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General Form of Transfer Function
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Y (s)

U(s)
= G(s) =

N(s)

D(s)
e�✓s = �

(s� z1)(s� z2) · · · (s� zm)

(s� p1)(s� p2) · · · (s� pn)
e�✓s
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Poles: Roots of the denominator polynomial D(s)

Zeros: Roots of the numerator polynomial N(s)

related to stability, oscillation, speed of response …

related to inverse response and overshoot

G(s) =
2s+ 1

s2 + 4s+ 3
p1 = �3, p2 = �1, z1 = �1/2
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G(s) =
5

s2 � s+ 1
p1, p2 =

1±
p
3j

2
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Quick Analysis
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Given a transfer function G(s), what can you say quickly (without 
doing a lot of calculation) about the dynamics that the transfer 
function represents?

Stability: input returning to the original equilibrium value (after some 
excursion)         output eventually returning to the original 
equilibrium value?

Gain: output change / input change

Overdamped or underdamped: If underdamped, frequency of 
oscillation?

Any inverse response or overshoot?

General speed of response (e.g., settling time)
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Definition of Stability
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For linear systems, same as BIBO (Bounded-Input/Bounded-
Output) stability
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Stability of Linear (Linearized) Systems
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If all poles have (                ) real part, the dynamics is stable

8i, Re(pi) < 0
<latexit sha1_base64="hV67HJ4pXBJPN+j8FnI24vkCFnM="></latexit><latexit sha1_base64="hV67HJ4pXBJPN+j8FnI24vkCFnM="></latexit><latexit sha1_base64="hV67HJ4pXBJPN+j8FnI24vkCFnM="></latexit><latexit sha1_base64="hV67HJ4pXBJPN+j8FnI24vkCFnM="></latexit>

If any of the poles have positive or zero real part, the dynamics is unstable
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Y2(s) =
1

s� 1
· 1
s
=

1

s� 1
� 1

s
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y2(t) = et � 1
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<latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit><latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit><latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit><latexit sha1_base64="w2BQrGkYzK5J9jNKmwL+2e1sXsI=">AAACBXicbVDLSsNAFJ34rLFqXbsZLAVXIXGjS8GNCxcV7APaUG4mN+3QyYOZiVBCfsCtfo078Sv8GXGSdmFbDwwczpm5584JMsGVdt1va2d3b//gsHFkHzftk9OzVrOv0lwy7LFUpHIYgELBE+xprgUOM4kQBwIHwfy+8gcvKBVPk2e9yNCPYZrwiDPQRupOWm3XcWvQbeKtSJusMGn9jMOU5TEmmglQauS5mfYLkJozgaU9zhVmwOYwxZGhCcSo/KJes6Qdo4Q0SqU5iaa1+vdFAbFSizgwN2PQM7XpVeJ/3ijX0a1f8CTLNSZsGRTlguqUVn+mIZfItFgYAkxysytlM5DAtGlmLaWaLVWkyg4VkAlg6NBxHchk8Vjapi9vs51t0r92PNfxnlzSIBfkklwRj9yQO/JAuqRHGAnJK3mz3q0P63PZ6461KvicrMH6+gWujJvq</latexit><latexit sha1_base64="6IPQzcx4W7grLH3Q9TXq66Kb/xQ=">AAACHXicbZDNSgMxFIXv1L9aq1ZdugmKUBctM250IwhuXLhQsFZoa8mkd9rQzA/JHWEY5lncqk/jTnwZMa1d2OqFwOGcJOfy+YmShlz30yktLa+srpXXKxvVza3t2k713sSpFtgSsYr1g88NKhlhiyQpfEg08tBX2PbHl5O8/YTayDi6oyzBXsiHkQyk4GStfm0v63t1OmbnzGMNho95g4p+7dBtutNhf4U3E4cwm5t+7as7iEUaYkRCcWM6nptQL+eapFBYVLqpwYSLMR9ix8qIh2h6+XT5gh1ZZ8CCWNsTEZu6v1/kPDQmC317M+Q0MovZxPwv66QUnPVyGSUpYSR+ioJUMYrZhAQbSI2CVGYFF1raXZkYcc0FWV5zLZO/tQlMccQUTxQX2GTdaaHQ+XVRscC8RTx/xf1J03Ob3q0LZdiHA6iDB6dwAVdwAy0QkMEzvMCr8+a8Ox8/aEvOjPEuzI3z+Q2y9aL5</latexit><latexit sha1_base64="6IPQzcx4W7grLH3Q9TXq66Kb/xQ=">AAACHXicbZDNSgMxFIXv1L9aq1ZdugmKUBctM250IwhuXLhQsFZoa8mkd9rQzA/JHWEY5lncqk/jTnwZMa1d2OqFwOGcJOfy+YmShlz30yktLa+srpXXKxvVza3t2k713sSpFtgSsYr1g88NKhlhiyQpfEg08tBX2PbHl5O8/YTayDi6oyzBXsiHkQyk4GStfm0v63t1OmbnzGMNho95g4p+7dBtutNhf4U3E4cwm5t+7as7iEUaYkRCcWM6nptQL+eapFBYVLqpwYSLMR9ix8qIh2h6+XT5gh1ZZ8CCWNsTEZu6v1/kPDQmC317M+Q0MovZxPwv66QUnPVyGSUpYSR+ioJUMYrZhAQbSI2CVGYFF1raXZkYcc0FWV5zLZO/tQlMccQUTxQX2GTdaaHQ+XVRscC8RTx/xf1J03Ob3q0LZdiHA6iDB6dwAVdwAy0QkMEzvMCr8+a8Ox8/aEvOjPEuzI3z+Q2y9aL5</latexit><latexit sha1_base64="pX3c9Dm9rBJ2MoKjyhfEPK0o7fI=">AAACKHicbVDLSsNAFJ34tr6iXboZLAVdGBI3ulAQ3LhwoWC10NYwmd60g5MHMzdCCPkWt+rXuBO3fog4abvQ1gMDh3PunXM5QSqFRtf9tObmFxaXlldWa2vrG5tb9vbOnU4yxaHFE5modsA0SBFDCwVKaKcKWBRIuA8eLyr//gmUFkl8i3kKvYgNYhEKztBIvl3PfW8fD+gZ9eghhYfiEEvfbriOOwKdJd6ENMgE17793e0nPIsgRi6Z1h3PTbFXMIWCSyhr3UxDyvgjG0DH0JhFoHvF6PiSNo3Sp2GizIuRjtTfGwWLtM6jwExGDId62qvE/7xOhuFJrxBxmiHEfBwUZpJiQqsmaF8o4ChzQxhXwtxK+ZApxtH09Sel+lvpUJdNKlkqGQeHdkeBXBVXZc0U5k3XM0vujhzPdbwbt3F+OqluheySPbJPPHJMzskluSYtwklOnskLebXerHfrw/ocj85Zk506+QPr6wfCfKSC</latexit><latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit><latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit><latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit><latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit><latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit><latexit sha1_base64="TO440uOVcJz8wngV6DFh8UE0Vok=">AAACKHicbVDJSgNBFOxxjXGL5uilMQjxkDAjgh4UAl48eIhgFkhi6Om8SRp7FrrfCMMw3+JV/RpvkqsfInaWgzEWNBRV73U9yo2k0GjbY2tldW19YzO3ld/e2d3bLxwcNnUYKw4NHspQtV2mQYoAGihQQjtSwHxXQst9upn4rWdQWoTBAyYR9Hw2DIQnOEMj9QvFpO+U8ZReU4dWKDymFcz6hZJdtaegy8SZkxKZo94vfHcHIY99CJBLpnXHsSPspUyh4BKyfDfWEDH+xIbQMTRgPuheOj0+oydGGVAvVOYFSKfq742U+VonvmsmfYYj/debiP95nRi9y14qgihGCPgsyIslxZBOmqADoYCjTAxhXAlzK+UjphhH09dCyuRvpT2dnVDJIsk4VGl3GshVepflTWHO33qWSfOs6thV5/68VLuaV5cjR+SYlIlDLkiN3JI6aRBOEvJCXsmb9W59WJ/WeDa6Ys13imQB1tcPw7ykhg==</latexit>

Ex) G1(s) =
1

s+ 1
<latexit sha1_base64="xnWvgFjNvzJqUhUpGFfwNfPok7g="></latexit><latexit sha1_base64="xnWvgFjNvzJqUhUpGFfwNfPok7g="></latexit><latexit sha1_base64="xnWvgFjNvzJqUhUpGFfwNfPok7g="></latexit><latexit sha1_base64="xnWvgFjNvzJqUhUpGFfwNfPok7g="></latexit>

G2(s) =
1

s� 1
<latexit sha1_base64="TuO9BgYsRLyiWV3nSzVA8QmpvbM="></latexit><latexit sha1_base64="TuO9BgYsRLyiWV3nSzVA8QmpvbM="></latexit><latexit sha1_base64="TuO9BgYsRLyiWV3nSzVA8QmpvbM="></latexit><latexit sha1_base64="TuO9BgYsRLyiWV3nSzVA8QmpvbM="></latexit>

Unit step input
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Match the transfer functions with impulse responses and determine 
their stability

TFs Impulse Response

Stable

Unstable

Can’t tell

1

(s� 1)(s+ 5)
<latexit sha1_base64="V69Zi3/V07wnLY8ErTtd3+1T3Ek=">AAACKXicbVDLSsNAFJ3UV62v+Ni5GSyFFjEkouiy4MaFiwr2AU0ok+mkHTp5MDMRasi/uFW/xp269T/ESZqFbT0wcDjn3jmX40aMCmman1ppZXVtfaO8Wdna3tnd0/cPOiKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrTm4yv/tIuKBh8CCnEXF8NAqoRzGSShroR7bHEU6sNKmLM6tRF6eXjXSgV03DzAGXiVWQKijQGug/9jDEsU8CiRkSom+ZkXQSxCXFjKQVOxYkQniCRqSvaIB8Ipwkvz6FNaUMoRdy9QIJc/XvRoJ8Iaa+qyZ9JMdi0cvE/7x+LL1rJ6FBFEsS4FmQFzMoQ5hVAYeUEyzZVBGEOVW3QjxGqg6pCptLyf7mwhNpDTIUMYSJAe08EPPkLq2owqzFepZJ59ywTMO6v6g2m0V1ZXAMTkAdWOAKNMEtaIE2wOAJPIMX8Kq9ae/ah/Y1Gy1pxc4hmIP2/Qvcm6Wu</latexit><latexit sha1_base64="V69Zi3/V07wnLY8ErTtd3+1T3Ek=">AAACKXicbVDLSsNAFJ3UV62v+Ni5GSyFFjEkouiy4MaFiwr2AU0ok+mkHTp5MDMRasi/uFW/xp269T/ESZqFbT0wcDjn3jmX40aMCmman1ppZXVtfaO8Wdna3tnd0/cPOiKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrTm4yv/tIuKBh8CCnEXF8NAqoRzGSShroR7bHEU6sNKmLM6tRF6eXjXSgV03DzAGXiVWQKijQGug/9jDEsU8CiRkSom+ZkXQSxCXFjKQVOxYkQniCRqSvaIB8Ipwkvz6FNaUMoRdy9QIJc/XvRoJ8Iaa+qyZ9JMdi0cvE/7x+LL1rJ6FBFEsS4FmQFzMoQ5hVAYeUEyzZVBGEOVW3QjxGqg6pCptLyf7mwhNpDTIUMYSJAe08EPPkLq2owqzFepZJ59ywTMO6v6g2m0V1ZXAMTkAdWOAKNMEtaIE2wOAJPIMX8Kq9ae/ah/Y1Gy1pxc4hmIP2/Qvcm6Wu</latexit><latexit sha1_base64="V69Zi3/V07wnLY8ErTtd3+1T3Ek=">AAACKXicbVDLSsNAFJ3UV62v+Ni5GSyFFjEkouiy4MaFiwr2AU0ok+mkHTp5MDMRasi/uFW/xp269T/ESZqFbT0wcDjn3jmX40aMCmman1ppZXVtfaO8Wdna3tnd0/cPOiKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrTm4yv/tIuKBh8CCnEXF8NAqoRzGSShroR7bHEU6sNKmLM6tRF6eXjXSgV03DzAGXiVWQKijQGug/9jDEsU8CiRkSom+ZkXQSxCXFjKQVOxYkQniCRqSvaIB8Ipwkvz6FNaUMoRdy9QIJc/XvRoJ8Iaa+qyZ9JMdi0cvE/7x+LL1rJ6FBFEsS4FmQFzMoQ5hVAYeUEyzZVBGEOVW3QjxGqg6pCptLyf7mwhNpDTIUMYSJAe08EPPkLq2owqzFepZJ59ywTMO6v6g2m0V1ZXAMTkAdWOAKNMEtaIE2wOAJPIMX8Kq9ae/ah/Y1Gy1pxc4hmIP2/Qvcm6Wu</latexit><latexit sha1_base64="V69Zi3/V07wnLY8ErTtd3+1T3Ek=">AAACKXicbVDLSsNAFJ3UV62v+Ni5GSyFFjEkouiy4MaFiwr2AU0ok+mkHTp5MDMRasi/uFW/xp269T/ESZqFbT0wcDjn3jmX40aMCmman1ppZXVtfaO8Wdna3tnd0/cPOiKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrTm4yv/tIuKBh8CCnEXF8NAqoRzGSShroR7bHEU6sNKmLM6tRF6eXjXSgV03DzAGXiVWQKijQGug/9jDEsU8CiRkSom+ZkXQSxCXFjKQVOxYkQniCRqSvaIB8Ipwkvz6FNaUMoRdy9QIJc/XvRoJ8Iaa+qyZ9JMdi0cvE/7x+LL1rJ6FBFEsS4FmQFzMoQ5hVAYeUEyzZVBGEOVW3QjxGqg6pCptLyf7mwhNpDTIUMYSJAe08EPPkLq2owqzFepZJ59ywTMO6v6g2m0V1ZXAMTkAdWOAKNMEtaIE2wOAJPIMX8Kq9ae/ah/Y1Gy1pxc4hmIP2/Qvcm6Wu</latexit>

