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• Basic problem setup

• Deterministic system

• Stochastic system (Lecture 7)

Outline
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Basic Problem Setup 

3

Linear Deterministic System: 

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k)

<latexit sha1_base64="+UTmpeI0070+huORcPxwuNsKEYI="></latexit>

(1)
(2)

We consider time-invariant system for simplicity.

For a linear state feedback controller

u(k) = �L(k)x(k)

<latexit sha1_base64="OPa+fg9ysuq7CiDy2oW2lCGoEG0="></latexit>

(3)

The closed-loop response is:  

x(k + 1) = (A�BL(k))x(k)

<latexit sha1_base64="Wo6ezNOXKxNaWCJSAGco/vqwm1s="></latexit>

The state feedback controller (3) stabilizes the system if all the 
eigenvalues of (A - BL) lie within the unit disk

Stability



• A system visits a sequence of states of  
and desired sequence of states

• Without loss of generality, the desired trajectory,    , can be set as the origin.

• Objective function

- Q and R are symmetric positive definite; Qt is positive semi-definite

- Q provides relative importance to the errors in various states 

- R accounts for the cost of implementing input moves

• If p = ∞, it is infinite horizon problem. 

Objective of LQ

4

x(0), x(1), . . . , x(p)

<latexit sha1_base64="T8RVq8YB4dMYcv5lJYcUqf52LiM="></latexit>

x(0), x̄(1), . . . , x̄(p)

<latexit sha1_base64="ZKPcSIRTRdm0FJc6xp6LHIvSwVo="></latexit>

x̄

<latexit sha1_base64="LLkgfudbRWyATNRb9rLMZJccYpU=">AAACMHicbVDLSgMxFM3UV63P2qWbYBFclRkRfKwEQVy4qGAf0JZyJ73ThmYyQ5IRy9CPcKt/4dfoStz6FWbaLmzrgcDh3NfJ8WPBtXHdTye3srq2vpHfLGxt7+zu7RcP6jpKFMMai0Skmj5oFFxizXAjsBkrhNAX2PCHN1m98YRK80g+mlGMnRD6kgecgbFSo+2DSp/H3f2yW3EnoMvEm5EymaHaLTqldi9iSYjSMAFatzw3Np0UlOFM4LjQTjTGwIbQx5alEkLUnXTid0yPrdKjQaTsk4ZO1L8TKYRaj0LfdoZgBnqxlon/1VqJCS46KZdxYlCy6aEgEdRENPs87XGFzIiRJcAUt14pG4ACZmxEc1ey3UoH2u6g9xCDYEhB9uitDZ6jopm9SFRoTSNtT4wwVbAxeouhLZP6acU7q1w+nJWvr2aB5skhOSInxCPn5JrckSqpEUaG5IW8kjfn3flwvpzvaWvOmc2UyBycn1/kYKg2</latexit>

min
p�1X

k=0

⇥
xT (k)Qx(k) + uT (k)Ru(k)

⇤
+ xT (p)Qtx(p)

<latexit sha1_base64="yV4kJvdQZpU1mNh+l2LkMeRNuyM="></latexit>



• Optimal open-loop control problem

- Find the optimal sequence of                              for given (as a function of) 
distribution of 

• Optimal feedback control problem

• Find the optimal feedback law                              or 

• For completely deterministic systems, the two should provide the same 
performance.

• State Feedback vs. Output Feedback

Open-Loop Control vs. Feedback Control

5

would be a dynamic operator in general.

u(0), . . . , u(k)

<latexit sha1_base64="4r0wI/5iy1RUWXbqZ0nTlc/tKKo="></latexit>

x(0)

