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Optimal State Feedback for Stochastic System

2

System x(k + 1) = Ax(k) +Bu(k) + "1(k)

<latexit sha1_base64="aqLfQEmnLO6vcAIbIkktBmGRjXA=">AAACE3icbZDLSgMxFIYz9VbrbdSlLoJFaC2UGRFUUKi6cVnBXqAzlEyaaUMzF5JMsQx9hrrxVdy4UIpbN+58EPemnS609YfAx3/O4eT8TsiokIbxpaUWFpeWV9KrmbX1jc0tfXunKoKIY1LBAQt43UGCMOqTiqSSkXrICfIcRmpO92Zcr/UIFzTw72U/JLaH2j51KUZSWU396CHXLZh5eAmvFOVhAV7DKAGrhzgJBWWqz1RWU88aRWMiOA/mFLKl/aGV+x4Ny03902oFOPKILzFDQjRMI5R2jLikmJFBxooECRHuojZpKPSRR4QdT24awEPltKAbcPV8CSfu74kYeUL0PUd1ekh2xGxtbP5Xa0TSPbNj6oeRJD5OFrkRgzKA44Bgi3KCJesrQJhT9VeIO4gjLFWMGRWCOXvyPFSPi+ZJ8fxOpXEBEqXBHjgAOWCCU1ACt6AMKgCDR/AMXsGb9qS9aCPtPWlNadOZXfBH2scPZQOd3A==</latexit>

Objective: Design a state feedback                            that minimizes u(k) = f(x(k))

<latexit sha1_base64="5uODrJm0oqhbtzI5H1dwutg2wBA=">AAAB9XicbZDLSgMxFIbP1Futt6pLXQSLMN2UGRFUUCi4cVnBXqAdSybNtKGZzJBk1FL6DN26caGIW9/BR3Dng7g3vSy09YfAx3/O4Zz8fsyZ0o7zZaUWFpeWV9KrmbX1jc2t7PZORUWJJLRMIh7Jmo8V5UzQsmaa01osKQ59Tqt+93JUr95RqVgkbnQvpl6I24IFjGBtrNvE7ubRBQrsBwP5ZjbnFJyx0Dy4U8gV94cN+/tjWGpmPxutiCQhFZpwrFTddWLt9bHUjHA6yDQSRWNMurhN6wYFDqny+uOrB+jQOC0URNI8odHY/T3Rx6FSvdA3nSHWHTVbG5n/1eqJDk69PhNxoqkgk0VBwpGO0CgC1GKSEs17BjCRzNyKSAdLTLQJKmNCcGe/PA+Vo4J7XDi7Nmmcw0Rp2IMDsMGFEyjCFZSgDAQkPMIzvFj31pP1ar1NWlPWdGYX/sh6/wGYQpRW</latexit>

E

"
p�1X

i=0

�
xT (i)Qx(i) + uT (i)Ru(i)

 
+ xT (p)Qtx(p)

#

<latexit sha1_base64="c2x4MLKl90zHGVqBC7H2eIeuKuw="></latexit>

Assume that the state is perfectly measured and that            is a zero-mean 
Gaussian white noise with covariance R1. 

"1(k)

<latexit sha1_base64="7R72xyPr83JnIGeYMwi0EKgrs9w=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhXsKuBFTwEPDiMYJ5QLKE2UlvMmT2wcxsICz5Ey8eFPHqn3jzb5wke9DEgoaaqm6mu/xEcKUd59sqbGxube8Ud0t7+weHR/bxSUvFqWTYZLGIZcenCgWPsKm5FthJJNLQF9j2x/dzvz1BqXgcPelpgl5IhxEPOKPaSH3b7k2oxERxYV5uZXzZt8tO1VmArBM3J2XI0ejbX71BzNIQI80EVarrOon2Mio1ZwJnpV6qMKFsTIfYNTSiISovW2w+IxdGGZAglqYiTRbq74mMhkpNQ990hlSP1Ko3F//zuqkObryMR0mqMWLLj4JUEB2TeQxkwCUyLaaGUCa52ZWwEZWUaRNWyYTgrp68TlpXVbdWvX2slet3eRxFOINzqIAL11CHB2hAExhM4Ble4c3KrBfr3fpYthasfOYU/sD6/AH945M8</latexit>

Open-loop optimal feedback law (MPC) and closed-loop optimal control 
law (DP) can give different results in general. Will it be in this case?