1

s(s+ 5)
<latexit sha1_base64="wIWC4dFs5XRF+oZ5aOScNnlX7F4=">AAACJXicbVDLSsNAFJ3UV62vqEs3g6VQEUIiii4Lbly4qGAf0IQymU7aoZNJmJkUSsifuFW/xp0IrvwTcZJmoa0HBg7n3DvncvyYUals+9OorK1vbG5Vt2s7u3v7B+bhUVdGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/vQ293szIiSN+KOax8QL0ZjTgGKktDQ0TTcQCKdOlsqmPL86y4Zm3bbsAnCVOCWpgxLtofntjiKchIQrzJCUA8eOlZcioShmJKu5iSQxwlM0JgNNOQqJ9NLi8gw2tDKCQST04woW6u+NFIVSzkNfT4ZITeSyl4v/eYNEBTdeSnmcKMLxIihIGFQRzGuAIyoIVmyuCcKC6lshniBdhdJl/UnJ/xYykFkDMhQzhIkF3SIQi/Q+q+nCnOV6Vkn3wnJsy3m4rLdaZXVVcAJOQRM44Bq0wB1ogw7AYAaewDN4MV6NN+Pd+FiMVoxy5xj8gfH1AwrupNc=</latexit><latexit sha1_base64="wIWC4dFs5XRF+oZ5aOScNnlX7F4=">AAACJXicbVDLSsNAFJ3UV62vqEs3g6VQEUIiii4Lbly4qGAf0IQymU7aoZNJmJkUSsifuFW/xp0IrvwTcZJmoa0HBg7n3DvncvyYUals+9OorK1vbG5Vt2s7u3v7B+bhUVdGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/vQ293szIiSN+KOax8QL0ZjTgGKktDQ0TTcQCKdOlsqmPL86y4Zm3bbsAnCVOCWpgxLtofntjiKchIQrzJCUA8eOlZcioShmJKu5iSQxwlM0JgNNOQqJ9NLi8gw2tDKCQST04woW6u+NFIVSzkNfT4ZITeSyl4v/eYNEBTdeSnmcKMLxIihIGFQRzGuAIyoIVmyuCcKC6lshniBdhdJl/UnJ/xYykFkDMhQzhIkF3SIQi/Q+q+nCnOV6Vkn3wnJsy3m4rLdaZXVVcAJOQRM44Bq0wB1ogw7AYAaewDN4MV6NN+Pd+FiMVoxy5xj8gfH1AwrupNc=</latexit><latexit sha1_base64="wIWC4dFs5XRF+oZ5aOScNnlX7F4=">AAACJXicbVDLSsNAFJ3UV62vqEs3g6VQEUIiii4Lbly4qGAf0IQymU7aoZNJmJkUSsifuFW/xp0IrvwTcZJmoa0HBg7n3DvncvyYUals+9OorK1vbG5Vt2s7u3v7B+bhUVdGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/vQ293szIiSN+KOax8QL0ZjTgGKktDQ0TTcQCKdOlsqmPL86y4Zm3bbsAnCVOCWpgxLtofntjiKchIQrzJCUA8eOlZcioShmJKu5iSQxwlM0JgNNOQqJ9NLi8gw2tDKCQST04woW6u+NFIVSzkNfT4ZITeSyl4v/eYNEBTdeSnmcKMLxIihIGFQRzGuAIyoIVmyuCcKC6lshniBdhdJl/UnJ/xYykFkDMhQzhIkF3SIQi/Q+q+nCnOV6Vkn3wnJsy3m4rLdaZXVVcAJOQRM44Bq0wB1ogw7AYAaewDN4MV6NN+Pd+FiMVoxy5xj8gfH1AwrupNc=</latexit><latexit sha1_base64="wIWC4dFs5XRF+oZ5aOScNnlX7F4=">AAACJXicbVDLSsNAFJ3UV62vqEs3g6VQEUIiii4Lbly4qGAf0IQymU7aoZNJmJkUSsifuFW/xp0IrvwTcZJmoa0HBg7n3DvncvyYUals+9OorK1vbG5Vt2s7u3v7B+bhUVdGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/vQ293szIiSN+KOax8QL0ZjTgGKktDQ0TTcQCKdOlsqmPL86y4Zm3bbsAnCVOCWpgxLtofntjiKchIQrzJCUA8eOlZcioShmJKu5iSQxwlM0JgNNOQqJ9NLi8gw2tDKCQST04woW6u+NFIVSzkNfT4ZITeSyl4v/eYNEBTdeSnmcKMLxIihIGFQRzGuAIyoIVmyuCcKC6lshniBdhdJl/UnJ/xYykFkDMhQzhIkF3SIQi/Q+q+nCnOV6Vkn3wnJsy3m4rLdaZXVVcAJOQRM44Bq0wB1ogw7AYAaewDN4MV6NN+Pd+FiMVoxy5xj8gfH1AwrupNc=</latexit>

1

(s+ 2)(s+ 5)
<latexit sha1_base64="UqUsG6tmCt0l8zLIcZEjf9lYQ5E=">AAACKXicbVDLSsNAFJ3UV62v+Ni5GSyFFiEkRdFlwY0LFxXsA5pQJtNJO3TyYGYi1JB/cat+jTt163+IkzQL23phhsM5995zOW7EqJCm+amV1tY3NrfK25Wd3b39A/3wqCvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQm03uPhAsaBg9yFhHHR+OAehQjqaihfmJ7HOHESpO6OG821HfZSId61TTMvOAqsApQBUW1h/qPPQpx7JNAYoaEGFhmJJ0EcUkxI2nFjgWJEJ6iMRkoGCCfCCfJr09hTTEj6IVcvUDCnP07kSBfiJnvqk4fyYlY1jLyP20QS+/aSWgQxZIEeG7kxQzKEGZRwBHlBEs2UwBhTtWtEE+QikOqwBZcst1ceCKtQYYihjAxoJ0bYp7cpRUVmLUczyroNg3LNKz7i2qrVURXBqfgDNSBBa5AC9yCNugADJ7AM3gBr9qb9q59aF/z1pJWzByDhdK+fwHa4qWt</latexit><latexit sha1_base64="UqUsG6tmCt0l8zLIcZEjf9lYQ5E=">AAACKXicbVDLSsNAFJ3UV62v+Ni5GSyFFiEkRdFlwY0LFxXsA5pQJtNJO3TyYGYi1JB/cat+jTt163+IkzQL23phhsM5995zOW7EqJCm+amV1tY3NrfK25Wd3b39A/3wqCvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQm03uPhAsaBg9yFhHHR+OAehQjqaihfmJ7HOHESpO6OG821HfZSId61TTMvOAqsApQBUW1h/qPPQpx7JNAYoaEGFhmJJ0EcUkxI2nFjgWJEJ6iMRkoGCCfCCfJr09hTTEj6IVcvUDCnP07kSBfiJnvqk4fyYlY1jLyP20QS+/aSWgQxZIEeG7kxQzKEGZRwBHlBEs2UwBhTtWtEE+QikOqwBZcst1ceCKtQYYihjAxoJ0bYp7cpRUVmLUczyroNg3LNKz7i2qrVURXBqfgDNSBBa5AC9yCNugADJ7AM3gBr9qb9q59aF/z1pJWzByDhdK+fwHa4qWt</latexit><latexit sha1_base64="UqUsG6tmCt0l8zLIcZEjf9lYQ5E=">AAACKXicbVDLSsNAFJ3UV62v+Ni5GSyFFiEkRdFlwY0LFxXsA5pQJtNJO3TyYGYi1JB/cat+jTt163+IkzQL23phhsM5995zOW7EqJCm+amV1tY3NrfK25Wd3b39A/3wqCvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQm03uPhAsaBg9yFhHHR+OAehQjqaihfmJ7HOHESpO6OG821HfZSId61TTMvOAqsApQBUW1h/qPPQpx7JNAYoaEGFhmJJ0EcUkxI2nFjgWJEJ6iMRkoGCCfCCfJr09hTTEj6IVcvUDCnP07kSBfiJnvqk4fyYlY1jLyP20QS+/aSWgQxZIEeG7kxQzKEGZRwBHlBEs2UwBhTtWtEE+QikOqwBZcst1ceCKtQYYihjAxoJ0bYp7cpRUVmLUczyroNg3LNKz7i2qrVURXBqfgDNSBBa5AC9yCNugADJ7AM3gBr9qb9q59aF/z1pJWzByDhdK+fwHa4qWt</latexit><latexit sha1_base64="UqUsG6tmCt0l8zLIcZEjf9lYQ5E=">AAACKXicbVDLSsNAFJ3UV62v+Ni5GSyFFiEkRdFlwY0LFxXsA5pQJtNJO3TyYGYi1JB/cat+jTt163+IkzQL23phhsM5995zOW7EqJCm+amV1tY3NrfK25Wd3b39A/3wqCvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQm03uPhAsaBg9yFhHHR+OAehQjqaihfmJ7HOHESpO6OG821HfZSId61TTMvOAqsApQBUW1h/qPPQpx7JNAYoaEGFhmJJ0EcUkxI2nFjgWJEJ6iMRkoGCCfCCfJr09hTTEj6IVcvUDCnP07kSBfiJnvqk4fyYlY1jLyP20QS+/aSWgQxZIEeG7kxQzKEGZRwBHlBEs2UwBhTtWtEE+QikOqwBZcst1ceCKtQYYihjAxoJ0bYp7cpRUVmLUczyroNg3LNKz7i2qrVURXBqfgDNSBBa5AC9yCNugADJ7AM3gBr9qb9q59aF/z1pJWzByDhdK+fwHa4qWt</latexit>

aet + be�5t
<latexit sha1_base64="6AR3wfNdM6m3MK6Mdiv8iLyInuA=">AAACJnicbVDJSgNBEO1xN26JHr00BkEQw4woegx48eBBwSyQxFDTqdHGnoXuGiUM8yle1a/xJuLNLxE7y0ETC5p+vFdVr3h+oqQh1/10Zmbn5hcWl5YLK6tr6xvF0mbdxKkWWBOxinXTB4NKRlgjSQqbiUYIfYUN//5soDceUBsZR9fUT7ATwm0kAymALNUtloDjDfF97ts/OzimvFssuxV3WHwaeGNQZuO67Ba/271YpCFGJBQY0/LchDoZaJJCYV5opwYTEPdwiy0LIwjRdLLh6TnftUyPB7G2LyI+ZH9PZBAa0w992xkC3ZlJbUD+p7VSCk47mYySlDASI6MgVZxiPsiB96RGQapvAQgt7a1c3IEGQTatPy6D3doEJt/lChIFAiu8PTQUOrvICzYwbzKeaVA/rHhuxbs6Kler4+iW2DbbYXvMYyesys7ZJasxwR7ZE3tmL86r8+a8Ox+j1hlnPLPF/pTz9QNb5qRn</latexit><latexit sha1_base64="6AR3wfNdM6m3MK6Mdiv8iLyInuA=">AAACJnicbVDJSgNBEO1xN26JHr00BkEQw4woegx48eBBwSyQxFDTqdHGnoXuGiUM8yle1a/xJuLNLxE7y0ETC5p+vFdVr3h+oqQh1/10Zmbn5hcWl5YLK6tr6xvF0mbdxKkWWBOxinXTB4NKRlgjSQqbiUYIfYUN//5soDceUBsZR9fUT7ATwm0kAymALNUtloDjDfF97ts/OzimvFssuxV3WHwaeGNQZuO67Ba/271YpCFGJBQY0/LchDoZaJJCYV5opwYTEPdwiy0LIwjRdLLh6TnftUyPB7G2LyI+ZH9PZBAa0w992xkC3ZlJbUD+p7VSCk47mYySlDASI6MgVZxiPsiB96RGQapvAQgt7a1c3IEGQTatPy6D3doEJt/lChIFAiu8PTQUOrvICzYwbzKeaVA/rHhuxbs6Kler4+iW2DbbYXvMYyesys7ZJasxwR7ZE3tmL86r8+a8Ox+j1hlnPLPF/pTz9QNb5qRn</latexit><latexit sha1_base64="6AR3wfNdM6m3MK6Mdiv8iLyInuA=">AAACJnicbVDJSgNBEO1xN26JHr00BkEQw4woegx48eBBwSyQxFDTqdHGnoXuGiUM8yle1a/xJuLNLxE7y0ETC5p+vFdVr3h+oqQh1/10Zmbn5hcWl5YLK6tr6xvF0mbdxKkWWBOxinXTB4NKRlgjSQqbiUYIfYUN//5soDceUBsZR9fUT7ATwm0kAymALNUtloDjDfF97ts/OzimvFssuxV3WHwaeGNQZuO67Ba/271YpCFGJBQY0/LchDoZaJJCYV5opwYTEPdwiy0LIwjRdLLh6TnftUyPB7G2LyI+ZH9PZBAa0w992xkC3ZlJbUD+p7VSCk47mYySlDASI6MgVZxiPsiB96RGQapvAQgt7a1c3IEGQTatPy6D3doEJt/lChIFAiu8PTQUOrvICzYwbzKeaVA/rHhuxbs6Kler4+iW2DbbYXvMYyesys7ZJasxwR7ZE3tmL86r8+a8Ox+j1hlnPLPF/pTz9QNb5qRn</latexit><latexit sha1_base64="6AR3wfNdM6m3MK6Mdiv8iLyInuA=">AAACJnicbVDJSgNBEO1xN26JHr00BkEQw4woegx48eBBwSyQxFDTqdHGnoXuGiUM8yle1a/xJuLNLxE7y0ETC5p+vFdVr3h+oqQh1/10Zmbn5hcWl5YLK6tr6xvF0mbdxKkWWBOxinXTB4NKRlgjSQqbiUYIfYUN//5soDceUBsZR9fUT7ATwm0kAymALNUtloDjDfF97ts/OzimvFssuxV3WHwaeGNQZuO67Ba/271YpCFGJBQY0/LchDoZaJJCYV5opwYTEPdwiy0LIwjRdLLh6TnftUyPB7G2LyI+ZH9PZBAa0w992xkC3ZlJbUD+p7VSCk47mYySlDASI6MgVZxiPsiB96RGQapvAQgt7a1c3IEGQTatPy6D3doEJt/lChIFAiu8PTQUOrvICzYwbzKeaVA/rHhuxbs6Kler4+iW2DbbYXvMYyesys7ZJasxwR7ZE3tmL86r8+a8Ox+j1hlnPLPF/pTz9QNb5qRn</latexit>