<latexit sha1_base64="lNS3v6d6dWaKP08J6P8tq/6cc84=">AAACLXicbVDLSsNAFJ3Ud33r0s1gEeomJFLwsSoI4sJFBaNCG8rN9KYdOpmEmYlYSn/Brf6FX+NCELf+hpO2C60eGDic+zpzokxwbTzv3SnNzS8sLi2vlFfX1jc2t7Z3bnWaK4YBS0Wq7iPQKLjEwHAj8D5TCEkk8C7qnxf1uwdUmqfyxgwyDBPoSh5zBqaQHqveYXur4rneGPQv8aekQqZotLed3VYnZXmC0jABWjd9LzPhEJThTOCo3Mo1ZsD60MWmpRIS1OFwbHZED6zSoXGq7JOGjtWfE0NItB4kke1MwPT0bK0Q/6s1cxOfhEMus9ygZJNDcS6oSWnxc9rhCpkRA0uAKW69UtYDBczYfH5dKXYrHWu7g15BBoIhBdmhFzZ1jooW9lLh0kAjbY2NMFW2Mfqzof0lt0euX3NPr2uV+tk00GWyR/ZJlfjkmNTJJWmQgDDSI0/kmbw4r86b8+F8TlpLznRml/yC8/UN0/imEA==</latexit>

u(k) = f(x(k))

<latexit sha1_base64="TO0MWQ7fherV/m5ACKJGf7B5YU8="></latexit>

u(k) = f(y(k), y(k � 1), . . .)

<latexit sha1_base64="O/yHgyJqRr30W2/rhlghrfT52Xg="></latexit>

u(k) = f(x(k)) ) State feedback

u(k) = F(y(k)) ) Output feedback

<latexit sha1_base64="SjpFdKf6GtDRtt3LAMKX5m5iVM0="></latexit>

F

<latexit sha1_base64="109neGzPBrSDYIE9bQLlJMAtcvc="></latexit>



Least Squares Solution
Open-Loop Optimal Feedback Control
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Using (1) recursively gives, 

x(k + 1) = Ax(k) +Bu(k) = A (Ax(k � 1) +Bu(k � 1)) +Bu(k)

= A2x(k � 1) +Bu(k) +ABu(k � 1)

=
...

= Ak+1x(0) +
�
Bu(k) +ABu(k � 1) + . . .+AkBu(0)

�

<latexit sha1_base64="mpo+9+1caMoH7ufqK9/O+H2uu48="></latexit>

Thus, we can write
2
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<latexit sha1_base64="I/1fOhP0/V2aj8YPYebAb0gEnWs="></latexit>
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System equation
X = Sxx(0) + SuU

<latexit sha1_base64="DuZrmclmzMuzpX0RPqfeJGmuTXE="></latexit>

Quadratic cost function

V0(x(0);U) =
p�1X

k=0

⇥
xT (k)Qx(k) + uT (k)Ru(k)

⇤
+ xT (p)Qtx(p)

= X T�xX + UT�uU

<latexit sha1_base64="8HEF7CsTERovf1eoJFSOnHQWYek="></latexit>

�x = blockdiag {Q, . . . , Q, Qt} ;�u = blockdiag {R, . . . , R}

<latexit sha1_base64="f/OFPGwLT+2QMtGngn5jyyOgZYQ="></latexit>

Optimal cost

V0(x(0)) = min
U

n
xT (0)SxT�xSxx(0)+

UT
h
SuT�xSu + �u

i
U + 2xT (0)SxT�xSuU

o

<latexit sha1_base64="yWk64asqyvbIJ6CYhNjZKHEyosY="></latexit>

Optimal solution

U
⇤ = �H

�1g = �

h
S
uT�x

S
u + �u

i�1
S
uT�x

S
xx(0)

<latexit sha1_base64="MmyHppr7oklggvCcpJz8kpgn+5M="></latexit>



OLOFC
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U⇤ = �
h
SuT�xSu + �u

i�1
SuT�xSxx(0)

<latexit sha1_base64="RXTWd+tzggCQvM0G8FDf/f8+1+g="></latexit>

(5)

V ⇤
0 (x(0)) = xT (0)

h
SxT�xSx�

SxT�xSu
⇣
SuT�xSu + �u

⌘�1
SuT�xSx

�
x(0)

<latexit sha1_base64="nj0u0E4Drmf4Z18FlkP2sOZxovU="></latexit>

• Open-loop optimal control finds a sequence

u⇤(0), u⇤(1), . . . , u⇤(p� 1)

<latexit sha1_base64="ELDRjIwbqPxMYyLSygrCSdyG250="></latexit>

for a given x(0)

