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Poisson & Laplace Equations — Introduction
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Remind: Differential Form
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Remind: Poisson’s Equation in Homogeneous Materials

VxE=0 V-D=p

Already related\ Need to be related...

E=-VV D=g¢g,c.E

Poisson’s Equation

V.(-vV)=—+—

‘90 gr
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Remind: Equation for Inhomogeneous Materials

VxE=0 V-D=p

Already related\ %eed to be related...

E=-VV p- £,6, (X)E
V-(&,(X)E)=¢,(X)V-E+(Ve, (x))-E

Governing Eq. for Electrostatics in Inhomogeneous Materials (with B.C.)
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Laplace & Poisson Equations

Poisson’s Equation

Laplace’s Equation
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Laplacian Operator in Different Coordinates

VAV =0

Cartesian Coordinate
0° o° 0°

Vie—+—+
ox>  oy* oz°

Cylindrical Coordinate
1o 0,10 &
pop\"op) P g o

VZ

Spherical Coordinate

1 0 0 1 o(. .0 1 0°
V:——r—+2_ sin @ +—— >
reor or) resiné o6 00 ) r<sin“6 dp
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Basic Strategy — General Solution & Boundary Condition

/V O\ V(C)

V(X,Y,2)=
VAV (p,p,2) =0

kV2V(r,6’,g0) =

0
/

|.  Find the mathematical form of a general solution
. it has a “mathematically” different form for each coordinate system
(not physically different)

Il.  Applying B.C. = Achieving necessary coefficients!
: Selecting a proper coordinate system ~ more easy solving process
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Basic Strategy — lllustration of the Solving Process

I. A general solution can be
expressed with the linear
combination of each building block
function (which is called an
eigenmode)

Il. Boundary conditions then
determine the ratio of each
component (achieving the
coefficients of the superposition)

https://www.acs.psu.edu/drussell/Demos/MembraneCircle/Circle.html
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Basic Strategy — Focusing on Solvable Problems

(v 0"

V (C)

V(X,Y,2)=
VAV (p,p,2) =0

kV2V(r,6’,g0) =

Usually, we cannot
solve such an intricate

/ problem analytically!

V(§1’§2’§3) =0

The Separation of Variables (SoV) allows analytical
solutions of many important problems! @

& also provides efficient numerical assessments!

\ (51’ 52 ’ 53) :V1 (51)\/2 (52 )Vs (53)
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Notes on SoV

 Not all solutions have the form of separation of variables
=» Some insights are necessary considering the geometry of structures

e How can we have such insights? =» Solve many, many problems!

 exp(kx) can have different forms and each problem has a more suitable
form that enables easy solving process
- Forreal k (k* > 0), it has the form of cosh(kx) & sinh(kx)
- Forimaginary k (= iy, k? < 0), it has the form of cos(yx) & sin(yx)

e How can we select a proper form? =» Solve many, many problems!
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Laplace Equations — Cartesian Coordinates
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Starting from SoV for Cartesian Coordinates

2 2 2
62+6 g V=0
ox> oy’ az

Separation of Variables: V = X (X)Y (y)Z(2)

82X 82Y 622

=0

w_

XYZ ﬂ
1azx+1aZY 1 0°Z 0
X ox* Yoy* Z oz’
B > B 2 B 2 2 2 2 _
=K, =K, = K, Ky +Ky TG =0
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Starting from SoV for Cartesian Coordinates

2 2 2
2 2 2
2
X o Yoy Zar
_ 2 _ 2 _ 2
=K, =K, = K,
(i)x,=0
1 0°X
Y P > =0|::> X :aXX+bX
X
&, 2630 R i
:Wjs% SEOUL NATIONAL UNIVERSITY P . L\
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Starting from SoV for Cartesian Coordinates

1azx+1aZY 1522
X ox* Y oy* Z oz

|l
o

2 2 2
K +K,+K,

= KXZ = K‘yz = K‘ZZ
(i) k 2> 0

10°X _

X oxt

X=c.e™+c_e ™ =d_cosh(x, x)+d,_sinh(x X)

SEOUL NATIONAL UNIVERSITY

i
Pt
QITLUX ‘[‘-J_‘}'/;' i ’
JEZLY Dept. of Electrical and Computer Engineering 15 Intelligent Wave Systems Laboraccry




Starting from SoV for Cartesian Coordinates

1 0%X | 1 62Y 1 @zz
X ox° Y oy’ z 0z°
:sz =Ky2 =K22

(i) k,2< 0 =) k2*=-a2

1 0°X
X Ox*

2
X

=—a

|l
o

2 2 2
K +K,+K,

Real k, & o,
for “easy” solving process!