a+ be�5t
<latexit sha1_base64="nQ65EXfaTfCi6AEWbiJMbgtVKRA=">AAACH3icbVDLSgNBEJyNrxhfUY9eBkNAEMOuKHoMePHgIYJ5QBJD76Q3GTL7YGZWCMv+hlf1a7yJ1/yMOJvkYBILBoqq7qmm3EhwpW17YuXW1jc2t/LbhZ3dvf2D4uFRQ4WxZFhnoQhlywWFggdY11wLbEUSwXcFNt3RXeY3X1AqHgZPehxh14dBwD3OQBupA/ScuvicXFzrtFcs2RV7CrpKnDkpkTlqveJPpx+y2MdAMwFKtR070t0EpOZMYFroxAojYCMYYNvQAHxU3WR6c0rLRulTL5TmBZpO1b8bCfhKjX3XTPqgh2rZy8T/vHasvdtuwoMo1hiwWZAXC6pDmhVA+1wi02JsCDDJza2UDUEC06amhZTsb6k8lZapgEgAwwrtTAOZTB7SginMWa5nlTQuK45dcR6vStXqvLo8OSGn5Iw45IZUyT2pkTphJCKv5I28Wx/Wp/Vlfc9Gc9Z855gswJr8ApaToo0=</latexit><latexit sha1_base64="nQ65EXfaTfCi6AEWbiJMbgtVKRA=">AAACH3icbVDLSgNBEJyNrxhfUY9eBkNAEMOuKHoMePHgIYJ5QBJD76Q3GTL7YGZWCMv+hlf1a7yJ1/yMOJvkYBILBoqq7qmm3EhwpW17YuXW1jc2t/LbhZ3dvf2D4uFRQ4WxZFhnoQhlywWFggdY11wLbEUSwXcFNt3RXeY3X1AqHgZPehxh14dBwD3OQBupA/ScuvicXFzrtFcs2RV7CrpKnDkpkTlqveJPpx+y2MdAMwFKtR070t0EpOZMYFroxAojYCMYYNvQAHxU3WR6c0rLRulTL5TmBZpO1b8bCfhKjX3XTPqgh2rZy8T/vHasvdtuwoMo1hiwWZAXC6pDmhVA+1wi02JsCDDJza2UDUEC06amhZTsb6k8lZapgEgAwwrtTAOZTB7SginMWa5nlTQuK45dcR6vStXqvLo8OSGn5Iw45IZUyT2pkTphJCKv5I28Wx/Wp/Vlfc9Gc9Z855gswJr8ApaToo0=</latexit><latexit sha1_base64="nQ65EXfaTfCi6AEWbiJMbgtVKRA=">AAACH3icbVDLSgNBEJyNrxhfUY9eBkNAEMOuKHoMePHgIYJ5QBJD76Q3GTL7YGZWCMv+hlf1a7yJ1/yMOJvkYBILBoqq7qmm3EhwpW17YuXW1jc2t/LbhZ3dvf2D4uFRQ4WxZFhnoQhlywWFggdY11wLbEUSwXcFNt3RXeY3X1AqHgZPehxh14dBwD3OQBupA/ScuvicXFzrtFcs2RV7CrpKnDkpkTlqveJPpx+y2MdAMwFKtR070t0EpOZMYFroxAojYCMYYNvQAHxU3WR6c0rLRulTL5TmBZpO1b8bCfhKjX3XTPqgh2rZy8T/vHasvdtuwoMo1hiwWZAXC6pDmhVA+1wi02JsCDDJza2UDUEC06amhZTsb6k8lZapgEgAwwrtTAOZTB7SginMWa5nlTQuK45dcR6vStXqvLo8OSGn5Iw45IZUyT2pkTphJCKv5I28Wx/Wp/Vlfc9Gc9Z855gswJr8ApaToo0=</latexit><latexit sha1_base64="nQ65EXfaTfCi6AEWbiJMbgtVKRA=">AAACH3icbVDLSgNBEJyNrxhfUY9eBkNAEMOuKHoMePHgIYJ5QBJD76Q3GTL7YGZWCMv+hlf1a7yJ1/yMOJvkYBILBoqq7qmm3EhwpW17YuXW1jc2t/LbhZ3dvf2D4uFRQ4WxZFhnoQhlywWFggdY11wLbEUSwXcFNt3RXeY3X1AqHgZPehxh14dBwD3OQBupA/ScuvicXFzrtFcs2RV7CrpKnDkpkTlqveJPpx+y2MdAMwFKtR070t0EpOZMYFroxAojYCMYYNvQAHxU3WR6c0rLRulTL5TmBZpO1b8bCfhKjX3XTPqgh2rZy8T/vHasvdtuwoMo1hiwWZAXC6pDmhVA+1wi02JsCDDJza2UDUEC06amhZTsb6k8lZapgEgAwwrtTAOZTB7SginMWa5nlTQuK45dcR6vStXqvLo8OSGn5Iw45IZUyT2pkTphJCKv5I28Wx/Wp/Vlfc9Gc9Z855gswJr8ApaToo0=</latexit>

ae�2t + be�5t
<latexit sha1_base64="pA/3Mn/QL2y1octfGXxccsWjtXU=">AAACKHicbVDLSgNBEJz1bXxFc/QyGARBDLtB0WPAiwcPEUwiJDH0Tnp1cPbBTK8Qlv0Wr+rXeBOvfog4m+SgxoKBoqp7qik/UdKQ6344c/MLi0vLK6ultfWNza3y9k7bxKkW2BKxivWNDwaVjLBFkhTeJBoh9BV2/Ifzwu88ojYyjq5plGA/hLtIBlIAWWlQrgDeZkd1yvkh9wt6QvmgXHVr7hh8lnhTUmVTNAflr94wFmmIEQkFxnQ9N6F+BpqkUJiXeqnBBMQD3GHX0ghCNP1sfHzO960y5EGs7YuIj9WfGxmExoxC306GQPfmr1eI/3ndlIKzfiajJCWMxCQoSBWnmBdN8KHUKEiNLAGhpb2Vi3vQIMj29Sul+FubwOT7XEGiQGCN98aBQmeXeckW5v2tZ5a06zXPrXlXx9VGY1rdCttle+yAeeyUNdgFa7IWE2zEntgze3FenTfn3fmYjM45050K+wXn8xuOhqWS</latexit><latexit sha1_base64="pA/3Mn/QL2y1octfGXxccsWjtXU=">AAACKHicbVDLSgNBEJz1bXxFc/QyGARBDLtB0WPAiwcPEUwiJDH0Tnp1cPbBTK8Qlv0Wr+rXeBOvfog4m+SgxoKBoqp7qik/UdKQ6344c/MLi0vLK6ultfWNza3y9k7bxKkW2BKxivWNDwaVjLBFkhTeJBoh9BV2/Ifzwu88ojYyjq5plGA/hLtIBlIAWWlQrgDeZkd1yvkh9wt6QvmgXHVr7hh8lnhTUmVTNAflr94wFmmIEQkFxnQ9N6F+BpqkUJiXeqnBBMQD3GHX0ghCNP1sfHzO960y5EGs7YuIj9WfGxmExoxC306GQPfmr1eI/3ndlIKzfiajJCWMxCQoSBWnmBdN8KHUKEiNLAGhpb2Vi3vQIMj29Sul+FubwOT7XEGiQGCN98aBQmeXeckW5v2tZ5a06zXPrXlXx9VGY1rdCttle+yAeeyUNdgFa7IWE2zEntgze3FenTfn3fmYjM45050K+wXn8xuOhqWS</latexit><latexit sha1_base64="pA/3Mn/QL2y1octfGXxccsWjtXU=">AAACKHicbVDLSgNBEJz1bXxFc/QyGARBDLtB0WPAiwcPEUwiJDH0Tnp1cPbBTK8Qlv0Wr+rXeBOvfog4m+SgxoKBoqp7qik/UdKQ6344c/MLi0vLK6ultfWNza3y9k7bxKkW2BKxivWNDwaVjLBFkhTeJBoh9BV2/Ifzwu88ojYyjq5plGA/hLtIBlIAWWlQrgDeZkd1yvkh9wt6QvmgXHVr7hh8lnhTUmVTNAflr94wFmmIEQkFxnQ9N6F+BpqkUJiXeqnBBMQD3GHX0ghCNP1sfHzO960y5EGs7YuIj9WfGxmExoxC306GQPfmr1eI/3ndlIKzfiajJCWMxCQoSBWnmBdN8KHUKEiNLAGhpb2Vi3vQIMj29Sul+FubwOT7XEGiQGCN98aBQmeXeckW5v2tZ5a06zXPrXlXx9VGY1rdCttle+yAeeyUNdgFa7IWE2zEntgze3FenTfn3fmYjM45050K+wXn8xuOhqWS</latexit><latexit sha1_base64="pA/3Mn/QL2y1octfGXxccsWjtXU=">AAACKHicbVDLSgNBEJz1bXxFc/QyGARBDLtB0WPAiwcPEUwiJDH0Tnp1cPbBTK8Qlv0Wr+rXeBOvfog4m+SgxoKBoqp7qik/UdKQ6344c/MLi0vLK6ultfWNza3y9k7bxKkW2BKxivWNDwaVjLBFkhTeJBoh9BV2/Ifzwu88ojYyjq5plGA/hLtIBlIAWWlQrgDeZkd1yvkh9wt6QvmgXHVr7hh8lnhTUmVTNAflr94wFmmIEQkFxnQ9N6F+BpqkUJiXeqnBBMQD3GHX0ghCNP1sfHzO960y5EGs7YuIj9WfGxmExoxC306GQPfmr1eI/3ndlIKzfiajJCWMxCQoSBWnmBdN8KHUKEiNLAGhpb2Vi3vQIMj29Sul+FubwOT7XEGiQGCN98aBQmeXeckW5v2tZ5a06zXPrXlXx9VGY1rdCttle+yAeeyUNdgFa7IWE2zEntgze3FenTfn3fmYjM45050K+wXn8xuOhqWS</latexit>
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System Gain

8

Gain =
Output Change

Input Change
=

y0(1)

u0(1)
<latexit sha1_base64="4yRaClFDDWcABz5OldaF+NB+VmE="></latexit><latexit sha1_base64="4yRaClFDDWcABz5OldaF+NB+VmE="></latexit><latexit sha1_base64="4yRaClFDDWcABz5OldaF+NB+VmE="></latexit><latexit sha1_base64="4yRaClFDDWcABz5OldaF+NB+VmE="></latexit>

Step change in the input of size M Ultimate response in y?

y0(1) = lim
s!0

s

✓
G(s)

M

s

◆
= lim

s!0
G(s)M

<latexit sha1_base64="LcC6zAhWlOymiFTNqc+PnToywtY="></latexit><latexit sha1_base64="LcC6zAhWlOymiFTNqc+PnToywtY="></latexit><latexit sha1_base64="LcC6zAhWlOymiFTNqc+PnToywtY="></latexit><latexit sha1_base64="LcC6zAhWlOymiFTNqc+PnToywtY="></latexit>

Hence, we get

Gain =
y0(1)

u0(1)
=

lims!0 G(s)M

M
= lim

s!0
G(s)

<latexit sha1_base64="gxUNE8+J3oSqBLkfJ55KO+cqujw="></latexit><latexit sha1_base64="gxUNE8+J3oSqBLkfJ55KO+cqujw="></latexit><latexit sha1_base64="gxUNE8+J3oSqBLkfJ55KO+cqujw="></latexit><latexit sha1_base64="gxUNE8+J3oSqBLkfJ55KO+cqujw="></latexit>

(        ) is the gain; this works only when the dynamics is stable.
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Determine the process gain of the TFs below

G(s) =
1

(s+ 2)(s+ 5)
<latexit sha1_base64="LNOQ0egpKGJ2kYAiPWeYYx5XARY="></latexit><latexit sha1_base64="LNOQ0egpKGJ2kYAiPWeYYx5XARY="></latexit><latexit sha1_base64="LNOQ0egpKGJ2kYAiPWeYYx5XARY="></latexit><latexit sha1_base64="LNOQ0egpKGJ2kYAiPWeYYx5XARY="></latexit>

G(s) =
5s+ 2

(6s+ 7)(7s2 + 2s+ 5)
<latexit sha1_base64="N5ZzSQ8IVgbEUd4Zu4Gl9FY1k7U="></latexit><latexit sha1_base64="N5ZzSQ8IVgbEUd4Zu4Gl9FY1k7U="></latexit><latexit sha1_base64="N5ZzSQ8IVgbEUd4Zu4Gl9FY1k7U="></latexit><latexit sha1_base64="N5ZzSQ8IVgbEUd4Zu4Gl9FY1k7U="></latexit>