Open-loop Optimal Solution
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As before,
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<latexit sha1_base64="rvj+G2LGGkBfAU+jPf81KWgzQdE="></latexit>



4

Short-hand notations as before:

X = Sxx(0) + SuU + S"E

<latexit sha1_base64="yamRGBvujmZ3afKxu2SiaKzZCV4="></latexit>

We get

V0 (x(0);U) = E
⇥
X T�xX + UT�uU

⇤

= E
h
(Sxx(0) + SuU + S"E)T �x (Sxx(0) + SuU + S"E) + UT�uU

i

= (Sxx(0) + SuU)T �x (Sxx(0) + SuU) + UT�uU + E
h
ETS"T�xS"E

i

<latexit sha1_base64="LGJM/MvhOH4KTf2kqcVgBGDHg7s="></latexit>

This differs from the deterministic case only in the last term.

Note that

E
h
ETS"T�xS"E

i
= E

h
trace

n
S"T�xS"ET E

oi
= trace

n
S"T�xS"R1

o

<latexit sha1_base64="FXkH+0MxfGGpOKWo0KKwJQzTFm4="></latexit>
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Since the last term does not involve     , the solution is the same as the 
deterministic case:

U

<latexit sha1_base64="Pey7Z+D5vvL10Jf+4Z360SwVy1Q=">AAAB8nicbVBNSwMxFHxbv2r9qnr0EiyCp7IrggoeCl48VnDbwnYp2TTbhmaTJckKZenP8OJBEa/+Gm/+G7PtHrR1IDDMvEfmTZRypo3rfjuVtfWNza3qdm1nd2//oH541NEyU4T6RHKpehHWlDNBfcMMp71UUZxEnHajyV3hd5+o0kyKRzNNaZjgkWAxI9hYKegn2IwJ5rk/G9QbbtOdA60SryQNKNEe1L/6Q0myhApDONY68NzUhDlWhhFOZ7V+pmmKyQSPaGCpwAnVYT6PPENnVhmiWCr7hEFz9fdGjhOtp0lkJ4uIetkrxP+8IDPxdZgzkWaGCrL4KM44MhIV96MhU5QYPrUEE8VsVkTGWGFibEs1W4K3fPIq6Vw0vcvmzcNlo3Vb1lGFEziFc/DgClpwD23wgYCEZ3iFN8c4L86787EYrTjlzjH8gfP5A5DEkXE=</latexit>

U = �
⇣
SuT

�xSu
⌘�1

SuT

�xSxx0

<latexit sha1_base64="lTa4FiHUC1sAU/fJVGhzoAutrco="></latexit>

V0(x0) =xT
0
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Sx � SxT
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⇣
SuT

�xSu + �u
⌘�1
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�
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trace
n
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o

<latexit sha1_base64="wyWHmpo26o3IaJrE6FBmRNKxMgk="></latexit>



Dynamic Programming

6

Vp�1(x(p� 1)) = min
u(p�1)

E
�
xT (p� 1)Qx(p� 1) + uT (p� 1)Ru(p� 1)+

xT (p)S(p)x(p)
��x(p� 1)

 

<latexit sha1_base64="ak6gm21cBGn3jmXGWyVFTGBKEFY="></latexit>

Vp�2(x(p� 2)) = min
u(p�2)

E
�
xT (p� 2)Qx(p� 2) + uT (p� 2)Ru(p� 2)+

Vp�1(x(p� 1))|x(p� 2)}

<latexit sha1_base64="UUJZ0MepkOuZfweeMeTVsjPQa/8="></latexit>



CLOFC - DP
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Key result: Optimal feedback law is the same as the deterministic case