<latexit sha1_base64="lNS3v6d6dWaKP08J6P8tq/6cc84=">AAACLXicbVDLSsNAFJ3Ud33r0s1gEeomJFLwsSoI4sJFBaNCG8rN9KYdOpmEmYlYSn/Brf6FX+NCELf+hpO2C60eGDic+zpzokxwbTzv3SnNzS8sLi2vlFfX1jc2t7Z3bnWaK4YBS0Wq7iPQKLjEwHAj8D5TCEkk8C7qnxf1uwdUmqfyxgwyDBPoSh5zBqaQHqveYXur4rneGPQv8aekQqZotLed3VYnZXmC0jABWjd9LzPhEJThTOCo3Mo1ZsD60MWmpRIS1OFwbHZED6zSoXGq7JOGjtWfE0NItB4kke1MwPT0bK0Q/6s1cxOfhEMus9ygZJNDcS6oSWnxc9rhCpkRA0uAKW69UtYDBczYfH5dKXYrHWu7g15BBoIhBdmhFzZ1jooW9lLh0kAjbY2NMFW2Mfqzof0lt0euX3NPr2uV+tk00GWyR/ZJlfjkmNTJJWmQgDDSI0/kmbw4r86b8+F8TlpLznRml/yC8/UN0/imEA==</latexit>

• Recursively use (5) as in Receding Horizon Control

• Not efficient computationally

• Not generalizable to the stochastic case



• One obtains the optimal control move as a function of state at each time

• Solved using Dynamic Programming

• More elegant and closed-loop optimal solution

CLOFC

Closed-Loop Optimal Feedback Control

9



Dynamic Programming
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At the stage p-1, Bellman’s equation is 

Vp�1(x(p� 1)) = min
u(p�1)

�
xT (p� 1)Qx(p� 1) + uT (p� 1)Ru(p� 1)

+xT (p)S(p)x(p)
 

<latexit sha1_base64="lMwEpL+PydmLygP3sUGfHpVIzHA="></latexit>

(6)

where S(p) = Qt

<latexit sha1_base64="+zRDSKNk5/WYkMrJdv14m6zxs34="></latexit>

Noting that x(p) = Ax(p� 1) +Bu(p� 1)

<latexit sha1_base64="M/a1R43LL3lFLt6ENEPWy78HaVQ="></latexit>

, we get:

Vp�1(x(p� 1)) = min
u(p�1)

�
xT (p� 1)

�
ATS(p)A+Q

�
x(p� 1)+

2xT (p� 1)ATS(p)Bu(p� 1)+

uT (p� 1)
�
BTS(p)B +R

�
u(p� 1)

 

<latexit sha1_base64="UsBckIjsTYgoW4LT2bXSn8QcBFU="></latexit>
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As before, the optimal solution can be obtained as:

u⇤(p� 1) = �
�
BTS(p)B +R

��1BTS(p)A
| {z }

L(p�1)

x(p� 1)

<latexit sha1_base64="w4YLdGFtS+oTVQKbSaJQWzTRzqg="></latexit>

Substitution of givesu⇤(p� 1)

<latexit sha1_base64="uF1y5PWp/koWb6Lxjsed/W/wLM4=">AAACMXicbVDLSgMxFM3UV61vu3QTLEIVLDNS8LESBHHhooJ9QFvLnfROG5rJDElGKMWfcKt/4dd0J279CTNtF7Z6IHA493Vy/FhwbVx37GSWlldW17LruY3Nre2d3b39mo4SxbDKIhGphg8aBZdYNdwIbMQKIfQF1v3BTVqvP6PSPJKPZhhjO4Se5AFnYKzUSJ5OivGpd9zZLbgldwL6l3gzUiAzVDp7Tr7VjVgSojRMgNZNz41NewTKcCbwJddKNMbABtDDpqUSQtTt0cTwCz2ySpcGkbJPGjpRf0+MINR6GPq2MwTT14u1VPyv1kxMcNEecRknBiWbHgoSQU1E09/TLlfIjBhaAkxx65WyPihgxmY0dyXdrXSg7Q56DzEIhhRkl97a5DkqmtqLRIlWNdLWxAhTORujtxjaX1I7K3nl0uVDuXB9NQs0Sw7IISkSj5yTa3JHKqRKGBHklbyRd+fDGTufzte0NePMZvJkDs73D3O/p1s=</latexit>