G(s) =
1

(s� 2)(s+ 5)
<latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit><latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit><latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit><latexit sha1_base64="w2BQrGkYzK5J9jNKmwL+2e1sXsI=">AAACBXicbVDLSsNAFJ34rLFqXbsZLAVXIXGjS8GNCxcV7APaUG4mN+3QyYOZiVBCfsCtfo078Sv8GXGSdmFbDwwczpm5584JMsGVdt1va2d3b//gsHFkHzftk9OzVrOv0lwy7LFUpHIYgELBE+xprgUOM4kQBwIHwfy+8gcvKBVPk2e9yNCPYZrwiDPQRupOWm3XcWvQbeKtSJusMGn9jMOU5TEmmglQauS5mfYLkJozgaU9zhVmwOYwxZGhCcSo/KJes6Qdo4Q0SqU5iaa1+vdFAbFSizgwN2PQM7XpVeJ/3ijX0a1f8CTLNSZsGRTlguqUVn+mIZfItFgYAkxysytlM5DAtGlmLaWaLVWkyg4VkAlg6NBxHchk8Vjapi9vs51t0r92PNfxnlzSIBfkklwRj9yQO/JAuqRHGAnJK3mz3q0P63PZ6461KvicrMH6+gWujJvq</latexit><latexit sha1_base64="SPZPHu6M0qra162GOqVxRutOMOM=">AAACJnicbZDLSgMxGIX/qbdaq45udREshSniMFMQ3QiCC124qGAv0JaSSTNtaOZCkhHKMBufxq36NN2JDyKml4Vt/SFwOCfJST4v5kwqx5kYuY3Nre2d/G5hr7h/cGgeFRsySgShdRLxSLQ8LClnIa0rpjhtxYLiwOO06Y3upnnzhQrJovBZjWPaDfAgZD4jWGmrZ57eW7KCbhDq+AKT1M1SS15UK5Y8v6xkPbPk2M5s0LpwF6IEi6n1zJ9OPyJJQENFOJay7Tqx6qZYKEY4zQqdRNIYkxEe0LaWIQ6o7KazX2SorJ0+8iOhV6jQzP17IsWBlOPA0zsDrIZyNZua/2XtRPnX3ZSFcaJoSOZFfsKRitAUCeozQYniYy0wEUy/FZEh1jiUBrfUMr1bSF9mZcRxzDGhNurMColIH7OCBuau4lkXjartOrb75EAeTuAMLHDhCm7hAWpQBwKv8Abv8GF8GhPja442ZywYH8PSGN+/yjCmDQ==</latexit><latexit sha1_base64="SPZPHu6M0qra162GOqVxRutOMOM=">AAACJnicbZDLSgMxGIX/qbdaq45udREshSniMFMQ3QiCC124qGAv0JaSSTNtaOZCkhHKMBufxq36NN2JDyKml4Vt/SFwOCfJST4v5kwqx5kYuY3Nre2d/G5hr7h/cGgeFRsySgShdRLxSLQ8LClnIa0rpjhtxYLiwOO06Y3upnnzhQrJovBZjWPaDfAgZD4jWGmrZ57eW7KCbhDq+AKT1M1SS15UK5Y8v6xkPbPk2M5s0LpwF6IEi6n1zJ9OPyJJQENFOJay7Tqx6qZYKEY4zQqdRNIYkxEe0LaWIQ6o7KazX2SorJ0+8iOhV6jQzP17IsWBlOPA0zsDrIZyNZua/2XtRPnX3ZSFcaJoSOZFfsKRitAUCeozQYniYy0wEUy/FZEh1jiUBrfUMr1bSF9mZcRxzDGhNurMColIH7OCBuau4lkXjartOrb75EAeTuAMLHDhCm7hAWpQBwKv8Abv8GF8GhPja442ZywYH8PSGN+/yjCmDQ==</latexit><latexit sha1_base64="zYZY37Wg9hobB8/LtYn+639Knx8="></latexit><latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit><latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit><latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit><latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit><latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit><latexit sha1_base64="vPPM6gpTFn3rw5VsI4xP6qk7LVQ="></latexit>
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Oscillation (Underdamped)

10

Nonoscillatory input Oscillatory response

If the poles are (              ) numbers (w/ nonzero imaginary 
parts), the dynamics is underdamped

9i Im(Pi) 6= 0
<latexit sha1_base64="oT+hMEPCOk8PHzoqxkLVjVpC8Sg="></latexit><latexit sha1_base64="oT+hMEPCOk8PHzoqxkLVjVpC8Sg="></latexit><latexit sha1_base64="oT+hMEPCOk8PHzoqxkLVjVpC8Sg="></latexit><latexit sha1_base64="oT+hMEPCOk8PHzoqxkLVjVpC8Sg="></latexit>

Re

Im

Pole’s Location
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G1(s) =
1

s2 + 2s+ 2
<latexit sha1_base64="vMehpDj2GU6MkFzbsakG1jUBuAA="></latexit><latexit sha1_base64="vMehpDj2GU6MkFzbsakG1jUBuAA="></latexit><latexit sha1_base64="vMehpDj2GU6MkFzbsakG1jUBuAA="></latexit><latexit sha1_base64="vMehpDj2GU6MkFzbsakG1jUBuAA="></latexit>

G1(s) =
1

s2 � 2s+ 2
<latexit sha1_base64="NHQ7JWldoB6u03sdIafjUPVBaWM="></latexit><latexit sha1_base64="NHQ7JWldoB6u03sdIafjUPVBaWM="></latexit><latexit sha1_base64="NHQ7JWldoB6u03sdIafjUPVBaWM="></latexit><latexit sha1_base64="NHQ7JWldoB6u03sdIafjUPVBaWM="></latexit>

oscill.

stable

oscill.

unstable

p = �1± j
<latexit sha1_base64="lUEm1xcPesqlTPkbAdRBun73fHY=">AAACH3icbVDLSgMxFM3UV62vqks3wVJw4zAjBd0IBTcuXFSwD+gMJZNm2thkJiQZoQz9Dbfq17gTt/0ZMTOdhW09EDicc2/O5QSCUaUdZ26VNja3tnfKu5W9/YPDo+rxSUfFicSkjWMWy16AFGE0Im1NNSM9IQniASPdYHKX+d0XIhWNoyc9FcTnaBTRkGKkjeQJeAsvXegJDp8H1ZpjOzngOnELUgMFWoPqjzeMccJJpDFDSvVdR2g/RVJTzMis4iWKCIQnaET6hkaIE+Wn+c0zWDfKEIaxNC/SMFf/bqSIKzXlgZnkSI/VqpeJ/3n9RIc3fkojkWgS4UVQmDCoY5gVAIdUEqzZ1BCEJTW3QjxGEmFtalpKyf6WKlSzOmRIMISJDb08EMv0YVYxhbmr9ayTzpXtOrb72Kg1G0V1ZXAGzsEFcME1aIJ70AJtgIEAr+ANvFsf1qf1ZX0vRktWsXMKlmDNfwGcB6Hw</latexit><latexit sha1_base64="lUEm1xcPesqlTPkbAdRBun73fHY=">AAACH3icbVDLSgMxFM3UV62vqks3wVJw4zAjBd0IBTcuXFSwD+gMJZNm2thkJiQZoQz9Dbfq17gTt/0ZMTOdhW09EDicc2/O5QSCUaUdZ26VNja3tnfKu5W9/YPDo+rxSUfFicSkjWMWy16AFGE0Im1NNSM9IQniASPdYHKX+d0XIhWNoyc9FcTnaBTRkGKkjeQJeAsvXegJDp8H1ZpjOzngOnELUgMFWoPqjzeMccJJpDFDSvVdR2g/RVJTzMis4iWKCIQnaET6hkaIE+Wn+c0zWDfKEIaxNC/SMFf/bqSIKzXlgZnkSI/VqpeJ/3n9RIc3fkojkWgS4UVQmDCoY5gVAIdUEqzZ1BCEJTW3QjxGEmFtalpKyf6WKlSzOmRIMISJDb08EMv0YVYxhbmr9ayTzpXtOrb72Kg1G0V1ZXAGzsEFcME1aIJ70AJtgIEAr+ANvFsf1qf1ZX0vRktWsXMKlmDNfwGcB6Hw</latexit><latexit sha1_base64="lUEm1xcPesqlTPkbAdRBun73fHY=">AAACH3icbVDLSgMxFM3UV62vqks3wVJw4zAjBd0IBTcuXFSwD+gMJZNm2thkJiQZoQz9Dbfq17gTt/0ZMTOdhW09EDicc2/O5QSCUaUdZ26VNja3tnfKu5W9/YPDo+rxSUfFicSkjWMWy16AFGE0Im1NNSM9IQniASPdYHKX+d0XIhWNoyc9FcTnaBTRkGKkjeQJeAsvXegJDp8H1ZpjOzngOnELUgMFWoPqjzeMccJJpDFDSvVdR2g/RVJTzMis4iWKCIQnaET6hkaIE+Wn+c0zWDfKEIaxNC/SMFf/bqSIKzXlgZnkSI/VqpeJ/3n9RIc3fkojkWgS4UVQmDCoY5gVAIdUEqzZ1BCEJTW3QjxGEmFtalpKyf6WKlSzOmRIMISJDb08EMv0YVYxhbmr9ayTzpXtOrb72Kg1G0V1ZXAGzsEFcME1aIJ70AJtgIEAr+ANvFsf1qf1ZX0vRktWsXMKlmDNfwGcB6Hw</latexit><latexit sha1_base64="lUEm1xcPesqlTPkbAdRBun73fHY=">AAACH3icbVDLSgMxFM3UV62vqks3wVJw4zAjBd0IBTcuXFSwD+gMJZNm2thkJiQZoQz9Dbfq17gTt/0ZMTOdhW09EDicc2/O5QSCUaUdZ26VNja3tnfKu5W9/YPDo+rxSUfFicSkjWMWy16AFGE0Im1NNSM9IQniASPdYHKX+d0XIhWNoyc9FcTnaBTRkGKkjeQJeAsvXegJDp8H1ZpjOzngOnELUgMFWoPqjzeMccJJpDFDSvVdR2g/RVJTzMis4iWKCIQnaET6hkaIE+Wn+c0zWDfKEIaxNC/SMFf/bqSIKzXlgZnkSI/VqpeJ/3n9RIc3fkojkWgS4UVQmDCoY5gVAIdUEqzZ1BCEJTW3QjxGEmFtalpKyf6WKlSzOmRIMISJDb08EMv0YVYxhbmr9ayTzpXtOrb72Kg1G0V1ZXAGzsEFcME1aIJ70AJtgIEAr+ANvFsf1qf1ZX0vRktWsXMKlmDNfwGcB6Hw</latexit>

p = +1± j
<latexit sha1_base64="ec4pRoompQUIAsmc6M5vRAt2Dw8=">AAACH3icbVDLSgMxFM3UV62vqks3wVIQhGFGCroRCm5cuKhgH9AZSibNtLHJTEgyQhn6G27Vr3EnbvszYmY6C9t6IHA4596cywkEo0o7ztwqbWxube+Udyt7+weHR9Xjk46KE4lJG8cslr0AKcJoRNqaakZ6QhLEA0a6weQu87svRCoaR096KojP0SiiIcVIG8kT8BZeutATHD4PqjXHdnLAdeIWpAYKtAbVH28Y44STSGOGlOq7jtB+iqSmmJFZxUsUEQhP0Ij0DY0QJ8pP85tnsG6UIQxjaV6kYa7+3UgRV2rKAzPJkR6rVS8T//P6iQ5v/JRGItEkwougMGFQxzArAA6pJFizqSEIS2puhXiMJMLa1LSUkv0tVahmdciQYAgTG3p5IJbpw6xiCnNX61knnSvbdWz3sVFrNorqyuAMnIML4IJr0AT3oAXaAAMBXsEbeLc+rE/ry/pejJasYucULMGa/wKYmaHu</latexit><latexit sha1_base64="ec4pRoompQUIAsmc6M5vRAt2Dw8=">AAACH3icbVDLSgMxFM3UV62vqks3wVIQhGFGCroRCm5cuKhgH9AZSibNtLHJTEgyQhn6G27Vr3EnbvszYmY6C9t6IHA4596cywkEo0o7ztwqbWxube+Udyt7+weHR9Xjk46KE4lJG8cslr0AKcJoRNqaakZ6QhLEA0a6weQu87svRCoaR096KojP0SiiIcVIG8kT8BZeutATHD4PqjXHdnLAdeIWpAYKtAbVH28Y44STSGOGlOq7jtB+iqSmmJFZxUsUEQhP0Ij0DY0QJ8pP85tnsG6UIQxjaV6kYa7+3UgRV2rKAzPJkR6rVS8T//P6iQ5v/JRGItEkwougMGFQxzArAA6pJFizqSEIS2puhXiMJMLa1LSUkv0tVahmdciQYAgTG3p5IJbpw6xiCnNX61knnSvbdWz3sVFrNorqyuAMnIML4IJr0AT3oAXaAAMBXsEbeLc+rE/ry/pejJasYucULMGa/wKYmaHu</latexit><latexit sha1_base64="ec4pRoompQUIAsmc6M5vRAt2Dw8=">AAACH3icbVDLSgMxFM3UV62vqks3wVIQhGFGCroRCm5cuKhgH9AZSibNtLHJTEgyQhn6G27Vr3EnbvszYmY6C9t6IHA4596cywkEo0o7ztwqbWxube+Udyt7+weHR9Xjk46KE4lJG8cslr0AKcJoRNqaakZ6QhLEA0a6weQu87svRCoaR096KojP0SiiIcVIG8kT8BZeutATHD4PqjXHdnLAdeIWpAYKtAbVH28Y44STSGOGlOq7jtB+iqSmmJFZxUsUEQhP0Ij0DY0QJ8pP85tnsG6UIQxjaV6kYa7+3UgRV2rKAzPJkR6rVS8T//P6iQ5v/JRGItEkwougMGFQxzArAA6pJFizqSEIS2puhXiMJMLa1LSUkv0tVahmdciQYAgTG3p5IJbpw6xiCnNX61knnSvbdWz3sVFrNorqyuAMnIML4IJr0AT3oAXaAAMBXsEbeLc+rE/ry/pejJasYucULMGa/wKYmaHu</latexit><latexit sha1_base64="ec4pRoompQUIAsmc6M5vRAt2Dw8=">AAACH3icbVDLSgMxFM3UV62vqks3wVIQhGFGCroRCm5cuKhgH9AZSibNtLHJTEgyQhn6G27Vr3EnbvszYmY6C9t6IHA4596cywkEo0o7ztwqbWxube+Udyt7+weHR9Xjk46KE4lJG8cslr0AKcJoRNqaakZ6QhLEA0a6weQu87svRCoaR096KojP0SiiIcVIG8kT8BZeutATHD4PqjXHdnLAdeIWpAYKtAbVH28Y44STSGOGlOq7jtB+iqSmmJFZxUsUEQhP0Ij0DY0QJ8pP85tnsG6UIQxjaV6kYa7+3UgRV2rKAzPJkR6rVS8T//P6iQ5v/JRGItEkwougMGFQxzArAA6pJFizqSEIS2puhXiMJMLa1LSUkv0tVahmdciQYAgTG3p5IJbpw6xiCnNX61knnSvbdWz3sVFrNorqyuAMnIML4IJr0AT3oAXaAAMBXsEbeLc+rE/ry/pejJasYucULMGa/wKYmaHu</latexit>

Unit step input

Y1(s) =
1

(s2 + 2s+ 2) · s =
�0.25 + 0.25j

s� (�1 + j)
+

�0.25� 0.25j

s� (�1� j)
+

0.5

s
<latexit sha1_base64="vQd4EuH/KuEFjOzOjw9NjPIzX9c="></latexit><latexit sha1_base64="vQd4EuH/KuEFjOzOjw9NjPIzX9c="></latexit><latexit sha1_base64="vQd4EuH/KuEFjOzOjw9NjPIzX9c="></latexit><latexit sha1_base64="vQd4EuH/KuEFjOzOjw9NjPIzX9c="></latexit>