+la, X

X =c_e" +c e

=d, . cos(a, x)+d, . sin(a,X)

] SEOUL NATIONAL UNIVERSITY
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Starting from SoV for Cartesian Coordinates

X =c e’ +c e =d_cos(a,x)+d sin(a,x) (x°=-a<0)

1 0°X :
— =K, |:> X =c,e™ +c_e ™ =d,_cosh(x,x)+dsinh(x,x) (x> >0)
X =aX+b, (x, =0)

+ia —ia

Y=c,e" +c, e =d cos(a,y)+d,sin(e,y) (x,°=-a,” <0)

l 82Y 2 +Kx,Y —KyY i 2
? W - Ky :> Y = Cy.€ Tt ¢, € U= dyc COSh(Ky y)+ dys Smh(KV Y) (Ky >0)
Y=ay+h, (x, =0)

Z=c,e" +c, e =d cos(a,z)+d sin(e,z) (x,°=-a,><0)

1 522 2 - 2
—Z-_x I:> Z=c e™ 4c, e =d_cosh(x,z)+d. sinh(x.z) (x> 0)
Z 822 Z Z+ z ZC z S z z
Z=a,7+b, (x, =0)

0

2 2 2
K +K,+K,

o\, /£ W
Falip%s SEOUL NATIONAL UNIVERSITY SRR . |
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Solution Summary

2 2 2
62+ 62+ 62 V=0
ox- oy oz

B.C. determines
“coefficients” V = Z XKX (X)YKy (y)ZKZ (Z) K‘X2 + K‘y2 + K‘Z2 =0

Ky K

y Kz

ict, Ciax . 2 2
X =c,e" +c, e =d, cos(a,X)+d,sin(e,x) (x,°=-a,” <0)

X =c_e"™ +c_e™ =d_cosh(x x)+dsinh(x,x) (x,°>0)

X =ax+b, (x, =0)
+iayy —iayy H 2 _ 2
Y=c,.e +c, e =d, cos(a,y)+dsin(e,y) (x,”=-a, <0)
— +Ky —Ky -
Y=c,e™ +c, e =d,cosh(x,y)+d,sinh(x,y) (x,°>0)
Y=ay+h, (x, =0)
Z=c, e +c, e =d_cos(a,z)+d sin(a,z) (x,°=-a,<0)

Z=c, e +c _e " =d_cosh(x,z)+dsinh(x,z) (x,°>0)
Z=a,z+Db, (x, =0)

2
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Important Tip: Be Familiar with the Function Profiles

[— y=sinh(x)
| ==y = cosh(x)
e y = tanh(x)
-10 1
X

You must be familiar with the function profiles
=>» Selecting proper functions to satisfy B.C.!
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Example 016

e Calculate V(x,y,z)
when all the walls are fixed at zero
potential except for the z = 0 wall, where
the potential takes specific values V,(x,y)

For 4 vertical walls, V=0

X =d,cos(a,X)+d sin(e,X) (x°=-a,<0) Insulating Layers

X =d _cosh(x,x) +d,, sinh(x,x) (2> 0) e
cannot meet B.C. X,y
X =a X+, zeroin everywhere K, = ) ) )
Consider the function profiles,

. we can set
Y =d, cos(a,y)+d,sin(a,y) (x,°=-a,<0)

Y =d,, cosh(x,y)+dsinh(x,y) (x,”>0)
: 2 2
Y=ay+b, (x, =0) Y ~sin(e,y) (x,”=-a,<0)

y

X ~sin(a,X) (x°=-aS<0)

N :

)§Js% SEOUL NATIONAL UNIVERSITY dedh
‘ 20 - Intelligent Wave Systems Laboratcry

x""ﬁ“{"l,f Dept. of Electrical and Computer Engineering




Example 016

e Calculate V(x,y,z)
when all the walls are fixed at zero
potential except for the z = 0 wall, where
the potential takes specific values V,(x,y)

X ~sin(a,x) (x°=-a;<0)

- 2 2
Y~ Sm(ay y) (Ky =T, < 0) Insulating Layers
<
=lz, ab=mz (Ilm=123,..)