u(k) = �
�
BTS(k + 1)B +R

��1
BTS(k + 1)Ax(k), k = p� 1, . . . , 0

<latexit sha1_base64="8rPv3qck5zfTlX6lHGOBkMR03PU="></latexit>

where

S(k) =ATS(k + 1)A+Q

�ATS(k + 1)B
�
BTS(k + 1)B +R

��1
BTS(k + 1)A

<latexit sha1_base64="LNY8dj7XchwWkyrI+PkrP58KF5I="></latexit>

with S(p) = Qt

<latexit sha1_base64="4RiE7RTSJdlZVgYC6S0EtQg6HxE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKQAWFgBePCZoHJkuYnUySIbOzy0yvEEL+wosHRbz6N978GyfJHjSxoKGo6qa7K4ilMOi6387K6tr6xmZmK7u9s7u3nzs4rJso0YzXWCQj3Qyo4VIoXkOBkjdjzWkYSN4IhrdTv/HEtRGResBRzP2Q9pXoCUbRSo/3hfiM3JBqBzu5vFt0ZyDLxEtJHlJUOrmvdjdiScgVMkmNaXlujP6YahRM8km2nRgeUzakfd6yVNGQG388u3hCTq3SJb1I21JIZurviTENjRmFge0MKQ7MojcV//NaCfYu/bFQcYJcsfmiXiIJRmT6PukKzRnKkSWUaWFvJWxANWVoQ8raELzFl5dJ/bzolYpX1VK+fJ3GkYFjOIECeHABZbiDCtSAgYJneIU3xzgvzrvzMW9dcdKZI/gD5/MHpHyPmQ==</latexit>

Optimal cost-to-go

V0(x0) = xT
0 S(0)x0 +

pX

j=1

trace{S(j)R1}

<latexit sha1_base64="byQRnDM7lAuij9oJU0IVyKqKhBg="></latexit>



Constant Setpoint Tracking
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Consider the performance function of 
1X

k=0

(r(k)� y(k))TQe(r(k)� y(k)) + uT (k)Ru(k)

<latexit sha1_base64="gyGRgfAMaDdgzgX5cVSOYpD9Tbo="></latexit>

Then, one can reformulate this as a state regulation problem by writing the 
model as 

x(k + 1)
r(k + 1)

�

| {z }
x̃(k+1)

=


A 0
0 I

�

| {z }
Ã


x(k)
r(k)

�

| {z }
x̃(k)

+


B
0

�

| {z }
B̃(k)

u(k)

<latexit sha1_base64="pGsz1ni8QDSJKDeWqZ04KmKXE5w="></latexit>

r(k)� y(k) =
⇥
�C I

⇤  x(k)
r(k)

�

Q =
⇥
�C I

⇤T
Qe

⇥
�C I

⇤

<latexit sha1_base64="wzFh3rb+vuH8B2gQyxygOBbN7fw="></latexit>

At steady state, the input is not zero for offset-free tracking.

              at steady state for integral action. The above formulation does 
not guarantee integral action.
�u = 0

<latexit sha1_base64="HV0/7cW/+zThu/imvNZ3T0/hRu0=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVECiooFHThsoJ9QBPKZHLTDp08mJkIJWTjr7hxoYhbP8Odf+M0zUJbD1w4nHPv3LnHSziTyrK+jaXlldW19cpGdXNre2fX3NvvyDgVFNo05rHoeUQCZxG0FVMceokAEnocut74Zup3H0FIFkcPapKAG5JhxAJGidLSwDx0ijcyAX7u3AJXBKf4GlsDs2bVrQJ4kdglqaESrYH55fgxTUOIFOVEyr5tJcrNiFCMcsirTiohIXRMhtDXNCIhSDcrluf4RCs+DmKhK1K4UH9PZCSUchJ6ujMkaiTnvan4n9dPVXDhZixKUgURnS0KUo5VjKdpYJ8JoIpPNCFUMP1XTEdEEKp0ZlUdgj1/8iLpnNXtRv3yvlFrXpVxVNAROkanyEbnqInuUAu1EUU5ekav6M14Ml6Md+Nj1rpklDMH6A+Mzx+wmpXN</latexit>



9

The following reformulation ensures integral action: 
1X

k=0

(r(k)� y(k))TQe(r(k)� y(k)) +�uT (k)R�u(k)

<latexit sha1_base64="8pCbbHNMIP8LxJisTi67XWrBOuM="></latexit>

The state needs to be augmented with previous input move

x̃(k) =
⇥
x(k) r(k) u(k � 1)

⇤T

<latexit sha1_base64="2b5MGTAEZ1uoI8YcJwvxZIvESDU="></latexit>

With this definition

Ã =

2

4
A 0 0
0 I 0
0 0 0

3

5 B̃ =

2

4
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0
I

3

5

<latexit sha1_base64="j+j+gCJ7f75VBzoCYMk2Iw89GDQ="></latexit>

The problem with this formulation is that the state r(k) is not 
stabilizable. Hence, the RDE is not guaranteed to converge.  