Y2(s) =
1

(s2 � 2s+ 2) · s =
�0.25� 0.25j

s� (1 + j)
+

�0.25 + 0.25j

s� (1� j)
+

0.5

s
<latexit sha1_base64="mSbqjc9BKb0SVs404axU4zQ44jo="></latexit><latexit sha1_base64="mSbqjc9BKb0SVs404axU4zQ44jo="></latexit><latexit sha1_base64="mSbqjc9BKb0SVs404axU4zQ44jo="></latexit><latexit sha1_base64="mSbqjc9BKb0SVs404axU4zQ44jo="></latexit>

= 0.5� 0.5e�t(cos t+ sin t)
<latexit sha1_base64="y414oODBbjmT9CgcgWCVpcS26lI="></latexit><latexit sha1_base64="y414oODBbjmT9CgcgWCVpcS26lI="></latexit><latexit sha1_base64="y414oODBbjmT9CgcgWCVpcS26lI="></latexit><latexit sha1_base64="y414oODBbjmT9CgcgWCVpcS26lI="></latexit>

= 0.5� 0.5et(cos t+ sin t)
<latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit><latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit><latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit><latexit sha1_base64="w2BQrGkYzK5J9jNKmwL+2e1sXsI=">AAACBXicbVDLSsNAFJ34rLFqXbsZLAVXIXGjS8GNCxcV7APaUG4mN+3QyYOZiVBCfsCtfo078Sv8GXGSdmFbDwwczpm5584JMsGVdt1va2d3b//gsHFkHzftk9OzVrOv0lwy7LFUpHIYgELBE+xprgUOM4kQBwIHwfy+8gcvKBVPk2e9yNCPYZrwiDPQRupOWm3XcWvQbeKtSJusMGn9jMOU5TEmmglQauS5mfYLkJozgaU9zhVmwOYwxZGhCcSo/KJes6Qdo4Q0SqU5iaa1+vdFAbFSizgwN2PQM7XpVeJ/3ijX0a1f8CTLNSZsGRTlguqUVn+mIZfItFgYAkxysytlM5DAtGlmLaWaLVWkyg4VkAlg6NBxHchk8Vjapi9vs51t0r92PNfxnlzSIBfkklwRj9yQO/JAuqRHGAnJK3mz3q0P63PZ6461KvicrMH6+gWujJvq</latexit><latexit sha1_base64="TAPpAGXQ04pPLXg99CNKws/8Z8g=">AAACLHicbVDLSsQwFL317fga3boJiqCIpRVEN4LgxoULBUeF6TikmVsNpmlJboWhdO/XuFU/xZU78SvETJ2FrwMJh3Nyc5IT50paCoIXb2R0bHxicmq6MTM7N7/QXJw9t1lhBLZEpjJzGXOLSmpskSSFl7lBnsYKL+Lbw4F/cYfGykyfUT/HTsqvtUyk4OSkbnNlnwX+Dtuqd7wqqVqPRGYZsU0WWakZbXSbq4Ef1GB/STgkqzDESbf5EfUyUaSoSShubTsMcuqU3JAUCqtGVFjMubjl19h2VPMUbaes/1KxNaf0WJIZtzSxWv0+UfLU2n4au5Mppxv72xuI/3ntgpK9Til1XhBq8RWUFIpRxgbFsJ40KEj1HeHCSPdWJm644YJcfT9SBncbm9hqjSmeKy7QZ1EdKEx5XDVcYeHvev6S820/DPzwNIApWIYVWIcQduEAjuAEWiDgHh7gEZ68Z+/Ve/uqdsQbdrwEP+C9fwIQ06el</latexit><latexit sha1_base64="TAPpAGXQ04pPLXg99CNKws/8Z8g=">AAACLHicbVDLSsQwFL317fga3boJiqCIpRVEN4LgxoULBUeF6TikmVsNpmlJboWhdO/XuFU/xZU78SvETJ2FrwMJh3Nyc5IT50paCoIXb2R0bHxicmq6MTM7N7/QXJw9t1lhBLZEpjJzGXOLSmpskSSFl7lBnsYKL+Lbw4F/cYfGykyfUT/HTsqvtUyk4OSkbnNlnwX+Dtuqd7wqqVqPRGYZsU0WWakZbXSbq4Ef1GB/STgkqzDESbf5EfUyUaSoSShubTsMcuqU3JAUCqtGVFjMubjl19h2VPMUbaes/1KxNaf0WJIZtzSxWv0+UfLU2n4au5Mppxv72xuI/3ntgpK9Til1XhBq8RWUFIpRxgbFsJ40KEj1HeHCSPdWJm644YJcfT9SBncbm9hqjSmeKy7QZ1EdKEx5XDVcYeHvev6S820/DPzwNIApWIYVWIcQduEAjuAEWiDgHh7gEZ68Z+/Ve/uqdsQbdrwEP+C9fwIQ06el</latexit><latexit sha1_base64="BNTQijqVgBaVlSTw8sGCdOp/W3E="></latexit><latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit><latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit><latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit><latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit><latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit><latexit sha1_base64="9UPsR6DhNmUqMcjNoQ9cEx98uyg="></latexit>

Leonhard Euler (1707-1783)

y2(t)
<latexit sha1_base64="qvcb4gj140uZFrD01oLnjNUqoFM=">AAAB7XicbZA9SwNBEIbn/IzxK2ppsxiE2IS7IGhhEbCxjGA+IDnC3mYvWbN3e+zOCeHIf7CxUMTW/2Pnv3GTXKGJLyw8vDPDzrxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHLqFQz3mRKKt0JqOFSxLyJAiXvJJrTKJC8HYxvZ/X2E9dGqPgBJwn3IzqMRSgYRWu1Jv1aBS/6pbJbdeciq+DlUIZcjX7pqzdQLI14jExSY7qem6CfUY2CST4t9lLDE8rGdMi7FmMaceNn822n5Nw6AxIqbV+MZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s9EnKTIY7b4KEwlQUVmp5OB0JyhnFigTAu7K2EjqilDG1DRhuAtn7wKrVrVs3x/Wa7f5HEU4BTOoAIeXEEd7qABTWDwCM/wCm+Ocl6cd+dj0brm5DMn8EfO5w+qMY5/</latexit><latexit sha1_base64="qvcb4gj140uZFrD01oLnjNUqoFM=">AAAB7XicbZA9SwNBEIbn/IzxK2ppsxiE2IS7IGhhEbCxjGA+IDnC3mYvWbN3e+zOCeHIf7CxUMTW/2Pnv3GTXKGJLyw8vDPDzrxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHLqFQz3mRKKt0JqOFSxLyJAiXvJJrTKJC8HYxvZ/X2E9dGqPgBJwn3IzqMRSgYRWu1Jv1aBS/6pbJbdeciq+DlUIZcjX7pqzdQLI14jExSY7qem6CfUY2CST4t9lLDE8rGdMi7FmMaceNn822n5Nw6AxIqbV+MZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s9EnKTIY7b4KEwlQUVmp5OB0JyhnFigTAu7K2EjqilDG1DRhuAtn7wKrVrVs3x/Wa7f5HEU4BTOoAIeXEEd7qABTWDwCM/wCm+Ocl6cd+dj0brm5DMn8EfO5w+qMY5/</latexit><latexit sha1_base64="qvcb4gj140uZFrD01oLnjNUqoFM=">AAAB7XicbZA9SwNBEIbn/IzxK2ppsxiE2IS7IGhhEbCxjGA+IDnC3mYvWbN3e+zOCeHIf7CxUMTW/2Pnv3GTXKGJLyw8vDPDzrxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHLqFQz3mRKKt0JqOFSxLyJAiXvJJrTKJC8HYxvZ/X2E9dGqPgBJwn3IzqMRSgYRWu1Jv1aBS/6pbJbdeciq+DlUIZcjX7pqzdQLI14jExSY7qem6CfUY2CST4t9lLDE8rGdMi7FmMaceNn822n5Nw6AxIqbV+MZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s9EnKTIY7b4KEwlQUVmp5OB0JyhnFigTAu7K2EjqilDG1DRhuAtn7wKrVrVs3x/Wa7f5HEU4BTOoAIeXEEd7qABTWDwCM/wCm+Ocl6cd+dj0brm5DMn8EfO5w+qMY5/</latexit><latexit sha1_base64="qvcb4gj140uZFrD01oLnjNUqoFM=">AAAB7XicbZA9SwNBEIbn/IzxK2ppsxiE2IS7IGhhEbCxjGA+IDnC3mYvWbN3e+zOCeHIf7CxUMTW/2Pnv3GTXKGJLyw8vDPDzrxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHLqFQz3mRKKt0JqOFSxLyJAiXvJJrTKJC8HYxvZ/X2E9dGqPgBJwn3IzqMRSgYRWu1Jv1aBS/6pbJbdeciq+DlUIZcjX7pqzdQLI14jExSY7qem6CfUY2CST4t9lLDE8rGdMi7FmMaceNn822n5Nw6AxIqbV+MZO7+nshoZMwkCmxnRHFklmsz879aN8Xw2s9EnKTIY7b4KEwlQUVmp5OB0JyhnFigTAu7K2EjqilDG1DRhuAtn7wKrVrVs3x/Wa7f5HEU4BTOoAIeXEEd7qABTWDwCM/wCm+Ocl6cd+dj0brm5DMn8EfO5w+qMY5/</latexit>

y1(t) = (�0.25 + 0.25j)e(�1+j)t + (�0.25� 0.25j)e(�1�j)t + 0.5

<latexit sha1_base64="nPKnH5sR4+hkNB0B4fxt2gAETW0="></latexit>

e(�1+j)t = e�t (cos t+ j sin t)

<latexit sha1_base64="TT1HVx9Eg6JVaNWpM4pnMO0e5YI="></latexit>
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Overshoot and Inverse Response

13

Existence of overshoot or inverse response can be determined 
from zeros of the TF

Overshoot: “a” real Left-Half-Plane (negative) zero closer to the 
origin than the dominant pole (the pole that’s closest to the origin)

Inverse response: “a” real Right-Half-Plane (positive) zero

The closer the RHP zero to the origin, the more pronounced 
the inverse response
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G1(s) =
(10s+ 1)

(3s+ 1)(2s+ 1)
<latexit sha1_base64="xafGjtqCYto3Lb8hZKgN4rjA5Aw="></latexit><latexit sha1_base64="xafGjtqCYto3Lb8hZKgN4rjA5Aw="></latexit><latexit sha1_base64="xafGjtqCYto3Lb8hZKgN4rjA5Aw="></latexit><latexit sha1_base64="xafGjtqCYto3Lb8hZKgN4rjA5Aw="></latexit>

Draw the step response to each TF

G2(s) =
(2.5s+ 1)

(3s+ 1)(2s+ 1)
<latexit sha1_base64="k9+tOTc76mW73Q1sXX8JaEKcUD4="></latexit><latexit sha1_base64="k9+tOTc76mW73Q1sXX8JaEKcUD4="></latexit><latexit sha1_base64="k9+tOTc76mW73Q1sXX8JaEKcUD4="></latexit><latexit sha1_base64="k9+tOTc76mW73Q1sXX8JaEKcUD4="></latexit>

p1 = �1

3
, p2 = �1

2
, z1 = � 1

10
<latexit sha1_base64="vFILN/ozV3VIPojnC3KWApPO1QU="></latexit><latexit sha1_base64="vFILN/ozV3VIPojnC3KWApPO1QU="></latexit><latexit sha1_base64="vFILN/ozV3VIPojnC3KWApPO1QU="></latexit><latexit sha1_base64="vFILN/ozV3VIPojnC3KWApPO1QU="></latexit>

p1 = �1

3
, p2 = �1

2
, z1 = � 1

2.5
<latexit sha1_base64="NKRbhHKAlGBzvDbQR33tyNxgp3E="></latexit><latexit sha1_base64="NKRbhHKAlGBzvDbQR33tyNxgp3E="></latexit><latexit sha1_base64="NKRbhHKAlGBzvDbQR33tyNxgp3E="></latexit><latexit sha1_base64="NKRbhHKAlGBzvDbQR33tyNxgp3E="></latexit>

LHP zero, (                )

Re

Im

Re

Im

LHP zero, (                     )
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Draw the step response to each TF

RHP zero, Inverse Response

Re

Im

RHP zero, (                    )

G3(s) =
(�2.5s+ 1)

(3s+ 1)(2s+ 1)
<latexit sha1_base64="cHeuYnUVuXOIhn08SMYjyOiN2/Q="></latexit><latexit sha1_base64="cHeuYnUVuXOIhn08SMYjyOiN2/Q="></latexit><latexit sha1_base64="cHeuYnUVuXOIhn08SMYjyOiN2/Q="></latexit><latexit sha1_base64="cHeuYnUVuXOIhn08SMYjyOiN2/Q="></latexit>

G4(s) =
(�10s+ 1)

