
viscous flow



pressure flow ; flow inside a conduit

drag flow ; external flow, flow around a body
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Slow flow around a solid sphere

The flow is laminar and symmetric about z-axis
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2Creeping flow

Stokes flow;  Re=0
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The stress acting on the surface of the sphere

Force due to the normal stress in the direction of motion
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boundary layer 

; the effects of fluid friction at high Reynolds numbers are limited to a thin 
layer near the boundary of a body
; no significant pressure change across the boundary layer ->the only 
unknowns are the velocity components

thickness ; when the velocity reaches 
99% of the free-stream velocity
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Laminar boundary layer

No matter how turbulent the 
flow is far from the surface
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Ux becomes nearly U
along the boundary layer
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Blasius solution; applies only to the laminar boundary layer over a flat surface

von Karman momentum integral analysis

 x x x
c.s. c.v.

F v n dA  dV
t

   


   
 

  0
2

    

 

 
        

 

x x x
x x x x x x x x

P P
F P P P x

frictional force 
on the bottom  2 2

x x x top
c.s. 0 0x x x

v n dA dy dy m
 

    


     

from mass balance



   0

0 0
x x x

d d
dy dy

dx dx

 
     


  

 
    
 

 

von Karman momentum integral expression

laminar flow over a flat plate

 0

0
x x

d
dy

dx


  


  2 3

x a by cy dy    

0      at  y=0x 

    at  y=x  

0    at   y=








x

y

2

2
0    at   y=0x

y






3
3 1

2 2

x y y

  

   
    

   

von Karman Blasius

0.646

Re
fx

x

C 

1.292

Re
fL

L

C 

5

Rex
x




0.664

Re
fx

x

C 

1.328

Re
fL

L

C 



turbulent flow



The fluctuations in velocity components of turbulent flow



turbulent flow
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mixing length theory

velocity fluctuation is hypothesized as being due to the y-directional 
motion of a lump of fluid through a distance L
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turbulent flow in smooth tubes
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von Karman
(laminar)

Blasius
(laminar)

von Karman
(turbulent)
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flow in closed conduits



dimensional analysis
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friction factor in laminar flow
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friction factor in turbulent flow
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combined pump and system performance
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