Remedy: Model Differencing

10

�x(k + 1) = A�x(k) +B�u(k)

�y(k) = C�x(k)

<latexit sha1_base64="qPS0+RYa02izFky/pG2dfNsw24c="></latexit>

e(k)
�
= y(k)� r(k)

<latexit sha1_base64="Tr6uPwXmTafCGgPPtpP/9S7nmGM=">AAACDnicbVDLSgNBEJz1GeMr6tHLYAjEg2FXAiooBPTgMYJ5QBLC7KSTDJl9MNMrLEu+wIu/4sWDIl49e/NvnCR70MSCYYqqbrq73FAKjbb9bS0tr6yurWc2sptb2zu7ub39ug4ixaHGAxmopss0SOFDDQVKaIYKmOdKaLij64nfeAClReDfYxxCx2MDX/QFZ2ikbq4AxdExbWtkfKRAJu0bkMjGydWYxhPnhCrzdXN5u2RPQReJk5I8SVHt5r7avYBHHvjIJdO65dghdhKmUHAJ42w70hCakWwALUN95oHuJNNzxrRglB7tB8o8H+lU/d2RME/r2HNNpcdwqOe9ifif14qwf95JhB9GCD6fDepHkmJAJ9nQnlDAUcaGMK6E2ZXyIVOMo0kwa0Jw5k9eJPXTklMuXdyV85XLNI4MOSRHpEgcckYq5JZUSY1w8kieySt5s56sF+vd+piVLllpzwH5A+vzB4S9mnw=</latexit>

e(k + 1) = y(k + 1)� r(k + 1)

= e(k) +�y(k + 1)�⇠⇠⇠⇠⇠:0
�r(k + 1) = e(k) + CA�x(k) + CB�u(k)

<latexit sha1_base64="3QToDEsivAaa0fle+N0a/g26L78="></latexit>


�x(k + 1)
e(k + 1)

�

| {z }
x̃(k+1)

=


A 0
CA I

�

| {z }
Ã
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<latexit sha1_base64="Flb25esZlB6+RB7zUSlx/zI9mkU="></latexit>

with this new definition: 

Q =
⇥
0 I

⇤T
Qe

⇥
0 I

⇤

<latexit sha1_base64="ZbvKTvJ7UkRcMD0tymBGp8WD+sE="></latexit>



Disturbance Rejection
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The objective function remains the same, though the linear model is: 

x(k + 1) = Ax(k) +Bu(k) +Bdd(k)

<latexit sha1_base64="xIZZYWOsCaHe3aZBhjmlvPGTLPQ=">AAACH3icbZDLSgMxFIYz9VbrbdSlm9AitBTKjBRUUKi6cVnBXqAdhkwm04ZmMkOSEUvp3tfwBdzqG7gTt30Bn8O0nYVtPRDy8f/ncJLfixmVyrImRmZtfWNzK7ud29nd2z8wD4+aMkoEJg0csUi0PSQJo5w0FFWMtGNBUOgx0vIGd1O/9USEpBF/VMOYOCHqcRpQjJSWXDMPn4uDsl2C1/BGUwmW4W2S3q4PfY2uWbAq1qzgKtgpFEBaddf86foRTkLCFWZIyo5txcoZIaEoZmSc6yaSxAgPUI90NHIUEumMZn8Zw1Ot+DCIhD5cwZn6d2KEQimHoac7Q6T6ctmbiv95nUQFF86I8jhRhOP5oiBhUEVwGgz0qSBYsaEGhAXVb4W4jwTCSse3sAUjjgkb53Qw9nIMq9A8q9jVyuVDtVC7SiPKghOQB0Vgg3NQA/egDhoAgxfwBt7Bh/FqfBpfxve8NWOkM8dgoYzJLwyvnoo=</latexit>