(3s+ 1)(2s+ 1)
<latexit sha1_base64="E0wMuQaHSRGwdmLJfwRnMi3VVzw="></latexit><latexit sha1_base64="E0wMuQaHSRGwdmLJfwRnMi3VVzw="></latexit><latexit sha1_base64="E0wMuQaHSRGwdmLJfwRnMi3VVzw="></latexit><latexit sha1_base64="E0wMuQaHSRGwdmLJfwRnMi3VVzw="></latexit>

p1 = �1

3
, p2 = �1

2
, z1 =

1

2.5
<latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit><latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit><latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit><latexit sha1_base64="w2BQrGkYzK5J9jNKmwL+2e1sXsI=">AAACBXicbVDLSsNAFJ34rLFqXbsZLAVXIXGjS8GNCxcV7APaUG4mN+3QyYOZiVBCfsCtfo078Sv8GXGSdmFbDwwczpm5584JMsGVdt1va2d3b//gsHFkHzftk9OzVrOv0lwy7LFUpHIYgELBE+xprgUOM4kQBwIHwfy+8gcvKBVPk2e9yNCPYZrwiDPQRupOWm3XcWvQbeKtSJusMGn9jMOU5TEmmglQauS5mfYLkJozgaU9zhVmwOYwxZGhCcSo/KJes6Qdo4Q0SqU5iaa1+vdFAbFSizgwN2PQM7XpVeJ/3ijX0a1f8CTLNSZsGRTlguqUVn+mIZfItFgYAkxysytlM5DAtGlmLaWaLVWkyg4VkAlg6NBxHchk8Vjapi9vs51t0r92PNfxnlzSIBfkklwRj9yQO/JAuqRHGAnJK3mz3q0P63PZ6461KvicrMH6+gWujJvq</latexit><latexit sha1_base64="9WpQLHflsr8Kliv0Rk5RUd/akG8="></latexit><latexit sha1_base64="9WpQLHflsr8Kliv0Rk5RUd/akG8="></latexit><latexit sha1_base64="siudbn0tAqIt9QgirEOAngoPmyQ="></latexit><latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit><latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit><latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit><latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit><latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit><latexit sha1_base64="oEHOFbNiL4OzxCZYnY6kkuhFZI8="></latexit>

p1 = �1

3
, p2 = �1

2
, z1 =

1

10
<latexit sha1_base64="YekTWWWcLIIQj+D4/SBEumAkIb0="></latexit><latexit sha1_base64="YekTWWWcLIIQj+D4/SBEumAkIb0="></latexit><latexit sha1_base64="YekTWWWcLIIQj+D4/SBEumAkIb0="></latexit><latexit sha1_base64="YekTWWWcLIIQj+D4/SBEumAkIb0="></latexit>

Re

Im
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Inverse Response Example

18

Reboiler level response to an increase

in the steam flow rate

Short-term (fast), smaller effect: An increase 
in the boiler rate intensifies frothing in the 
tray above and causes a larger spill-over, 
increasing the level

Long-term (slow), dominant effect: More 
liquid is boiled-off, decreasing the level
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Some Specific Results

• A real positive zero is a sufficient condition for inverse 
response to be exhibited


• An odd number of zeros with positive real part results 
in the initial slope of a step response being in the 
“wrong” direction (inverse response)


• Only complex (i.e. non-real) zeros with positive real 
parts are not sufficient to cause inverse response - 
but “may” occur depending on the definition of 
inverse response.  (cannot generalize)

19
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Varied Definition of Inverse Response

20

Textbook Definition

The initial response to a step input is in one direction but the 
final steady state is in the opposite direction

Another Definition (Not Well-Known)

y0(t0) = 0 for some t0

<latexit sha1_base64="MCef57PD+mKlsNZStPGmXBm0g/s=">AAACCnicbVC7SgNBFJ2Nj8T4ilrajIoYm7AriloIARtLBaNCEsLs5G4yZHZnmbkrhiW1jb9iY6GIrV9g5w+In+HkUWjiqQ7n3Ms99/ixFAZd99PJTE3PzGZzc/n5hcWl5cLK6pVRieZQ4UoqfeMzA1JEUEGBEm5iDSz0JVz7ndO+f30L2ggVXWI3hnrIWpEIBGdopUZho7tTxIa7S0+oS2sId5jSQGlqVAi0R63VKGy5JXcAOkm8Edkq04vvr1z24LxR+Kg1FU9CiJBLZkzVc2Osp0yj4BJ6+VpiIGa8w1pQtTRiIZh6OnilR7et0hwkCFSEdKD+3khZaEw39O1kyLBtxr2++J9XTTA4qqciihOEiA8PBYmkqGi/F9oUGjjKriWMa2GzUt5mmnG07eVtCd74y5Pkaq/k7ZeOL2wbZTJEjqyTTVIkHjkkZXJGzkmFcHJPHskzeXEenCfn1Xkbjmac0c4a+QPn/QdQK5sW</latexit>

AND

dy0

dt

����
t=0+

⇥ y0(t = 1) < 0

<latexit sha1_base64="UjSQYsb9RJbtColbHO88qokW5jc="></latexit>

|y0(t = 1)|
max |y0(t)| ! 1

<latexit sha1_base64="ICiKi2OYurVrTOJebwQgN2uygmM="></latexit>
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Multiple RHP Zeros

21
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y1

G1

G1(s) =
(�3s+ 1)(�s+ 1)

(2s+ 1)(5s+ 1)(4s+ 1)

<latexit sha1_base64="hcPxCSatWNiCLE8Zr12RqxuBbnY="></latexit>

The system with an odd number of RHP zeros

exhibits true inverse response in the sense 
that the initial direction of the step response 
will always be opposite to the direction of the 
final steady state, regardless of the number of 
inversions involved in this response.

On the other hand, the initial portion of the 
step response of a system with an even 
number of RHP zeros exhibits the same even 
number of inversions before heading in the 
direction of the final steady state, but the 
initial direction is always the same as the 
direction of the final steady state. 
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Multiple RHP Zeros

22
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G2(s) =
(�3s+ 1)(�s+ 1)(�2.5s+ 1)

(2s+ 1)(5s+ 1)(4s+ 1)(3.5s+ 1)

<latexit sha1_base64="BlGsEeA/iHHqdfy8Texz2CKZtTU="></latexit>

G3(s) =
(�3s+ 1)(�s+ 1)(�2.5s+ 1)(�6s+ 1)

(2s+ 1)(5s+ 1)(4s+ 1)(3.5s+ 1)(7s+ 1)

<latexit sha1_base64="RpbWyP33KRYhqvBuBrhmkY+Cdts="></latexit>
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Complex RHP Zeros; even number

23

Two complex RHPs
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G4(s) =
s2 � 2s+ 2

(s+ 1)3

<latexit sha1_base64="vCmkrz+CO5725EMnAIN02BDN86A="></latexit>
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y5

G5

Two complex RHPs

(No inverse response at all)

G5(s) =
s2 � 0.2s+ 2

(s+ 1)3

<latexit sha1_base64="v+nBOYp0L5RrEFtzF0hZBkdmAFY="></latexit>
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Complex LHP Zeros

24
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10-3 G6

G6(s) =
s2 + 2s+ 2

(s+ 5)4

<latexit sha1_base64="kX7D0oWtjYTB7B5OlY+jKLXMN7s="></latexit>

Two complex LHP zeros

(overshoot + undershoot)
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Time

0

1

2

3

4

5

6

7

8

y
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Two “dominant” complex LHP zeros

(overshoot + undershoot)

G7(s) =
(s2 + 2s+ 2)(s+ 3)

(s+ 5)4

<latexit sha1_base64="Z36fgOkZy226ol2Xb80IFcORfY4="></latexit>
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Complex LHP Zeros

25

G8(s) =
(s2 + 2s+ 2)(3s+ 1)

(s+ 5)4

<latexit sha1_base64="PvNZAD06cs9STUb4T7pg9ZuLDNQ="></latexit>
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— cannot generalize
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Speed of Response

26

Speed of response is determined roughly by the dominant pole 
(the pole that’s close to the origin), which corresponds to the 
slowest time constant.

Settling time ≅ 3 ~ 5 
dominant pole

x 1
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2nd Order System Plus a Zero

27

I / O
System

Y (s) =
K(⌧as+ 1)

(⌧1s+ 1)(⌧2s+ 1)
U(s)

<latexit sha1_base64="GnkEjlX4YyzUPpTZFMTTt91FttM="></latexit><latexit sha1_base64="GnkEjlX4YyzUPpTZFMTTt91FttM="></latexit><latexit sha1_base64="GnkEjlX4YyzUPpTZFMTTt91FttM="></latexit><latexit sha1_base64="GnkEjlX4YyzUPpTZFMTTt91FttM="></latexit>

⌧1⌧2
d2y

dt2
+ 2(⌧1 + ⌧2)

dy

dt
+ y = K

✓
⌧a

du

dt
+ u

◆

<latexit sha1_base64="W8m3ZoKustBLhy5gFcUwp++GPZ4="></latexit><latexit sha1_base64="W8m3ZoKustBLhy5gFcUwp++GPZ4="></latexit><latexit sha1_base64="W8m3ZoKustBLhy5gFcUwp++GPZ4="></latexit><latexit sha1_base64="W8m3ZoKustBLhy5gFcUwp++GPZ4="></latexit>

Possible responses
Monotonic response (like the over damped 2nd order system)
Overshoot
Inverse response
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Effect of 𝜏a

28

⌧a > ⌧1
<latexit sha1_base64="Rsb87IbKg+GSMtfQ99FrBr/U6hs=">AAACJHicbVC7SgNBFJ31GeMjq5Y2gyFgFXZF0EIkYGNhEcE8ILssdyezyZDZB/MQwpIvsVW/xk4sbPwUcbJJYRIPDBzOuXfO5YQZZ1I5zpe1tr6xubVd2inv7u0fVOzDo7ZMtSC0RVKeim4IknKW0JZiitNuJijEIaedcHQ79TtPVEiWJo9qnFE/hkHCIkZAGSmwK54CHQC+wQVxA7vq1J0CeJW4c1JFczQD+8frp0THNFGEg5Q918mUn4NQjHA6KXta0gzICAa0Z2gCMZV+Xhw+wTWj9HGUCvMShQv170YOsZTjODSTMaihXPam4n9eT6voys9ZkmlFEzILijTHKsXTFnCfCUoUHxsCRDBzKyZDEECU6WohZfq3kJGc1DCHjAOhdewVgUTk95OyKcxdrmeVtM/rrlN3Hy6qjet5dSV0gk7RGXLRJWqgO9RELUSQRs/oBb1ab9a79WF9zkbXrPnOMVqA9f0L3pSkMw==</latexit><latexit sha1_base64="Rsb87IbKg+GSMtfQ99FrBr/U6hs=">AAACJHicbVC7SgNBFJ31GeMjq5Y2gyFgFXZF0EIkYGNhEcE8ILssdyezyZDZB/MQwpIvsVW/xk4sbPwUcbJJYRIPDBzOuXfO5YQZZ1I5zpe1tr6xubVd2inv7u0fVOzDo7ZMtSC0RVKeim4IknKW0JZiitNuJijEIaedcHQ79TtPVEiWJo9qnFE/hkHCIkZAGSmwK54CHQC+wQVxA7vq1J0CeJW4c1JFczQD+8frp0THNFGEg5Q918mUn4NQjHA6KXta0gzICAa0Z2gCMZV+Xhw+wTWj9HGUCvMShQv170YOsZTjODSTMaihXPam4n9eT6voys9ZkmlFEzILijTHKsXTFnCfCUoUHxsCRDBzKyZDEECU6WohZfq3kJGc1DCHjAOhdewVgUTk95OyKcxdrmeVtM/rrlN3Hy6qjet5dSV0gk7RGXLRJWqgO9RELUSQRs/oBb1ab9a79WF9zkbXrPnOMVqA9f0L3pSkMw==</latexit><latexit sha1_base64="Rsb87IbKg+GSMtfQ99FrBr/U6hs=">AAACJHicbVC7SgNBFJ31GeMjq5Y2gyFgFXZF0EIkYGNhEcE8ILssdyezyZDZB/MQwpIvsVW/xk4sbPwUcbJJYRIPDBzOuXfO5YQZZ1I5zpe1tr6xubVd2inv7u0fVOzDo7ZMtSC0RVKeim4IknKW0JZiitNuJijEIaedcHQ79TtPVEiWJo9qnFE/hkHCIkZAGSmwK54CHQC+wQVxA7vq1J0CeJW4c1JFczQD+8frp0THNFGEg5Q918mUn4NQjHA6KXta0gzICAa0Z2gCMZV+Xhw+wTWj9HGUCvMShQv170YOsZTjODSTMaihXPam4n9eT6voys9ZkmlFEzILijTHKsXTFnCfCUoUHxsCRDBzKyZDEECU6WohZfq3kJGc1DCHjAOhdewVgUTk95OyKcxdrmeVtM/rrlN3Hy6qjet5dSV0gk7RGXLRJWqgO9RELUSQRs/oBb1ab9a79WF9zkbXrPnOMVqA9f0L3pSkMw==</latexit><latexit sha1_base64="Rsb87IbKg+GSMtfQ99FrBr/U6hs=">AAACJHicbVC7SgNBFJ31GeMjq5Y2gyFgFXZF0EIkYGNhEcE8ILssdyezyZDZB/MQwpIvsVW/xk4sbPwUcbJJYRIPDBzOuXfO5YQZZ1I5zpe1tr6xubVd2inv7u0fVOzDo7ZMtSC0RVKeim4IknKW0JZiitNuJijEIaedcHQ79TtPVEiWJo9qnFE/hkHCIkZAGSmwK54CHQC+wQVxA7vq1J0CeJW4c1JFczQD+8frp0THNFGEg5Q918mUn4NQjHA6KXta0gzICAa0Z2gCMZV+Xhw+wTWj9HGUCvMShQv170YOsZTjODSTMaihXPam4n9eT6voys9ZkmlFEzILijTHKsXTFnCfCUoUHxsCRDBzKyZDEECU6WohZfq3kJGc1DCHjAOhdewVgUTk95OyKcxdrmeVtM/rrlN3Hy6qjet5dSV0gk7RGXLRJWqgO9RELUSQRs/oBb1ab9a79WF9zkbXrPnOMVqA9f0L3pSkMw==</latexit>