Vp�1 (x(p� 1)) = xT (p� 1)S(p� 1)x(p� 1)

<latexit sha1_base64="AQVWAzw2zXMC41ACyJtdtrDiIV4="></latexit>

where S(p - 1) is given by the following Riccati Equation

S(p� 1) = ATS(p)A+Q�ATS(p)B
�
BTS(p)B +R

��1
BTS(p)A

<latexit sha1_base64="LHJ53Fj5o3cfTujFIoKzW9Lj76c="></latexit>



Stage: p - 2
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Vp�2(x(p� 2)) = min
u(p�2)

�
xT (p� 2)Qx(p� 2) + uT (p� 2)Ru(p� 2)+

Vp�1(x(p� 1))}
= min

u(p�2)

�
xT (p� 2)Qx(p� 2) + uT (p� 2)Ru(p� 2)+

xT (p� 1)S(p� 1)x(p� 1)
 

<latexit sha1_base64="OfniwV8tPpK7Nx0NYTNkoZUCl4Q="></latexit>

This equation is in the same for as (6). The optimal solution is

u⇤(p� 2) = �
�
BTS(p� 1)B +R

��1
BTS(p� 1)A

| {z }
L(p�2)

x(p� 2)

<latexit sha1_base64="YnCNRfeCUvzKWIOF15+OHoiaZis="></latexit>



Generalization
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Successively solving for cost-to-go                 , we get:Vk(x(k))

<latexit sha1_base64="LkX7ZLqUI5A9fpW9yXVeWbwG+zs="></latexit>

u⇤(k) = �L(k)x(k), for k = p� 1, . . . , 0

<latexit sha1_base64="Ag14yYr6kXyYHTrZEa6hL8VqNMA="></latexit>

where

L(k) =
�
BTS(k + 1)B +R

��1
BTS(k + 1)A

<latexit sha1_base64="l/hEnqIYfz13SLlEJ0lkzAEhLQE="></latexit>

S(k) =ATS(k + 1)A+Q�

ATS(k + 1)B
�
BTS(k + 1)B +R

��1
BTS(k + 1)A

<latexit sha1_base64="9sObETyGGdqhJaCAK8WKW0bdfSg="></latexit>

(7)

Note that (7) is the familiar Riccati Difference Equation that we encounter in 
Kalman Filtering as well.



• For a deterministic case, OLOFC and CLOFC yield the same solution.

• The optimal p-stage cost is:

• Receding horizon solution to optimization is computationally demanding

• Dynamic Programming leads to the optimal control solution as an explicit 
linear function, 

• Recursive solution of Riccati equation, required in DP, is straightforward.

• Note that the results hold only for the unconstrained system.

Comments

14

V0(x0) = xT (0)S(0)x(0)

<latexit sha1_base64="KTxmfkvNWLgXKuXs4Q8toas4L7A="></latexit>

u(k) = �L(k)x(k)

<latexit sha1_base64="UTBKE4SfZNyEmw+PJs3uCr5h1wQ="></latexit>



Extension of DP to Infinite Horizon
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Assuming the RDE solution converges to        ,S1

<latexit sha1_base64="Ju3XQDVgcS1/6sp2XHYvb+IeECE=">AAACMXicbVDLagIxFM3Yl7UvrctuQqXQlcyUQh8roVC66MLS+gAVuRPvaDCTGZJMQcSf6Lb9i36Nu9Jtf6IZdVG1BwKHc18nx48F18Z1p05mY3Nreye7m9vbPzg8yheO6zpKFMMai0Skmj5oFFxizXAjsBkrhNAX2PCHd2m98YpK80i+mFGMnRD6kgecgbFS87nb5jIwo26+5JbdGeg68RakRBaodgtOsd2LWBKiNEyA1i3PjU1nDMpwJnCSaycaY2BD6GPLUgkh6s54ZnhCz6zSo0Gk7JOGztS/E2MItR6Fvu0MwQz0ai0V/6u1EhNcd8ZcxolByeaHgkRQE9H097THFTIjRpYAU9x6pWwACpixGS1dSXcrHWi7gz5CDIIhBdmj9zZ5joqm9iJRpjWNtD0zwlTOxuithrZO6hdl77J883RZqtwuAs2SE3JKzolHrkiFPJAqqRFGBHkj7+TD+XSmzpfzPW/NOIuZIlmC8/MLbUqodw==</latexit>

