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Laplace Equations — Spherical Coordinates
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Starting from SoV for Spherical Coordinates
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The Radial Equation
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R dr
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The Angular Equation
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Separation of Variables: Y (6,¢) = P(0)Q(p) ﬂ X@
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The Angular Equation

d’ .
d¢?+m2Q=0 ) [Q=e™ (m=0, £1, +2, ..)

sin Hi(sin Hd—Pj+[I(I +1)sin’ 0—m2] P=0
dé dé

O%:—sin@% X =C0sé
d°P dP m?
1-x° —2X—+| (1 +1) - P=0
( )dx2 dx {( ) 1—x2}
l P = P(x) = P(cos®), —~1<x<1from0<@<x

P(x): The Associated Legendre Functions
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Interim Summary 1

2
%i(r2£j+ 21_ g (sin@ 6j+ - _12 82 V =0
reor or) resiné o6 00 ) r°sin“6op

V(r,0,9) =R(r)Y (6, ) = R(r)P(cos 0)Q(p)

The Radial Equation
R(r)=c¢r'+dr'* Q(p)=e™ (m=0, 1, +2, ..)

P(x): The Associated Legendre Functions

d°P dP m’
1-x° —2x—+| 1(1+1) - P=0
( )dx2 dx {( ) 1—x2}

P=P(x)=P(cosd), -1<x<1from0<f<r
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The Associated Legendre Functions

P(x): The Associated Legendre Functions

2 . (M=0, £1, +2, .)
(1—x2)(3j f—zxz—P{l(lﬂ)— m 2}P=0
X

X 1-x We’d like to remove this denominator

P=P(x)=P(cosf), -1<x<lfrom0<f<r

P(x) = (1— x2)n v(X) _
P(x) = (1— x2)2 v(x)

(L—x*)V"=2(m+1)xv'+ [| (I+1) —m(m +1)]v =0 when n = m/2
v->v, m->m+l @ Differentiating
@-x*)(v')"=2[(m+D) +1]x(v)+[I(1 +1) - (M +)(m+1+1)](v')=0
” @ Differentiating
v->v’, m->m+2

@-x*)(v")"=2[(m+2) +1]x(v")+[I(1 +1) = (Mm+2)(m+2+1)](v") =0

i
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The Associated Legendre Functions

/ @-x*)v"=2(m+)xv'+[I(1 +1) - m(m+1)]v=0 whenn=m/2\
V>V’ m->m+l @Differentiating
@-x*)(v)"=2[(m+D) +1]x(v)+[10 +1) - (m+L)(m+1+1)](v')=0

V-> V" m->m+2 @ Differentiating
k(l_ x2)(v")"=2[(m+2) +1]x(v")+[I(1 +1) —-(m+2)(m+2+1)|(v")=0

/

If we know the solutionv=P,form=0 L d 2p dpP m?
1-x*)P "=2xP +1(1+1)P =0 (1-x7) e —2X&+{l(l+l)—1_X2}P=0
V‘mﬂ zﬁ @D/fferentlatmg o __
X[ == [P =R = (k) &
47p @ ifferentiating dx dx
V[mo = dxz' (m=0, +1, +2, ..)
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Interim Summary 2

2
%2(r22j+ 21_ 2 (sin@ 2 j+ - _12 82 V =0
reor or) resiné o6 00 ) r°sin“6op
V(r.0,¢) =R(r)Y (6,¢) =R(r)R"(cos 0)Q, (¢)

The Radial Equationt t

R(r)=cr' +dr"* Q. (p)=¢" (m=0, +£1, +2, ..)
P/(x): The Associated Legendre Functions pm (X) . (1_ X2 )2 d mPI
| —
dx™
2pm m 2
o Yook S v S 7 P\ L (L N
dx dx 1-X Legendre’s Equation
P"=P™(x)=P"(cosf), -1<x<1from0<O<z (1-x2) d*P —2X£+|(I +1)P =0
X2 dx !

SEOUL NATIONAL UNIVERSITY

i
Pt
QITLUX ‘[‘-J_‘}'/;' i ’
JEZLY Dept. of Electrical and Computer Engineering 10 Intelligent Wave Systems Laboraccry




The Legendre Functions

Legendre’s Equation Remember that ...