⌧a  ⌧1
<latexit sha1_base64="XKgiuga0v/IFCz72JT/U93sGKQY=">AAACJ3icbVC7SgNBFJ2NrxhfMZY2gyFgFXZF0MIiYGNhEcE8IBvC3cndZMjsw5lZMSz5FVv1a+xES39EnGxSmMQDA4dz7p1zOV4suNK2/WXl1tY3Nrfy24Wd3b39g+JhqamiRDJssEhEsu2BQsFDbGiuBbZjiRB4Alve6Hrqtx5RKh6F93ocYzeAQch9zkAbqVcsuRqSHlBX4APNuNMrlu2qnYGuEmdOymSOeq/44/YjlgQYaiZAqY5jx7qbgtScCZwU3ERhDGwEA+wYGkKAqptmt09oxSh96kfSvFDTTP27kUKg1DjwzGQAeqiWvan4n9dJtH/ZTXkYJxpDNgvyE0F1RKdF0D6XyLQYGwJMcnMrZUOQwLSpayFl+rdUvppUqIBYAMMqdbNAJtPbScEU5izXs0qaZ1XHrjp35+Xa1by6PDkmJ+SUOOSC1MgNqZMGYeSJPJMX8mq9We/Wh/U5G81Z850jsgDr+xe0K6Wx</latexit><latexit sha1_base64="XKgiuga0v/IFCz72JT/U93sGKQY=">AAACJ3icbVC7SgNBFJ2NrxhfMZY2gyFgFXZF0MIiYGNhEcE8IBvC3cndZMjsw5lZMSz5FVv1a+xES39EnGxSmMQDA4dz7p1zOV4suNK2/WXl1tY3Nrfy24Wd3b39g+JhqamiRDJssEhEsu2BQsFDbGiuBbZjiRB4Alve6Hrqtx5RKh6F93ocYzeAQch9zkAbqVcsuRqSHlBX4APNuNMrlu2qnYGuEmdOymSOeq/44/YjlgQYaiZAqY5jx7qbgtScCZwU3ERhDGwEA+wYGkKAqptmt09oxSh96kfSvFDTTP27kUKg1DjwzGQAeqiWvan4n9dJtH/ZTXkYJxpDNgvyE0F1RKdF0D6XyLQYGwJMcnMrZUOQwLSpayFl+rdUvppUqIBYAMMqdbNAJtPbScEU5izXs0qaZ1XHrjp35+Xa1by6PDkmJ+SUOOSC1MgNqZMGYeSJPJMX8mq9We/Wh/U5G81Z850jsgDr+xe0K6Wx</latexit><latexit sha1_base64="XKgiuga0v/IFCz72JT/U93sGKQY=">AAACJ3icbVC7SgNBFJ2NrxhfMZY2gyFgFXZF0MIiYGNhEcE8IBvC3cndZMjsw5lZMSz5FVv1a+xES39EnGxSmMQDA4dz7p1zOV4suNK2/WXl1tY3Nrfy24Wd3b39g+JhqamiRDJssEhEsu2BQsFDbGiuBbZjiRB4Alve6Hrqtx5RKh6F93ocYzeAQch9zkAbqVcsuRqSHlBX4APNuNMrlu2qnYGuEmdOymSOeq/44/YjlgQYaiZAqY5jx7qbgtScCZwU3ERhDGwEA+wYGkKAqptmt09oxSh96kfSvFDTTP27kUKg1DjwzGQAeqiWvan4n9dJtH/ZTXkYJxpDNgvyE0F1RKdF0D6XyLQYGwJMcnMrZUOQwLSpayFl+rdUvppUqIBYAMMqdbNAJtPbScEU5izXs0qaZ1XHrjp35+Xa1by6PDkmJ+SUOOSC1MgNqZMGYeSJPJMX8mq9We/Wh/U5G81Z850jsgDr+xe0K6Wx</latexit><latexit sha1_base64="XKgiuga0v/IFCz72JT/U93sGKQY=">AAACJ3icbVC7SgNBFJ2NrxhfMZY2gyFgFXZF0MIiYGNhEcE8IBvC3cndZMjsw5lZMSz5FVv1a+xES39EnGxSmMQDA4dz7p1zOV4suNK2/WXl1tY3Nrfy24Wd3b39g+JhqamiRDJssEhEsu2BQsFDbGiuBbZjiRB4Alve6Hrqtx5RKh6F93ocYzeAQch9zkAbqVcsuRqSHlBX4APNuNMrlu2qnYGuEmdOymSOeq/44/YjlgQYaiZAqY5jx7qbgtScCZwU3ERhDGwEA+wYGkKAqptmt09oxSh96kfSvFDTTP27kUKg1DjwzGQAeqiWvan4n9dJtH/ZTXkYJxpDNgvyE0F1RKdF0D6XyLQYGwJMcnMrZUOQwLSpayFl+rdUvppUqIBYAMMqdbNAJtPbScEU5izXs0qaZ1XHrjp35+Xa1by6PDkmJ+SUOOSC1MgNqZMGYeSJPJMX8mq9We/Wh/U5G81Z850jsgDr+xe0K6Wx</latexit>

⌧a < 0
<latexit sha1_base64="0cdlP4SW9CBROzoHXxlXJOYxIUI=">AAACHXicbVDLSsNAFJ34rPVVdelmsBRclUQEXXRRcOPCRQX7wCaUm+mkHTqZhJmJUEL/wq36Ne7Erfgz4iTNwrYeGDic+zh3jh9zprRtf1tr6xubW9ulnfLu3v7BYeXouKOiRBLaJhGPZM8HRTkTtK2Z5rQXSwqhz2nXn9xk9e4TlYpF4kFPY+qFMBIsYAS0kR5dDckAcAPbg0rVrts58CpxClJFBVqDyo87jEgSUqEJB6X6jh1rLwWpGeF0VnYTRWMgExjRvqECQqq8NL94hmtGGeIgkuYJjXP170QKoVLT0DedIeixWq5l4n+1fqKDay9lIk40FWRuFCQc6whn38dDJinRfGoIEMnMrZiMQQLRJqQFl2y3VIGa1TCHmAOhdezmhkSmd7OyCcxZjmeVdC7qjl137i+rzUYRXQmdojN0jhx0hZroFrVQGxEk0DN6Qa/Wm/VufVif89Y1q5g5QQuwvn4BJZGhyA==</latexit><latexit sha1_base64="0cdlP4SW9CBROzoHXxlXJOYxIUI=">AAACHXicbVDLSsNAFJ34rPVVdelmsBRclUQEXXRRcOPCRQX7wCaUm+mkHTqZhJmJUEL/wq36Ne7Erfgz4iTNwrYeGDic+zh3jh9zprRtf1tr6xubW9ulnfLu3v7BYeXouKOiRBLaJhGPZM8HRTkTtK2Z5rQXSwqhz2nXn9xk9e4TlYpF4kFPY+qFMBIsYAS0kR5dDckAcAPbg0rVrts58CpxClJFBVqDyo87jEgSUqEJB6X6jh1rLwWpGeF0VnYTRWMgExjRvqECQqq8NL94hmtGGeIgkuYJjXP170QKoVLT0DedIeixWq5l4n+1fqKDay9lIk40FWRuFCQc6whn38dDJinRfGoIEMnMrZiMQQLRJqQFl2y3VIGa1TCHmAOhdezmhkSmd7OyCcxZjmeVdC7qjl137i+rzUYRXQmdojN0jhx0hZroFrVQGxEk0DN6Qa/Wm/VufVif89Y1q5g5QQuwvn4BJZGhyA==</latexit><latexit sha1_base64="0cdlP4SW9CBROzoHXxlXJOYxIUI=">AAACHXicbVDLSsNAFJ34rPVVdelmsBRclUQEXXRRcOPCRQX7wCaUm+mkHTqZhJmJUEL/wq36Ne7Erfgz4iTNwrYeGDic+zh3jh9zprRtf1tr6xubW9ulnfLu3v7BYeXouKOiRBLaJhGPZM8HRTkTtK2Z5rQXSwqhz2nXn9xk9e4TlYpF4kFPY+qFMBIsYAS0kR5dDckAcAPbg0rVrts58CpxClJFBVqDyo87jEgSUqEJB6X6jh1rLwWpGeF0VnYTRWMgExjRvqECQqq8NL94hmtGGeIgkuYJjXP170QKoVLT0DedIeixWq5l4n+1fqKDay9lIk40FWRuFCQc6whn38dDJinRfGoIEMnMrZiMQQLRJqQFl2y3VIGa1TCHmAOhdezmhkSmd7OyCcxZjmeVdC7qjl137i+rzUYRXQmdojN0jhx0hZroFrVQGxEk0DN6Qa/Wm/VufVif89Y1q5g5QQuwvn4BJZGhyA==</latexit><latexit sha1_base64="0cdlP4SW9CBROzoHXxlXJOYxIUI=">AAACHXicbVDLSsNAFJ34rPVVdelmsBRclUQEXXRRcOPCRQX7wCaUm+mkHTqZhJmJUEL/wq36Ne7Erfgz4iTNwrYeGDic+zh3jh9zprRtf1tr6xubW9ulnfLu3v7BYeXouKOiRBLaJhGPZM8HRTkTtK2Z5rQXSwqhz2nXn9xk9e4TlYpF4kFPY+qFMBIsYAS0kR5dDckAcAPbg0rVrts58CpxClJFBVqDyo87jEgSUqEJB6X6jh1rLwWpGeF0VnYTRWMgExjRvqECQqq8NL94hmtGGeIgkuYJjXP170QKoVLT0DedIeixWq5l4n+1fqKDay9lIk40FWRuFCQc6whn38dDJinRfGoIEMnMrZiMQQLRJqQFl2y3VIGa1TCHmAOhdezmhkSmd7OyCcxZjmeVdC7qjl137i+rzUYRXQmdojN0jhx0hZroFrVQGxEk0DN6Qa/Wm/VufVif89Y1q5g5QQuwvn4BJZGhyA==</latexit>

: Overshoot

: Overdamped response with no overshoot

: Inverse response (the initial response is the opposite 
direction to the final response

⌧1 > ⌧2
<latexit sha1_base64="jLifl2Gt5psWayHDRVV2tjXZJ4A=">AAACJHicbVDLSsNAFJ3UV62PRl26GSwFVyUpgi5ECm5cuKhgH9CEcjOdtEMnD2YmQgn9Erfq17gTF278FHGSZmFbDwwczrl3zuV4MWdSWdaXUdrY3NreKe9W9vYPDqvm0XFXRokgtEMiHom+B5JyFtKOYorTfiwoBB6nPW96m/m9Jyoki8JHNYupG8A4ZD4joLQ0NKuOgmRo4xuck+bQrFkNKwdeJ3ZBaqhAe2j+OKOIJAENFeEg5cC2YuWmIBQjnM4rTiJpDGQKYzrQNISASjfND5/julZG2I+EfqHCufp3I4VAylng6ckA1ESuepn4nzdIlH/lpiyME0VDsgjyE45VhLMW8IgJShSfaQJEMH0rJhMQQJTuaikl+1tIX87rmEPMgdAGdvJAItL7eUUXZq/Ws066zYZtNeyHi1rruqiujE7RGTpHNrpELXSH2qiDCErQM3pBr8ab8W58GJ+L0ZJR7JygJRjfv42UpAQ=</latexit><latexit sha1_base64="jLifl2Gt5psWayHDRVV2tjXZJ4A=">AAACJHicbVDLSsNAFJ3UV62PRl26GSwFVyUpgi5ECm5cuKhgH9CEcjOdtEMnD2YmQgn9Erfq17gTF278FHGSZmFbDwwczrl3zuV4MWdSWdaXUdrY3NreKe9W9vYPDqvm0XFXRokgtEMiHom+B5JyFtKOYorTfiwoBB6nPW96m/m9Jyoki8JHNYupG8A4ZD4joLQ0NKuOgmRo4xuck+bQrFkNKwdeJ3ZBaqhAe2j+OKOIJAENFeEg5cC2YuWmIBQjnM4rTiJpDGQKYzrQNISASjfND5/julZG2I+EfqHCufp3I4VAylng6ckA1ESuepn4nzdIlH/lpiyME0VDsgjyE45VhLMW8IgJShSfaQJEMH0rJhMQQJTuaikl+1tIX87rmEPMgdAGdvJAItL7eUUXZq/Ws066zYZtNeyHi1rruqiujE7RGTpHNrpELXSH2qiDCErQM3pBr8ab8W58GJ+L0ZJR7JygJRjfv42UpAQ=</latexit><latexit sha1_base64="jLifl2Gt5psWayHDRVV2tjXZJ4A=">AAACJHicbVDLSsNAFJ3UV62PRl26GSwFVyUpgi5ECm5cuKhgH9CEcjOdtEMnD2YmQgn9Erfq17gTF278FHGSZmFbDwwczrl3zuV4MWdSWdaXUdrY3NreKe9W9vYPDqvm0XFXRokgtEMiHom+B5JyFtKOYorTfiwoBB6nPW96m/m9Jyoki8JHNYupG8A4ZD4joLQ0NKuOgmRo4xuck+bQrFkNKwdeJ3ZBaqhAe2j+OKOIJAENFeEg5cC2YuWmIBQjnM4rTiJpDGQKYzrQNISASjfND5/julZG2I+EfqHCufp3I4VAylng6ckA1ESuepn4nzdIlH/lpiyME0VDsgjyE45VhLMW8IgJShSfaQJEMH0rJhMQQJTuaikl+1tIX87rmEPMgdAGdvJAItL7eUUXZq/Ws066zYZtNeyHi1rruqiujE7RGTpHNrpELXSH2qiDCErQM3pBr8ab8W58GJ+L0ZJR7JygJRjfv42UpAQ=</latexit><latexit sha1_base64="jLifl2Gt5psWayHDRVV2tjXZJ4A=">AAACJHicbVDLSsNAFJ3UV62PRl26GSwFVyUpgi5ECm5cuKhgH9CEcjOdtEMnD2YmQgn9Erfq17gTF278FHGSZmFbDwwczrl3zuV4MWdSWdaXUdrY3NreKe9W9vYPDqvm0XFXRokgtEMiHom+B5JyFtKOYorTfiwoBB6nPW96m/m9Jyoki8JHNYupG8A4ZD4joLQ0NKuOgmRo4xuck+bQrFkNKwdeJ3ZBaqhAe2j+OKOIJAENFeEg5cC2YuWmIBQjnM4rTiJpDGQKYzrQNISASjfND5/julZG2I+EfqHCufp3I4VAylng6ckA1ESuepn4nzdIlH/lpiyME0VDsgjyE45VhLMW8IgJShSfaQJEMH0rJhMQQJTuaikl+1tIX87rmEPMgdAGdvJAItL7eUUXZq/Ws066zYZtNeyHi1rruqiujE7RGTpHNrpELXSH2qiDCErQM3pBr8ab8W58GJ+L0ZJR7JygJRjfv42UpAQ=</latexit>
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Example Scenario?
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Two first-order effects in parallel:

+

+u

k1
τ1s+1

k2
τ2s+1

y

Y (s)

U(s)
=

k1
⌧1s+ 1

+
k2

⌧2s+ 1
=

(k1 + k2)
⇣

⌧2k1+⌧1k2
k1+k2

s+ 1
⌘

(⌧1s+ 1)(⌧2s+ 1)
<latexit sha1_base64="Th6GVpJvW6sbw3bG5SqwEaasn60="></latexit><latexit sha1_base64="Th6GVpJvW6sbw3bG5SqwEaasn60="></latexit><latexit sha1_base64="Th6GVpJvW6sbw3bG5SqwEaasn60="></latexit><latexit sha1_base64="Th6GVpJvW6sbw3bG5SqwEaasn60="></latexit>
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Transport Delays