2 2 2
SR IE. S
<Lt | g b S

Z=c, e +c, e =d_cos(a,z)+d sin(a,z) (x,°=-a,<0)
Z=c, e +c, e =d,_cosh(x,z)+d sinh(x,z) (x,°>0) We set K, > 0
Z=az+h, (k, = 0)

N :
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Example 016

e Calculate V(x,y,z)
when all the walls are fixed at zero
potential except for the z = 0 wall, where
the potential takes specific values V,(x,y)

X

Insulating Layers

1I=1 m=1
Iz (mz)
o
a b
<
V(x,y,z=0)= ZZsm(—x)sm(— y)dim =V, (x,y)
1= 1 m=1
V(X y,z=C)= ZZsm(— x)sm(— y)| d;:" cosh(x,c) +d ;" sinh(x,c) | =0
I=1 m=1
JB1s% SEOUL NATIONAL UNIVERSITY ﬁ;ivi% .S
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Example 016

e Calculate V(x,y,z)
when all the walls are fixed at zero
potential except for the z = 0 wall, where
the potential takes specific values V,(x,y)

X \’
ahw m Im Insulating Layers
ZZsm(—x)sm(—y)[dZ(; cosh(x,c) +d;" sinh(x,c) | =0

=1 m=1

d}" cosh(x,c) +d )" sinh(x,c) =0 £ d,;" = -

cosh(x,C) i m
sinh(x,c)

[e¢]

iZsm(— x)sm(— y)d =V, (X, Y)

1=1 m=1

— d;ém:%_.'oaj'obdxdyvo(x’ y)sin(%xjsin(% yj:

<IN SEOUL NATIONAL UNIVERSITY
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Example 016

e Calculate V(x,y,z)
when all the walls are fixed at zero
potential except for the z = 0 wall, where
the potential takes specific values V,(x,y)

d):™ cosh(x,z) +d.." sinh(x,z)
Insulating Layers

—V._cosh(x,2) - SNEOy ginhie 2)
sinh(x,c)
_v sinh(x,c) cosh(x,z) —cosh(x,c)sinh(x,z)
m sinh(,C)
sinh|x,(c—z 2 2
“Vim [ 1 )] Iz o 2 =K, =K, >0
sinh(x,C) a b

“u
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Example 016

e Calculate V(x,y,z)
when all the walls are fixed at zero
potential except for the z = 0 wall, where
the potential takes specific values V,(x,y)

Insulating Layers

V sm(— x)sm(% y) sinh [Klm (c— Z)]

sinh(x;,C)

4 ca b . (lr . (mrx
V,, =—j J' dxdyV, (X, y)sin| —x |sin| —VY |, &, =
ap 7o Jo a b
B.C. determines the coefficient of each eigenmode
i5P3s% SEOUL NATIONAL UNIVERSITY vgw% .
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Superposition for Extension

I_/'

Figure 7.5: The potential in a box with three ¢ = 0 walls and three ¢ # 0 walls represented as the sum of three
box potentials, each with five ¢ = 0 walls and one ¢ # 0 wall.
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Preview — Cylindrical Coordinates
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Starting from SoV for Cylindrical Coordinates

1 0 0 1 ¢° 82
—— | p— |+ V=0
popl” 6p) p°op’ 82

Separation of Variables: V = R(0)Q(¢)Z(2)

QZ 0 OR +EGZQ GZZ
o op '08,0 p° 0¢° oz°

X pz
RQZ

op\"dp) \Qop*) | Z &z
=—m?*| |= kz2 ﬂ
2
R R
- 2+pd +{k22 Z_mz}R:O
dp® ~ dp
$§3% SEOUL NATIONAL UNIVERSITY 28 - Intelligent Wave Systems Laboratery
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Laplace Equations — Cylindrical Coordinates
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Starting from SoV for Cylindrical Coordinates

1 0 0 1 ¢° 82
—— | p— |+ V=0
popl” 6p) p°op’ 82

Separation of Variables: V = R(0)Q(¢)Z(2)

QZ 0 OR +EGZQ GZZ
o op '08,0 p° 0¢° oz°

X pz
RQZ

op\"dp) \Qop*) | Z &z
=—m?*| |= kz2 ﬂ
2
R R
- 2+pd +{k22 Z_mz}R:O
dp® ~ dp
S5% SEOUL NATIONAL UNIVERSITY 3 - Intelligent Wave Systems Laboratery
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SoV for Cylindrical Coordinates: Height z

192
7 07° °

&

+ia,z

Z=c,e" +c e =d_cos(a,z)+d sin(e,z) (K =-a,’<0)
Z=c,e" +c e =d_cosh(k,z)+d,sinh(k,z) (k,>>0)
Z=az+h, (k, =0)