> a u(n) om N
(1_)(2)0:j Ij. —2x?+l(l+1)l3, 0 v =R(Y (0,9) === R"(cos0)Q, (¢)
X X

R™(x) = R"(cos 9) :(l—xz)E (:jx”I? )

- k
@ Plzzakx \—1£x§1from0£9£ﬂ Y,
Homework or Exam k=0

koo = (I+k+DI=k) a, We need to obtain the
(k+D(k+2) convergence for |x| €1

Convergence for | x| <1 l

P_a {1_ 1(1+1) 2y [(1+2)(1 -2)(1+3) o [+ -2)(1+3)(1 -4)(1 +5) . +}

21 41 6!
N a{x_ (I-D(+2) 3 (I-D{+2)(1-3)(1+4) 5 _ (1-D{+2)(1-3)(1+4)(1-5)(1+6) o +}
3! 5! 7!
To obtain the convergence at | x| = 1: Integer value of |
=0 =1 =2 =3
P =1 P =x P :3(3x2—1) P =1(5x3—3x)
0 1 2 2 3 2

Legendre Polynomial
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Restrictionson/and m

P_a {1_ I(I2+I1) 2y (1 +2)( ;'2)(I +3) o [(1+2)(1—-2)(1 gIS)(I —4)(1+5) . +}
N a{x— { —1)3(!I +2) G -+ 2)5(!I -3)(1 +4) & (-1 +2)I —3)7(!I +4)(1-5)(1 +6) o +}

I is set to be a nonnegative integer

1=3 P3=%(5x3—3x)
|=2 PZ:%(?;xz—l)
1=1 R =X

1=0 R =1

l|=-1 P,=1=P,
|=-2 P,=x=R

m=0, 1, £2, ..., £l

(m=0, £1, £2, ..)

4

R"(x)=R"(cos0) =(1-X°)

N3
o
3
)

dx™ "’
-1<x<1from0<@<r

4

R™(x) =0 for |m|> 1

SR dp[ Jpzo R" () =< B ()

N
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Solution Summary

1 0( 20 1 o(. .0 1 0°
r’— |+——= Sinf— |+—5———— V=0
2or\ or) r%sing a6 00 ) r°sin“6op

V(.0,0) =3 3 R (R (056)Q, (0)

The Radial Equation t /| =0, }

Rm(r):Cmrl+dmr—l—1 Q (¢):eim§0 \mZO, ey + |
I | | m

P/™(x): The Associated Legendre Functions le(x) _ (1 2)2 c(lj P
m m 2 X"
(1_X)d il —2X d + 1(1+1) - i 2 I:)|m:0|| >t
dx" dx 1-X Legendre’s Equatlon
m _ m . 2
=PR"(x)=PR™(cosh), —1<x<1from0<O<7 (1—X2)d P oy Z—P+|(|+1)P
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Legendre Polynomials
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Associated Legendre Polynomials: m=0

1.0
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Associated Legendre Polynomials: m=1

3 ? ? : ! !

Sl — e — pa
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Associated Legendre Polynomials: m =2
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Spherical Harmonics — Basis for Angular Responses

YIm (01 (P) — CIm le (COS Q)Qm (qp) — Clmeim(p le (COS 6)
Let’s consider the integral:

IOZE _[0” [Yl'ml(ei (D)T [Y.m (0, qo)}sin 6dade

J, [} [eine" BT (c056) ] [G,e™ R (cos6) Jsin odady
2r

=C..C. | e <”e”“<”dgo_f”HT“'(COSH)Rm(cose)sin ado

0

= ¢ Cpn (275, j P™ (x)P™ (x)dx

Because of 6,._, we just need to estimate

m’'m?

[ R (OR" ()dx
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Spherical Harmonics — Basis for Angular Responses

Proof for Orthogonality j_llP,T“(x)le(x)dx

d*p™ dP"™ m? d?pr dpP" m?
1—x? L _ox—! (1 +1)— P™ =0 1—x? I _ox—! 1'(1'+1) — P™=0
( ) dx? dx j{(+) 1—x2} ! ( ) dx? dx J{ (=D 1—x2} !
m m 2
|:(1 X)dP j| |: m :|P|m:O C(Ij |:(1 X)dP :| |:|'(|'+1)—1TX2:|PITT]:O

d{ } { m? :|P|mplm:0 {(1 x)dpm} {I'(I'+1)— mZZ}P,T“Plr”:O
d 1-X

/

d dP™ d[ . . dR" o omon
'dx{(l_ )dx} 'dx{(l " }+[I(I+1) I'(I'+1)|R"R™ =0
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Spherical Harmonics — Basis for Angular Responses

d dPIm_mi _ZdF’l.m g nom
R dx{(l— )dx} R dX{(l X°) d)(}+[I(I+1) I'(I+D)]P"R™ =0
2

=—[10+D) 17 '+1)]_[_1P,T“P,mdx

de dR”
I - 0

[10+2)-1'0+D] [ R"R™dx =0

(1-1)(1+1+1)[ R"R"dx=0 E5) |[ A"R"dx=0 when I I

F§jp% SEOUL NATIONAL UNIVERSITY
@lZL¥ Dept. of Electrical and Computer Engineering

20 Intelligent Wave Systems Laboratcry



Spherical Harmonics — Basis for Angular Responses

We’'ll skip the derivation of normalization constant...