30

v
CAi

v
CA

Plug flow

L
C’Ai C’Ai

θ

C 0
A(t) = C 0

Ai(t� ✓)
L! C 0

A(s) = e�✓sC 0
Ai(s)

<latexit sha1_base64="tHLCj1+7cnh1NmwYh5oxfF9LHYU="></latexit><latexit sha1_base64="tHLCj1+7cnh1NmwYh5oxfF9LHYU="></latexit><latexit sha1_base64="tHLCj1+7cnh1NmwYh5oxfF9LHYU="></latexit><latexit sha1_base64="tHLCj1+7cnh1NmwYh5oxfF9LHYU="></latexit>

✓ =
L

v
<latexit sha1_base64="q2xixOa48NUSLfozjupuIkw82Ic=">AAACKXicbZDJSgNBEIZ74h63uNy8NAbBU5gRQS9CwIsHDxFMImRCqOnUmCY9C901QhzmXbyqT+NNvfoeYmc5uP3Q8PNXVVfxBamShlz3zSnNzS8sLi2vlFfX1jc2K1vbLZNkWmBTJCrRNwEYVDLGJklSeJNqhChQ2A6G5+N6+w61kUl8TaMUuxHcxjKUAshGvcquTwMk4GfcDzWI/LLI74peperW3In4X+PNTJXN1OhVPv1+IrIIYxIKjOl4bkrdHDRJobAo+5nBFMQQbrFjbQwRmm4+ub7gBzbp8zDR9sXEJ+n3iRwiY0ZRYDsjoIH5XRuH/9U6GYWn3VzGaUYYi+miMFOcEj5GwftSoyA1sgaElvZWLgZgKZAF9mPL+G9tQlMccAWpAoE17k8WCm2RlS0w7zeev6Z1VPPcmnd1XK3XZ+iW2R7bZ4fMYyeszi5YgzWZYPfsgT2yJ+fZeXFenfdpa8mZzeywH3I+vgDwMabo</latexit><latexit sha1_base64="q2xixOa48NUSLfozjupuIkw82Ic=">AAACKXicbZDJSgNBEIZ74h63uNy8NAbBU5gRQS9CwIsHDxFMImRCqOnUmCY9C901QhzmXbyqT+NNvfoeYmc5uP3Q8PNXVVfxBamShlz3zSnNzS8sLi2vlFfX1jc2K1vbLZNkWmBTJCrRNwEYVDLGJklSeJNqhChQ2A6G5+N6+w61kUl8TaMUuxHcxjKUAshGvcquTwMk4GfcDzWI/LLI74peperW3In4X+PNTJXN1OhVPv1+IrIIYxIKjOl4bkrdHDRJobAo+5nBFMQQbrFjbQwRmm4+ub7gBzbp8zDR9sXEJ+n3iRwiY0ZRYDsjoIH5XRuH/9U6GYWn3VzGaUYYi+miMFOcEj5GwftSoyA1sgaElvZWLgZgKZAF9mPL+G9tQlMccAWpAoE17k8WCm2RlS0w7zeev6Z1VPPcmnd1XK3XZ+iW2R7bZ4fMYyeszi5YgzWZYPfsgT2yJ+fZeXFenfdpa8mZzeywH3I+vgDwMabo</latexit><latexit sha1_base64="q2xixOa48NUSLfozjupuIkw82Ic=">AAACKXicbZDJSgNBEIZ74h63uNy8NAbBU5gRQS9CwIsHDxFMImRCqOnUmCY9C901QhzmXbyqT+NNvfoeYmc5uP3Q8PNXVVfxBamShlz3zSnNzS8sLi2vlFfX1jc2K1vbLZNkWmBTJCrRNwEYVDLGJklSeJNqhChQ2A6G5+N6+w61kUl8TaMUuxHcxjKUAshGvcquTwMk4GfcDzWI/LLI74peperW3In4X+PNTJXN1OhVPv1+IrIIYxIKjOl4bkrdHDRJobAo+5nBFMQQbrFjbQwRmm4+ub7gBzbp8zDR9sXEJ+n3iRwiY0ZRYDsjoIH5XRuH/9U6GYWn3VzGaUYYi+miMFOcEj5GwftSoyA1sgaElvZWLgZgKZAF9mPL+G9tQlMccAWpAoE17k8WCm2RlS0w7zeev6Z1VPPcmnd1XK3XZ+iW2R7bZ4fMYyeszi5YgzWZYPfsgT2yJ+fZeXFenfdpa8mZzeywH3I+vgDwMabo</latexit><latexit sha1_base64="q2xixOa48NUSLfozjupuIkw82Ic=">AAACKXicbZDJSgNBEIZ74h63uNy8NAbBU5gRQS9CwIsHDxFMImRCqOnUmCY9C901QhzmXbyqT+NNvfoeYmc5uP3Q8PNXVVfxBamShlz3zSnNzS8sLi2vlFfX1jc2K1vbLZNkWmBTJCrRNwEYVDLGJklSeJNqhChQ2A6G5+N6+w61kUl8TaMUuxHcxjKUAshGvcquTwMk4GfcDzWI/LLI74peperW3In4X+PNTJXN1OhVPv1+IrIIYxIKjOl4bkrdHDRJobAo+5nBFMQQbrFjbQwRmm4+ub7gBzbp8zDR9sXEJ+n3iRwiY0ZRYDsjoIH5XRuH/9U6GYWn3VzGaUYYi+miMFOcEj5GwftSoyA1sgaElvZWLgZgKZAF9mPL+G9tQlMccAWpAoE17k8WCm2RlS0w7zeev6Z1VPPcmnd1XK3XZ+iW2R7bZ4fMYyeszi5YgzWZYPfsgT2yJ+fZeXFenfdpa8mZzeywH3I+vgDwMabo</latexit>

: dead time or transport delay
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FOPTD System
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q
CAi

v
CA0

L

V

q
CA

C 0
A(s) =

K

⌧s+ 1
C 0

A0(s), C 0
A0(s) = e�✓sC 0

Ai(s)
<latexit sha1_base64="vK8mWJSmkSSG5SzV1XSjBLK8UMY="></latexit><latexit sha1_base64="vK8mWJSmkSSG5SzV1XSjBLK8UMY="></latexit><latexit sha1_base64="vK8mWJSmkSSG5SzV1XSjBLK8UMY="></latexit><latexit sha1_base64="vK8mWJSmkSSG5SzV1XSjBLK8UMY="></latexit>

C 0
A(s) =

K

⌧s+ 1
e�✓sC 0

Ai(s), K = 1, ⌧ =
V

q
, ✓ =

A · L
q

<latexit sha1_base64="ryAu1UxGMU/51uyZ9OccVd7T9Qc="></latexit><latexit sha1_base64="ryAu1UxGMU/51uyZ9OccVd7T9Qc="></latexit><latexit sha1_base64="ryAu1UxGMU/51uyZ9OccVd7T9Qc="></latexit><latexit sha1_base64="ryAu1UxGMU/51uyZ9OccVd7T9Qc="></latexit>
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Approximating a High-Order System with a Delay

32

CA0(t), q

CA1(t), q CA(n-1)(t), q CAn(t), q

C 0
A(i+1)(s) =

1

⌧s+ 1
C 0

Ai(s) ) C 0
An(s) =

1

(⌧s+ 1)n
C 0

A0(s)
<latexit sha1_base64="37mIcEtafCTNIs9ORpfyu3kg20M="></latexit><latexit sha1_base64="37mIcEtafCTNIs9ORpfyu3kg20M="></latexit><latexit sha1_base64="37mIcEtafCTNIs9ORpfyu3kg20M="></latexit><latexit sha1_base64="37mIcEtafCTNIs9ORpfyu3kg20M="></latexit>

⇡ e�(n⌧)sC 0
A0(s) (for large n)

<latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit><latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit><latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit><latexit sha1_base64="w2BQrGkYzK5J9jNKmwL+2e1sXsI=">AAACBXicbVDLSsNAFJ34rLFqXbsZLAVXIXGjS8GNCxcV7APaUG4mN+3QyYOZiVBCfsCtfo078Sv8GXGSdmFbDwwczpm5584JMsGVdt1va2d3b//gsHFkHzftk9OzVrOv0lwy7LFUpHIYgELBE+xprgUOM4kQBwIHwfy+8gcvKBVPk2e9yNCPYZrwiDPQRupOWm3XcWvQbeKtSJusMGn9jMOU5TEmmglQauS5mfYLkJozgaU9zhVmwOYwxZGhCcSo/KJes6Qdo4Q0SqU5iaa1+vdFAbFSizgwN2PQM7XpVeJ/3ijX0a1f8CTLNSZsGRTlguqUVn+mIZfItFgYAkxysytlM5DAtGlmLaWaLVWkyg4VkAlg6NBxHchk8Vjapi9vs51t0r92PNfxnlzSIBfkklwRj9yQO/JAuqRHGAnJK3mz3q0P63PZ6461KvicrMH6+gWujJvq</latexit><latexit sha1_base64="Rz0PaeMyeMK2YDZqFkN8+XnyeTo="></latexit><latexit sha1_base64="Rz0PaeMyeMK2YDZqFkN8+XnyeTo="></latexit><latexit sha1_base64="Pg/t4eTUokTUQ4zjbHlQJBcabNg="></latexit><latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit><latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit><latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit><latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit><latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit><latexit sha1_base64="7bO21ay4AEVsUrwhUT8M1HpUVZM="></latexit>

Note: ex ⇡ 1 + x, ⌧ = V/q
<latexit sha1_base64="jGL7NdcGi6eNLEBfBD1TzJteQ/I="></latexit><latexit sha1_base64="jGL7NdcGi6eNLEBfBD1TzJteQ/I="></latexit><latexit sha1_base64="jGL7NdcGi6eNLEBfBD1TzJteQ/I="></latexit><latexit sha1_base64="jGL7NdcGi6eNLEBfBD1TzJteQ/I="></latexit>



© J.M. Lee

Approximating High-Order Systems with 1st or 
2nd Order Plus Delay

33

Most chemical processes are of very high-order dynamics due 
to imperfect mixing, wall effect, flow dynamics, etc.

G(s) =
K

(⌧1s+ 1)(⌧2s+ 1)(⌧3s+ 1) · · · (⌧ns+ 1)
<latexit sha1_base64="Fc9uZCSB6f4wwzaV8K9z+dkBP7Q="></latexit><latexit sha1_base64="Fc9uZCSB6f4wwzaV8K9z+dkBP7Q="></latexit><latexit sha1_base64="Fc9uZCSB6f4wwzaV8K9z+dkBP7Q="></latexit><latexit sha1_base64="Fc9uZCSB6f4wwzaV8K9z+dkBP7Q="></latexit>

Suppose 𝛕1 is a single dominant time constant: ⌧1 >> ⌧2, · · · , ⌧n
<latexit sha1_base64="l4H+w6i5dVFD+ee8Kc0JCA8uKBo="></latexit><latexit sha1_base64="l4H+w6i5dVFD+ee8Kc0JCA8uKBo="></latexit><latexit sha1_base64="l4H+w6i5dVFD+ee8Kc0JCA8uKBo="></latexit><latexit sha1_base64="l4H+w6i5dVFD+ee8Kc0JCA8uKBo="></latexit>

G(s) ⇡ K

⌧1s+ 1
e�✓s, ✓ = ⌧2 + · · ·+ ⌧n

<latexit sha1_base64="2ov8v/pYy85n6lyMPGL1fZDAMLs="></latexit><latexit sha1_base64="2ov8v/pYy85n6lyMPGL1fZDAMLs="></latexit><latexit sha1_base64="2ov8v/pYy85n6lyMPGL1fZDAMLs="></latexit><latexit sha1_base64="2ov8v/pYy85n6lyMPGL1fZDAMLs="></latexit>

Suppose a case of two dominant time constants:
⌧1, ⌧2 >> ⌧3, · · · , ⌧n

<latexit sha1_base64="GN3MXRzToClqbZipqdPagmzQN20="></latexit><latexit sha1_base64="GN3MXRzToClqbZipqdPagmzQN20="></latexit><latexit sha1_base64="GN3MXRzToClqbZipqdPagmzQN20="></latexit><latexit sha1_base64="GN3MXRzToClqbZipqdPagmzQN20="></latexit>

G(s) ⇡ K

(⌧1s+ 1)(⌧2s+ 1)
e�✓s, ✓ = ⌧3 + · · ·+ ⌧n

<latexit sha1_base64="Z1qa8jyT8irYlFrcV2FfQysYFe8="></latexit><latexit sha1_base64="Z1qa8jyT8irYlFrcV2FfQysYFe8="></latexit><latexit sha1_base64="Z1qa8jyT8irYlFrcV2FfQysYFe8="></latexit><latexit sha1_base64="Z1qa8jyT8irYlFrcV2FfQysYFe8="></latexit>
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Development of Empirical Models from Process Data

• In some situations, it is not feasible to develop a 
theoretical (first-principles) model due to:


- Lack of information 


- Model complexity


- Engineering effort required


• An attractive alternative: Develop an empirical 
dynamic model from input-output data


- Advantage: Less effort is required


- Disadvantage: The model is only valid (at best) for the range of 
data used in its development


- Empirical models usually don’t extrapolate very well
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Fitting First-Order/Second-Order Model 
using Step Tests

• Simple TF models can be obtained graphically from 
step response data


• Process reaction curve: a plot of the output response 
of a process to a step change input


• If the process of interest can be approximated by a 
first- or second-order linear model, the model 
parameters can be obtained by inspection of the 
process reaction curve
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First-Order Plus Time Delay Model

• For this FOPTD model we note the following 
characteristics of its step response:


- The response attains 63.2% of its final response at time, t = 𝜏 + 𝜽


- The line drawn tangent to the response at maximum slope (t = 𝜽) 
intersects the y/KM = 1 line at t = 𝜏 + 𝜽


- The step response is essentially completed at t = 5𝜏. In other 
words, the settling time is ts = 5𝜏
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