The same condition as Cartesian z

i

3<R3% SEOUL NATIONAL UNIVERSITY ! . |
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SoV for Cylindrical Coordinates: Azimuth ¢

1 6°Q

Q ¢’

(i)m=0
10°Q
Qa

_0 =)

2

= —m

Q(p) =Q(¢+2x)

Q=ap+Db

ap+b=a(p+27)+b

"}""‘jv SEOUL NATIONAL UNIVERSITY
'” Dept. of Electrical and Computer Engineering
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SoV for Cylindrical Coordinates: Azimuth ¢

152Q__m2

© =
Q op Qp) =Q(p +27)

(i) m2>0
1 6°Q 2

Qogp?

Q=c,e"+c, e " =d  cos(mp)+d,sin(me)

B.C. Integer m =» We assumem =1, 2, ...

] SEOUL NATIONAL UNIVERSITY
My Dept. of Electrical and Computer Engineering
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SoV for Cylindrical Coordinates: Azimuth ¢

i > — _m
s Q 8(0 Q(p) =Q(p+27)
(i) M2 <0 =) m?=—o? Realm & «a
for “easy” solving process!
19°Q _
Q dp°

Q=c,e"+c, e =d cosh(ap)+d sinh(ap)

Q(p) =Q(ep+2x) isnot generally satisfied for the entire ¢

SEOUL NATIONAL UNIVERSITY
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SoV for Cylindrical Coordinates: Azimuth ¢

152Q__m2

© =
Q op Qp) =Q(p +27)

(i) m? >0 Q=c,e"+c, e " =d cos(mp)+dsin(me)

@ (m =1, 2, )

Q=c,e" +c,e"™ =d  cos(mp)+d, sin(me) (m=0, 1 2, ..)

(i(lm=0 Q=b

FSJ3s% SEOUL NATIONAL UNIVERSITY
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SoV for Cylindrical Coordinates: Radial Distance p

d°R  dR
P+ +(k,°0*—m?)R=0
P P e, (k2p? —m?)
ﬂ Xx=K,p
Bessel’s Equation
2
x2d Ij+x—+(x2—m2)R:0
dx X

Q=c,e"™ +c,e"™ =d  cos(myp)+d, sin(my) (m=0,1 2, ..)

+ia,z

Z=c,e’™ +c, e =d_cos(e,z)+d, sin(e,2) (k?=-a,><0)
Z=c,e™ +c,_e ™’ =d_cosh(k,z)+d sinh(k,z) (k?>0)

Z=a,z+Dh, (k, =0)

SHjs% SEOUL NATIONAL UNIVERSITY _ Intellicent Wave Svst Laborate
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Interim Summary

1 0 0 1 ¢ ©¢°
——|p— |t +—|V=0
pop\ Op) p°op° oz

B © Q, =d,, cos(my) +d,, sin(my)
V= Lﬁ dk, mZ::‘) R, (P)Qn(9)Z, (2)| < (M=012,.)

Bessel’s Equation I I

, d 2 Rm . dRm,k , , Z, = dZCZCOS(aZZZ) +d, sin(e,z)
X ~ 4+ X Z+(X"—m°)R = (k,” =-a,” <0)
d 2 m,kz
X dx Z, =d, cosh(k,2)+d,, sinh(k,z2)
(k2 >0)
Z, =3a,2+b,
(k, =0)

X=K,p

SEOUL NATIONAL UNIVERSITY
Gil¥ Dept. of Electrical and Computer Engineering
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The Radial Functions: k, =0

Diverging at p—0

Rm,kZ (p) = An:o,kzzo T Bm:O,kZ:O In()

Diverging at p—>c= Diverging at p—0

d’R dR
? +p—+(k*p°-m*)R=0
iyt (kp*—m?)
@ =0
2
pzd F\2)+pd—R—m2R:0
dp dp
(jm=0 d°R_dR
pdpz dp
(i)m=0

Rk, (p) = A\n,kz=op+m T Bm,kz=op_m

JS§3s% SEOUL NATIONAL UNIVERSITY
¥ Dept. of Electrical and Computer Engineering
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The Radial Functions: k, # 0 — Bessel Functions

Bessel’s Equation

ll »n

The Bessel Function of the first kind of order

d°R dR > o 1) x )2
X +x—+( )R 0 R=3,(0=), o (—)
dx? dx ST(q+1)(q+1+m)
@ "= ZakXIHS S=-M 0 q 2g-m
k=0 R=]J (X) _ Z (—1) (5)
(SZ_mZ)aO :O, I:(S+1)2_m2j|a120 q=0 F(q +1)F(q +1—m) 2
a, =— 12 a,, (k=2) When m is not an integer,
(k+s)"—m J.,and J_  are linearly independent

a,#0,a =0 s=xm

But, in our prob. mis integer:

@ k=2q Linearly dependent! J_m (x) = (_1)m Jm (x)
The Bessel Function of the second kind of order “m”

cos(zm)J _ (x)—J_.(x)

a2q—2

a =———= (q=>1 integer
2q ZZQ(qim) (q I g )

R=N_(X)= _
sin(zzm)
I'(m+1) =mI'(m) a, = 1
- T (m) R, (X=K.p) = Ay 3 (X) + By Ny (X)|
Fja", SEOUL NATIONAL UNIVERSITY 12 Intelligent Wave Systems Laboraccry
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Bessel Functions: Modified Bessel Functions

Bessel Functions of the First & Second Kinds

Rm,kz (x=Kk,p) = An,szm(X) + Bm,kz N (X)

Two Degrees of Freedom

~ cos & sin

The 15t & 2" Bessel functions are
X =Kk
P proper to real k, (or k,2 > 0)

Then, what are the proper forms for imaginary k, (or k,2 < 0)

Modified Bessel Functions

ln (X) =17J, (1) ~ cosh & sinh
Km(x):%im+1[Jm(ix)+iNm(ix)]

i

3<R3% SEOUL NATIONAL UNIVERSITY R . |
il 13 ~ Intelligent Wave Systems Laboratery
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Bessel Functions: Other Kinds

Bessel Functions of the First & Second Kinds

Rm,kz (x=Kk,p) = An,szm(X) + Bm,kz N (X)

Two Degrees of Freedom

~ cos & sin

Hankel Functions (or Bessel Functions of the Third Kind)
H, () = 3,0 +iN, (x)
Hm(Z) (X) = ‘]m (X) o INm(X)

~ exp(xix)

1
Assume m:r+E (r=0,1 2, ..)

Spherical Bessel Functions (Spherical Coordinates!)

r W sin X ) ) _ r W i

) (X) = \f Jr(X) = (dej (—X j h”(x) = \/ Hi e (X) = | ) (dej LX
/ ) X COS X ) / )  x e ™

n (X) r+1/2(X) - (; &j ( X j h ( )(X) r+1/2( )(X) (X de [ X

] : SEOUL NATIONAL UNIVERSITY
JEZLY Dept. of Electrical and Computer Engineering

u
o )
14 ~ Intelligent Wave Systems Laboratery




The Radial Functions: Summary

Diverging at p—0

* k,=0 (i)jm=0 :> Rm,kZ (p) = A\nzo,kzzo T Bm:O,kZ:O In(p)
Diverging at p—>c= Diverging at p—0

(i) m =0 :> Rm,kz (p) = An,kzzopm T Bm,kzzop_m

* k>0 Row (0)=A,, I (k,p)+B,, N, (k)
) kzz =.;a22< ° Rm,kz (IO) = An,kz Im(azp) + Bm,kZ Km (azp)
a, = ik,

: . " SEOUL NATIONAL UNIVERSITY
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The 15t & 2"d Bessel Functions

Diverging

I (X) T ING(X)

1.0 J,(x) 0.5
J 00 === i .
0.8 \ J,(x) === 0.0
0.6 \,\ -0.5
/ \~ [~ T
\
0.4 I e ~1.0
/ v i i
/ l\ VAL NN _ I
0.2 T TV 7 YR AN -1.5 T
I . \ Vo / /\,- 1Y / )\I.\ \ / B ]
I/ \ NN AN AN 1 [
: \ \ / A, . L \ " / Il
0.0 — - A - -2.0 [+
\ \ I \ \/’ A WA R | i
Vi o VAV ¥ L.
—-0.2 \ \ / " - ,'l\."/ N N 25 I Y (x)
\ ] 7 N/ N= . ll | 0
e Sl Y, (x) ———-
-0.4 -3.0 Ll Y(X) ===
1 1 1 L 1 1 1 L L L 1 1 1 |2 1 1 I
0 5 10 15 20 0 5 10 15 20
X X
N\ 3 D vl
», SEOUL NATIONAL UNIVERSITY i . |
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Modified Bessel Functions

Diverging
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Solution Summary

1 0 0 1 ¢ ©¢°
——| P |t stz |V =0
pop\ Op) p°op° oz

V=] Y R (DQ0)Z, (D) (k7 >0) Q, =d__ cos(mg) + d_ sin(mp)
" <= (M=0,12,..)