I

J‘l‘le(X)‘ZdX: 2 (I+m)!

= 21 +1 (I—m)!
A (I +m)!

'[02” jo” 7R (cos 9)]* | €"™P"(cos ) |sinddddep =

2141 (1—m)t ™™

Spherical Harmonics

V" (0,0) = (-1)" J o (R cos0)e™
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Spherical Harmonics — Re[Y,"]?

o I
. m
1=0 £0.9)=2.>. ¢,.Y,"(6,9)
=0 m=-I
1=1 z C
- &
+
ZY|m(91¢7)
1=3 } ,< )( D
, .
m=0 m=1 m=2 m=3
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Spherical Harmonics — | Y,"|?

o0 |

1=0 f(0,0)=).> c.Y,"(0.9)

1=0 m=-I

? 3
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ZY|m 0,9)

m=20 m=1 m=2 m=3
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Understanding Higher-Order States

| for 6

Indicator

+

r%r ZYlm @,9)

i 3§ 8 =
>
m for ¢
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Summary

« SoV for Different Coordinate Systems
- Cartesian Coordinates

— Cylindrical Coordinates — Bessel Functions

- Spherical Coordinates — Legendre Functions & Spherical Harmonics

o [f you're familiar with special functions, you'll get more and more
chances in understanding high-level physics (Q.M., EM, Solid-state
physics, ...) and in getting academic achievements!
=>» Easy problems were already solved!
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Laplace’s Equation & Poisson’s Equation

Introduction to Electromagnetism with Practice
Theory & Applications

Sunkyu Yu
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Laplace Equations — Spherical Coordinates
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Example 018

* Assume that the spherical conducting shell
(radius ry) is charged to a potential V,,. Then,
calculate the difference in the surface charge

density inside and outside the shell. y e)
0

V(r6,0)=3 Y RN (0s0)Q, (7) = Y Y R (MY, (6. )

o0
1=0 m=—1 1=0 m=—1

R™(r)=¢"r' +dr "

|.  Prohibiting the singularity (except for a special case: e.g. exactly at charges)
Il. An electric potential is continuous

To prohibit the singularities at r=0 & r —oo:
le(r) = C|mrl (r<nr)
=d"r"" (r>r)

u
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Example 018

* Assume that the spherical conducting shell
(radius ry) is charged to a potential V,,. Then,
calculate the difference in the surface charge

density inside and outside the shell. y
0

V6,0 =3 Y 6" (6,0) (r<r,)

Y YA 00 ()

1=0 m=-I

To achieve the continuity at r = r,

m m 1 m m 1
C| rOI - d I+1 :> C| rOI o A d I,I+1

0 0
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Example 018

* Assume that the spherical conducting shell
(radius ry) is charged to a potential V,,. Then,
calculate the difference in the surface charge
density inside and outside the shell.

Applying B.C.

Vo=V (r=1.0.0)=3 Y A™"(6,0)

1=0 m=-I

)
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Example 018

* Assume that the spherical conducting shell e,
(radius ry) is charged to a potential V,,. Then,
calculate the difference in the surface charge

density inside and outside the shell. y e’
0

V(r,0,p)

1=0 m=-I

iz Am(%j Y," (0, 9) (r<r)

o | 1+1 ©
=3 Am(r—ﬁj Y," (6, 9) (r>r)  Vo=V(=rdp=> > A""09)
—| 1=0 |

m=—

ps—insi e av (r < )
Et — 0, En —_ & En—inside = e * = + 6r .
80 0 r=ry
E R ps—outside - _ oV (r > ro)
n—outside 80 ar -
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Example 018

* Assume that the spherical conducting shell
(radius ry) is charged to a potential V,,. Then,
calculate the difference in the surface charge
density inside and outside the shell.