As before, the steady state value of  is non-zero as long as the 
disturbance is non-zero.

u1

<latexit sha1_base64="wA4hdHGFgns0D4uKUuQvu2KwqZI=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoIKHgBePEcwDkiXMTnqTIbOzy8yssIQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuriARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Ubz2h0jyWjyZL0I/oQPKQM2qs1E57XS5Dk/XKFbfqzkBWiZeTCuSo98o/3X7M0gilYYJq3fHcxPhjqgxnAielbqoxoWxEB9ixVNIItT+e3TshZ1bpkzBWtqQhM/XvxJhGWmdRYDsjaoZ62ZuK/3md1ITX/pjLJDUo2XxRmApiYjJ9nvS5QmZEZgllittbCRtSRZmxES1sYVQyFJOSDcZbjmGVNC+q3mX15uGyUrvNIyrCCZzCOXhwBTW4hzo0gIGAF3iFN+fZeXc+nM95a8HJZ45hAc7XL5xAmH8=</latexit>

As a result,            needs to be penalized as in the constant set point 
tracking case. The following two re-definitions will achieve this: 

�u(k)

<latexit sha1_base64="3y9m2vWowIiZC+U7rH9bVfzTSxw=">AAACBnicbVDLSgNBEJyNrxhfUY9eBoMQL2FXAip4COjBYwTzgM0SZie9yZDZmWVmVgghd3/Aq/6BN/Hqb/gDfoeTZA8msaChqOqmuytMONPGdb+d3Nr6xuZWfruws7u3f1A8PGpqmSoKDSq5VO2QaOBMQMMww6GdKCBxyKEVDm+nfusJlGZSPJpRAkFM+oJFjBJjJb9zB9wQnJaH591iya24M+BV4mWkhDLUu8WfTk/SNAZhKCda+56bmGBMlGGUw6TQSTUkhA5JH3xLBYlBB+PZyRN8ZpUejqSyJQyeqX8nxiTWehSHtjMmZqCXvan4n+enJroKxkwkqQFB54uilGMj8fR/3GMKqOEjSwhVzN6K6YAoQo1NaWELJYICnxRsMN5yDKukeVHxqpXrh2qpdpNFlEcn6BSVkYcuUQ3dozpqIIokekGv6M15dt6dD+dz3ppzspljtADn6xd0h5ja</latexit>

x̃(k) =


x(k)

u(k � 1)

�
and x̃(k) =


�x(k)
e(k)

�

<latexit sha1_base64="nFFpSSScVyneRCx6mCIdAEc/x3U="></latexit>

In this case, there are no issues with stabilizability of the new state       
and both the reformulations work. 

x̃(k)

<latexit sha1_base64="Uj3uB3Dg6jfe50kyzglktawKe9g=">AAACB3icbVDLSsNAFJ3UV62vqks3g0Wom5JIQQUXBTcuK9gHNKFMJjft0MkkzEzEEvoB/oBb/QN34tbP8Af8DqdtFrb1wIXDOfdyLsdPOFPatr+twtr6xuZWcbu0s7u3f1A+PGqrOJUUWjTmsez6RAFnAlqaaQ7dRAKJfA4df3Q79TuPIBWLxYMeJ+BFZCBYyCjRRnJdzXgA2dOkOjrvlyt2zZ4BrxInJxWUo9kv/7hBTNMIhKacKNVz7ER7GZGaUQ6TkpsqSAgdkQH0DBUkAuVls58n+MwoAQ5jaUZoPFP/XmQkUmoc+WYzInqolr2p+J/XS3V45WVMJKkGQedBYcqxjvG0ABwwCVTzsSGESmZ+xXRIJKHa1LSQQomgwCclU4yzXMMqaV/UnHrt+r5eadzkFRXRCTpFVeSgS9RAd6iJWoiiBL2gV/RmPVvv1of1OV8tWPnNMVqA9fULPkqZ5w==</latexit>