u(k) = �
�
BTS1B +R

��1
BTS1A

| {z }
L1

x(k)

<latexit sha1_base64="nSAke3INTn673Ens1sGALKCQ6I0="></latexit>

S1 = ATS1A+Q�ATS1B
�
BTS1B +R

��1
BTS1A

<latexit sha1_base64="wglTf45gLnZ0jVjI6q5SmkuD0u0="></latexit>

(8)

• Note that (8) is known as Algebraic Riccati Equation

• The RDE (7) converges to         in the infinite horizon case if (A, B) is 
stabilizable pair.

• The converged solution gives stable controller if                    is detectable 
pair.

S1

<latexit sha1_base64="Ju3XQDVgcS1/6sp2XHYvb+IeECE=">AAACMXicbVDLagIxFM3Yl7UvrctuQqXQlcyUQh8roVC66MLS+gAVuRPvaDCTGZJMQcSf6Lb9i36Nu9Jtf6IZdVG1BwKHc18nx48F18Z1p05mY3Nreye7m9vbPzg8yheO6zpKFMMai0Skmj5oFFxizXAjsBkrhNAX2PCHd2m98YpK80i+mFGMnRD6kgecgbFS87nb5jIwo26+5JbdGeg68RakRBaodgtOsd2LWBKiNEyA1i3PjU1nDMpwJnCSaycaY2BD6GPLUgkh6s54ZnhCz6zSo0Gk7JOGztS/E2MItR6Fvu0MwQz0ai0V/6u1EhNcd8ZcxolByeaHgkRQE9H097THFTIjRpYAU9x6pWwACpixGS1dSXcrHWi7gz5CDIIhBdmj9zZ5joqm9iJRpjWNtD0zwlTOxuithrZO6hdl77J883RZqtwuAs2SE3JKzolHrkiFPJAqqRFGBHkj7+TD+XSmzpfzPW/NOIuZIlmC8/MLbUqodw==</latexit>

(Q1/2, A)

<latexit sha1_base64="3jLj1gbtRoYfBENr8XuwIwGS26U="></latexit>



Extension of OLOCP to Infinite Horizon
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Q. Direct extension of OLOCP to infinite horizon seems impossible because of 

the infinite number of inputs to optimize. What can we do?

A. For certain choices of Qt, the finite horizon problem:

min
u(0),...,u(p�1)

{V0 (x(0);U)}

<latexit sha1_base64="veJaFYFBdhEh/wSs9MpX/Wl5RYI="></latexit>

can be made equivalent to the infinite horizon problem. 



OLOCP: Equivalence with the Infinite Horizon Problem

Option 1

17

We can choose Qt such that:

xT (k + p)Qtx(k + p) = min
u(k+p),...

8
<

:

1X

i=p

xT (k + i)Qx(k + i) + uT (k + i)Ru(k + i)

9
=

;

<latexit sha1_base64="ZUfZCG6hQmfgaut6zQypEgSNn8k="></latexit>

It is clear that we can compute such Qt by solving the ARE of

Qt = ATQtA+Q�ATQtB
�
BTQtB +R

��1
BTQtA

<latexit sha1_base64="Vd0bDw0y4RU/iGAUNws1a3QCKYM="></latexit>

- With this choice of Qt, the optimal solution of p-horizon problem is 
equivalent to that of ∞-horizon one.



OLOCP: Equivalence with the Infinite Horizon Problem

Option 2

18

We may also choose Qt such that:

xT (k + p)Qtx(k + p) =
1X

i=p

xT (k + i)Qx(k + i)

<latexit sha1_base64="pWVy426lianVkAzIUZu6G9KAtdk="></latexit>

• The above equation is under the assumption that no control action is taken 
beyond  the horizon k + p.

