of
modes.

To obtain the same loads using force summation and modal curvature methods, the response
equations must be consistent with loads calculations. Consistency is specially important for artic-
ulated rotors where the bending loads must reduce to zero at the hinge.

3.7.1 Modal Curvature Method

The flap and lag bending moments, M, and M, are obtained as follows.

M, = / /A Codnd¢ = / /A ECezzdndg (3.152)

= EI[v" sin(0 + ¢) — w" cos(d + ¢)] — EC1¢"

M = — / /A nodnd¢ = — / /A Enegzdnd( (3.153)

= EI[v" cos(8 + ¢) + w" sin(0 + ¢)] — EAeaul, — EBob'¢

The expression for torsion bending moment is given by

B 0oyy 0oy
M = / /A [noxg—c%HT( o 4 )} dndc

81‘ A

2N\ 2 2
+0+0) [ [ 0 + Casaandc 50
= BAK4(0 + ¢)'u. + EB10"%¢ — EBy0'(v" cos 0 + w" sin 0)
+ GJ((ZE/ + ’U)/’UN)
— [EC1¢" + ECy(w” cos§ — v" sin )]

3.7.2 Force Summation Method

The loads occurring at a blade section are the reaction forces (and moments) to those occurring
outboard. It is equal (and opposite) to the integrated air loads and inertial loads from blade tip
to the desired section. The inertial forces and moments at each blade section are given by the
following.

Fl = — [ [, padnd¢
MI:_fng x pdndC (3.155)
The acceleration of the section, a is given by

a=7r+Q x (Q x 7)+2(Q x 7) (3.156)

The moment arm of a point on the blade section measured from the deformed shear center, s is
obtained from equation(8.32) as

§=—[v'(y1 —v) +w'(z1 — )i+ (1 —v)j + (21 —w)k (3.157)
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Using equations (8.32), (3.118), (3.131), and (3.132) we obtain
a= ax’z + ayj' + aZIAc
where

ag =ii — A\pf, — (y1 — 0)(¥ + w'0y + 200, — v'@?)
— (21 — w) (W — 20'6) — V') — w'62) — 206 — by (21 — w)]
+ Bplw + (21 —w)] = [w +u =V (y1 —v) — w'(z1 — w))

ay =i — f1(21 — w) — 3 (s — v) — 2B, [t + 1 (y1 — v)]
2t — Apb, — (y1 — v)(¢' + w'by) — (21 — w) (W — v'6;)]—
Bplv + (y1 —v)] = [v+ (y1 — v)]

a, =+ (y1 — 0)91 — (21 — w)&% + 280 — 91(21 —w)]
+ Byl +u— ' (y1 —v) —w' (21 — w)]
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(3.158)

(3.159)

(3.160)

(3.161)

Let LI, LI LI and M!, M, M] be the inertial forces and moments in the undeformed frame

x,1, z directions. Then, to second order, we have the following.

= - / / pazdnd¢ =Ty,
A

—// paydnd¢ =T,

A

= - / / pa-dnd¢ =T,
A

_ / / [V (y1 —v) + W' (21 — w)a, + (21 — w)ay|dndC

/ / 21 — w)azdnd(
—T’

= // [v'(y1 — v) + (21 — w)ay + (21 — w)ag]dndC

// Y1 — v)agdnd¢

=T

// [(z1 = w)ay — (y1 — v)a:]dnd(

—T —vMI—wMI
:TQASJFUTZH*’LUT;

(3.162)

(3.163)

(3.164)

(3.165)

(3.166)

(3.167)

where Ty, , Ty, Tw, T, T, T} are identical to those given in equations (3.137) to (3.143). Thus the
kinetic energy terms derived before are identical to the inertial terms obtained here. This shows

the equivalence of Hamilton’s Principle and Newton’s Laws.
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Let the external loads (air loads and other concentrated loadings if any e.g., a prescribed lag
damper force) be denoted by the superscript A. Then the total loads distribution at a section is
given by the sum of inertial and external loads

L,=L4+ L1
L,=L}+L!
Ly=L2+L1
M, = M(g‘ + M} (3.168)
M, = v’M(f + M!
M, = w’Mﬁ + ML

M ;54 is the external pitching moment (e.g. aerodynamic pitching moment) acting in the blade
deformed frame. Its components in the x,y, z directions, M f, v' M ;34, w' M (f are obtained using Tpy

from equation (3.73).
The resultant shear forces and bending moments at any blade section xg is given by the following.

fa Ly

1
fy ¢ = / L, ¢dx (3.169)
fz o Lw

my *Lv(w - wO) + Lw(v - UO) + M,

1
my = / Ly(w —wp) — Ly(x +u — x0 —ug) + M, pdx (3.170)
m, o | —Ly(v—wg)+ Ly(x +u — 20 — up) + My

To compute the contribution of the blade loads to the hub loads in the rotating frame, the spanwise
integration is carried out from the hub center to the blade tip, and g, vg, wg, zg = 0 The hub loads
in the fixed frame is calculated using transformation (3.48).

Fx () = Yomy (i o8 Py — [ sinthy, — I S P 3p)

Fy () = S0 (fI sin b, + £ costhy, — [ sin iy, 8y)

Fz(4) = Yoy (1 + £ y) (3.171)

Mx (v) = Z%Zl(m;”cosz/}m — my! sin P, — My cos Y fp) ‘

My (1) = SO0 (i sin ey, +mI cos thy, — m? sin 1, 3,)
My () = S, (m2 +mirB,)

where f, fy, f2, Mz, my, m. are the rotating frame hub loads, i.e., blade loads integrated up to the
hub. The steady values of the fixed frame hub loads (3.171) are used for trimming the helicopter.
The higher harmonics cause helicopter vibration. For a tracked rotor, with identical structural
and aerodynamic behavior, the higher harmonics contain only those frequencies which are integral
multiples of rotor frequency. These harmonics are generated by harmonics of rotating frame blade
loads which are one higher and one lower than the rotor frequency.

For example, for an NN, bladed rotor, the higher harmonics in the fixed frame hub loads are
pNy/rev, where p is an integer. These harmonics are generated by p/N, & 1/rev in-plane shear forces
(fzs fy), PNp/rev vertical shear force (f.), pNy & 1/rev flap and torsion bending moments (mg, m,)
and pNp/rev chord bending moment (m.). To predict helicopter vibration these rotating frame
blade loads must be predicted correctly.

3.8 Hub Reactions

The forces and moments acting on the root of the blade are transmitted to the body. If we sum
up all the like forces and like moments from various blades in the fixed frame, these form the