Vo
ov(r>r,) V(r<r)
Ps_outside — Ps—inside — €0 P + P
r r=r, r r=r,
v e r) 1 oV SN )
AR DA | Y (0.0) (r<p)=—- =22 —AY"0.¢)
or |1= m—i I I or .- 1Somly
\ 0 J
( I I 0 I )
. I -\ m oV 1) nom
=2 2. A (|+1)(—°j (—fj\ﬁ 0,9) (r>n)=— ZZ[ ] A™Y,"(6,9)
1=0 m=—1 r r OF [ps 120 mei )
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Example 018

* Assume that the spherical conducting shell
(radius ry) is charged to a potential V,,. Then,
calculate the difference in the surface charge

density inside and outside the shell. y
0

oV oV e s ' m
:iZ_r_lAmY @, (0)___22/\“*\( @.9)

ps—outside _ps—inside = |: ii Z AmYlm(91¢):| = ii Z AmYlm(elgo)

r-o 1=0 m=-I
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Example 018

* Assume that the spherical conducting shell
(radius ry) is charged to a potential V,,. Then,
calculate the difference in the surface charge
density inside and outside the shell.

£ X my/ m
Ps—outside — Ps—inside — r_OZ Z A1 Y| (‘9’¢)
0 1=0 m=-I
) |
B.C. V,=V(r=r,60¢)= ZAmY|m(9’(0)

E
—_0
Ps_outside — Ps—inside — VO

0
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Example 018

Curvature
* Assume that the spherical conducting shell 1
(radius ry) is charged to a potential V,,. Then, K=
calculate the difference in the surface charge I
density inside and outside the shell.
E V
_ ©o0 _ —_0
ps—outside o ps—inside o _VO En—outside En—inside T
I Iy

Large V,
O Small r,

O . ro
} SEOUL NATIONAL UNIVERSITY
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Poisson’s Equation
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Remind: Laplace & Poisson Equations

Poisson’s Equation: Usually more difficult!

Green Function Method
: More general but complex &
requiring numerical analysis in many cases

Image Method
: Simple solutions for specialized geometries

Laplace’s Equation

1),
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The Method of Images
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Starting from An Example

Potential V(z > 0)? l. Vz=0)=0
+g Il. V(z) > 0 when x? + y? + 22 >> d?
s
d
I 1. Positive charge =2 Emission of a Field
V=0 emTTTIITEEIREIII
Voovoy oy v v

Applying a tricky (or clever) method
considering these conditions?

=>» Remove the conducting plate! 2. Normal Field at the Surface

E =0 E =%
&y

$5;0% SEOUL NATIONAL UNIVERSITY
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Complex to Simple Problems

+q
! PPt TIITEANEIIIIC - -
i d ’I/ ,’/ I,,/ i \\\ \\‘ \\‘
i Yooy by vy
i d \\\ ‘\\\ \\\ E //I /ll' ,,l
! T TRy
—q
I. Wz=0)=0
Il. WV(z) > 0when x? +y? + 22 >> d?
1 1 1
Vixy.2)= g 2 2 2 [z, 2 2
Az, | X2 +y2+(z—d)? X2 +y2+(z+d)

FSJ3s% SEOUL NATIONAL UNIVERSITY
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Complex to Simple Problems

+q
>, aemmmT CIESMNTRII I -l .
: /’ /” ,/ ! S \\\ \\
i d / l/ ’ | N \\\ R
' II ! /, : \\ \ \\
! 1 ! 1 | \ | 1
: : T ! T :
i v vV vy oy v oV M
' 1 | 1 ! 1 1 1
: 1 1 1 : 1 1 1
' |\ ‘\ ‘\ 1 I' ,' ll
: d \ \ \ [} / / 1
. \ \ N 1 " / /
| \\ AN N 1 L’ //
' < \\\ \\ 1 // —’,f ”/
& q Seeaol ::%: ________
1. Positive charge = Emission of a Field
2. Normal Field at the Surface
X X

47, [x2+y2+(z—d)2]3/2 _[x2+y2+(z+d)2]3/2 Atz =0:

E(z=0)=E,(z=0)e,

q y y
Ey=—ey-VV:4 . L2 T, , 302
e [ +y +(z-d)’ [ [X+yP+(z+d) ] __qd 1 3
278, [ X2+ y? +d2 ]
E, =—€,-VV =— 2—d 2+d [ ]

Az, || % +y? +(z—d)2]3/2 ) [X*+y +(z+d)2]3/2
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Back to the Original Problem

1 1 1
. V - _
Potential V(z > 0)? 9.2 Az, Yy 4 (z-d)? X+ y? 4 (z+d)?
+q
T
id E(z=0)=E,(z=0)e,
qd 1
- 32 &2
27, [x2+y2+d2]
V=0
E =£
&y
X X
EX:—eX'VV: a ’ ’ ) 32 9 B 5, 13/2
Ay || +yP+(z=d)* [ [ X +y?+(z+d)]
Induced Charges on the ground plate
E,=-¢,-VV= . Y Iz y 32
Aey || +yP+(z=d)’ [ [ X2 +y?+(z+d)? | p, = q d
s 3/2