- I_O:od“z i Ro., (0)Q,(@)Z, (2) (k*=-a,*<0)

Bessel’s Equation I Z, =d, cos(a,z)+d,sin(a,z)

> (k> =—a,’ <0)
2 d Rn;,kz gy dRm,kz 4 (X2 _ mz) Rm L = Z, =d,, cosh(k,z) +d,sinh(k,z)
dx dx - (k,> > 0)
Z, =3a,2+b,
I (k, =0)

2 SEOUL NATIONAL UNIVERSITY
'“ﬂ"‘u"‘ﬂ-‘ Dept. of Electrical and Computer Engineering
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Example 017

* Calculate V(p,p,z)
when all the walls are fixed at zero
potential except for the z = L wall, where
the potential takes specific values V,(p,p)

Q, =d,. cos(myp)+d ; sin(me)

(m=0,12,..)
Insulating Layers
(i) k,= 0
(1) m=0: Q,,=d, cannot match z=L B.C.
Z, =a,z+h, ”

2)m=0: R, (0)=A, 00" +B oo "

cannot match B.C.atz=1L

Z, (z=0)=b,=0

N LN ;@5"“{ i

#SWjs% SEOUL NATIONAL UNIVERSITY Sdapis : JIS

R vaiix Y . R . o I,.__,_;: \
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Example 017

* Calculate V(p,p,z)
when all the walls are fixed at zero
potential except for the z = L wall, where
the potential takes specific values V,(p,p)

L
Q = dq)C cos(me) + d@S sin(me) X {T_’y v

(m=0,12,...) \

Insulating Layers

(ii) k,#=0 We set k%> >0; otherwise, the coefficient becomes imaginary

Z, =d, cosh(k,z)+d,,sinh(k,z) (k> >0)

Z, (2=0)=d, =0 Z, (z)=d,sinh(k,z)  (k,2>0)

0 a0
Falije% SEOUL NATIONAL UNIVERSITY Lt . q
R vaiix Y . R . -...j.[‘,r_,..u. \
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Example 017

* Calculate V(p,p,z)
when all the walls are fixed at zero
potential except for the z = L wall, where
the potential takes specific values V,(p,p)

Q, =d,. cos(myp)+d ; sin(me)

(m=0,12,..)
Insulating Layers
(ii) k,#=0 Diverging
* k2>0 Rok (0) = A, I, (k,p)+ B, N &K, p)
Jnka)=0: k =k = X;“ (x..:zerosofJ (x),n =1 2, 3..)

P$BI% SEOUL NATIONAL UNIVERSITY
4ll¥ Dept. of Electrical and Computer Engineering
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Example 017

* Calculate V(p,p,z)
when all the walls are fixed at zero
potential except for the z = L wall, where
the potential takes specific values V,(p,p)

Insulating Layers

V=333, p)sinh(*22 2)[ d,, cos(mg) + d,, sin(me)

V(p,p,z=L)=V,(p,p)

Falijps SEOUL NATIONAL UNIVERSITY S .
R vaiix (I . R . 14! [,'_/I_;l.' YN
YiWd¥ Dept. of Electrical and Computer Engineering 22 e Intelligent Wave Systems Laboratcry




Example 017

e Calculate V(p,p,2)
when all the walls are fixed at zero
potential except for the z = L wall, where
the potential takes specific values V,(p,p)

Insulating Layers

V(p.0.2=L) :iiJm(xgn p)sinh(xgn L)[d,, cos(me) +d_, sin(m)]
:VO(P’CD)

~

$33s% SEOUL NATIONAL UNIVERSITY R .
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Example 017

* Calculate V(p,p,z)
when all the walls are fixed at zero
potential except for the z = L wall, where
the potential takes specific values V,(p,p)

o0

n=1 m=0

X . X ;
. (f 0) smh(f 2)| d, cos(mg) +d,, sin(mg) |

Insulating Layers

2csch(xmn L) . . X
d, = 2 IO d(/)fo dppVo(p,(o)Jm(fp) cos(mg)

X
ﬂaz‘] m+12 ( gn a)

B.C. determines
the coefficient of each eigenmode

2r a X .
d,, = & [ do| dppVy(p,)d, (= p)sin(me)
mn a) a

JS§3s% SEOUL NATIONAL UNIVERSITY
IE8¥ Dept. of Electrical and Computer Engineering
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