• Then, the autonomous system                                  describes the evolution of the 
state.

• This assumption is meaningful only when the system is stable, otherwise the 
cost is infinite.

• We can show that the above Qt is a solution to Lyapunov Equation:

x(k + 1) = Ax(k)

<latexit sha1_base64="je3Mq3lXR7Hh6W2j/nNiRgdh1cI="></latexit>

Qt = Q+ATQtA

<latexit sha1_base64="nDKPLakzDhfDVoX0akjy/8XY+AY="></latexit>



Option 2: Lyapunov Function

19

• Generalized energy function

• Zero @ equilibrium point and positive elsewhere

• The equilibrium will be stable if Lyapunov function (Vl) decreases along the 
trajectories of the system

�Vl(x) or V̇l(x)

<latexit sha1_base64="F7EANy9ZlVZah0a+7tNO6EUxZ7o="></latexit>

Note that the system equation from time k + p is given as 

x(k + i+ 1) = A(k + i)x(k + i)

<latexit sha1_base64="lTay4SEL9uaEd2wEVVQd/z4p62g="></latexit>

Vl(x(k + p)) = xT (k + p)Qtx(k + p)

�Vl(x(k + p)) = Vl(x(k + p+ 1))� Vl(x(k + p))

= Vl(Ax(k + p))� Vl(x(k + p))

= xT (k + p)
�
ATQtA�Qt

�
x(k + p) := �x(k + p)TPx(k + p)

<latexit sha1_base64="3chLirh09ny8i2i+bVWyPC/eIGg="></latexit>

• Usually, Qt is found by specifying P as a positive definite matrix.



20

In this case, P = Q from the definition of the terminal cost:

xT (k + p)Qtx(k + p) = xT (k + p)Qx(k + p) +
1X

i=p+1

xT (k + i)Qx(k + i)

= xT (k + p)Qx(k + p) + xT (k + p+ 1)Qtx(k + p+ 1)

= xT (k + p)Qx(k + p) + xT (k + p)ATQtAx(k + p)

<latexit sha1_base64="s0at4MsfzelUB9aRJop3cbdUjf0="></latexit>

This gives a discrete time Lyapunov equation

Qt = ATQtA+Q

<latexit sha1_base64="4KYgnYn/nbVgso6jpuS2cYayFPI="></latexit>



OLOCP: Equivalence with the Infinite Horizon Problem

Option 3

21

Solve the finite horizon problem with                          as a constraint.x(k + p) = 0

<latexit sha1_base64="rOWzWfYzaelFbVs9hnAXZMK4d2s="></latexit>

•Note that Option 2 cannot be used if the system is unstable.

•Option 3 can then be used for unstable systems.



Extension to Output Feedback Case

22

So far, we assumed that the full state feedback is available. In case of output 
feedback, the control actions are based on state estimates         .    x̂(k)

<latexit sha1_base64="YjnBUY/kk3U9gC/qYc8uls2JzMU="></latexit>

• Observer: 

x̂(k) = Ax̂(k � 1) +Bu(k � 1) +K [y(k)� C (Ax̂(k � 1) +Bu(k � 1))]

<latexit sha1_base64="o2P3Y1l1DygGTOXiK0gcBRL6Pro="></latexit>

• Controller: u(k) = �Lx̂(k)

<latexit sha1_base64="6mVc8xq2JUS94mRCStvxFA2HAII="></latexit>

If we define xe(k)
�
= x(k)� x̂(k)

<latexit sha1_base64="33IfYRC1BCGgqCFVKIzcLgaq/Yc="></latexit>

, we get


x(k + 1)
xe(k + 1)

�
=


A�BL �BL

0 A�KCA

� 
x(k)
xe(k)

�

<latexit sha1_base64="af4mYIW7NY5v8OyU8vt32CchMhI="></latexit>

Since the above equation is one-way coupled, the system is guaranteed to be 
stable if the controller and the filter are guaranteed to be stable independently.

Separation Principle