E =6 VV=_J
4re,

z—d B z+d Zﬂ[xz+y2+d2]
[x2+y2+(z—d)2]3/2 [x2+y2+(z+d)2]3/2
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The Green Function Method
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Linear Systems: Superposition Principle

Vi

X, Y1 =CX,? WIKI Public

_ — v 2
Y, =X, Y, =X,

y1+y2=C(X1+X2) y1+y2¢C(X1+X2)2
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Green’s Functions for Poisson Equations

Poisson’s Equation

vy (x) = LX) _ ¢

£y&, (X)
How can we handle this problem? Dirichlet Neumann
VA (x) = — f (X) xeQ (V(x)| . orav(x)/on| )

[S(x=x)(x)dx' = £(x)
_[G(x,x')f(x')dx':V(x)

Source f(x)

More general form?

VG (X, X") == (X=X

Green Function
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l. The Simplest Case — Without any B.C. ~ Infinite Domains

2D VT2|n£:_27z52(r) V-%In 1 =275 (X —X")
p x—xX]
2 1 3 : 1 3 .
3D \Ve==-A475 (r) \Y% . =476 (X—X)
r X=X
We already know Green functions!
VG (X, X)) ==0(X—=X") |[60xx)f(x)dx' =V (x)
1 1 1
X, X ——In G, (X, X") =
2D( ) ‘X X‘ 3D( ) 472"X—X"

Applicable only to infinite domains... How can we handle B.C.?

i

2403s% SEOUL NATIONAL UNIVERSITY o ) |
T30 21 ~ Intelligent Wave Systems Laboratery

' Dept. of Electrical and Computer Engineering




Il. More Complex Cases — With B.C. ~ Green’s Identity

We know Gauss theorem...
3y _
IQ(V-u)d x—<j>su-dS

u=f Vg Green’s First Identity

fvig+Vf-Vg |d°x=¢ fVg-dS
Q S

u=gVvf
gV’ f +Vf.-vg |[d°x =@ gVf-dS
Q S

fvig—gV2f |d°x=¢ [fVg—gVF]-dS| 2 Volume
, A ]

~ 15t Surface

Green’s Second Identity
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Il. More Complex Cases — With B.C. ~ Green’s Identity

| [ fvig-gVv?f |d*x=¢ [fVg—gVf]-dS
We have two scalar functions V& G

jQ[V (Xl)vlz G(x',x)-G(x|, X)V'ZV(X')}d X'
=, [V (X)V'G(x', ) - G(x', )V 'V (x)]-dS’

VV()=-f()|  [V2G(x,x)=-8(x—x)]
—V(x)

IQ[—V(X')é(X'—X)+G(x',X)f(x-)]dsx.
= [VX)V'G(X', ) -G (X', x)V'V (x)]-dS*
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Il. More Complex Cases — With B.C. ~ Green’s Identity

V(x):jQG(x',x)f(x')d X'
—gﬁSV(x')v'G(x',x)-dS'
+¢ G(X',X)V'V (x)-dS

V(x):jQG(x',x)f(x')d X'

8G(x X) "

—<_[>V(x)
&V(x)

+<j> G(x',X)
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Il. More Complex Cases — With B.C. ~ Green’s Identity

Superposition in the volume Q

————————————————————————————————

V(x)—i_[ G(x', x) pX) dx’
e £,&, (X :
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*

GgD (X, X ') i aG (X ! X ?jeémann for Green
1

—+

‘e ‘$
--------------------------------

4r|x—x] e OV (X)

T o o e e o o e -

Various + G (X ', X) dS '
tthnlques \ Dirichlet for Green an
exist... N A

——————————————————————————————————————

Boundary Condition at the surface S

SEOUL NATIONAL UNIVERSITY
m Dept. of Electrical and Computer Engineering

25 Intelligent Wave Systems Laboratcry



Il. Electrostatic Problems ~ Dirichlet Green Functions

V(x)=] G(x! x) p( x~$V(x )aG(X X) 45+ gSG/(x/aV(X)ds

because most B.C. is defined by the
Dirichlet B.C. V(x €S) = V(x)

TR e §o008)

Vix)= JQG(XI’ X) EoE (X) """"""

_____________

Various techniques exist...
: which will be discussed in high-level courses...
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