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Feedback Control System

plantcontroller
output

reference

feedback‐loop noise

disturbance

݁ሺݐሻ

tracking error

* goal: design the controller ܭሺݏሻ s.t.
1) the closed‐loop system is stable

2) ݁ ݐ → 0 as quickly and robustly as possible even with ݀ሺݐሻ

ܻ ݏ ൌ
ܩ ݏ ܭ ݏ

1 ൅ ܩ ݏ ܭ ݏ
ܴ ݏ ൅

ܩ ݏ
1 ൅ ܩ ݏ ܭ ݏ

ܦ ݏ െ
ܩ ݏ ܭ ݏ

1 ൅ ܩ ݏ ܭ ݏ
ܰሺݏሻ

‐ closed‐loop TF: ܪ ݏ ൌ
ீ ௦ ௄ሺ௦ሻ

ଵାீ ௦ ௄ሺ௦ሻ
;   loop transfer function ܮ ݏ ൌ ܩ ݏ ሻݏሺܭ

signal propagation

nominal tracking disturbance effect noise effect
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Benefits of Feedback
system dynamics

௔ܮ
݀݅
ݐ݀
൅ ܴ௔݅ ൌ ܸ െ ݇௠ݓ ሶݓܫ ൅ ݓܾ ൌ ݇௠݅ ൅ ௗܶ

block diagram

ܹ ൌ
௞೘௞ೌ

ோೌ ௦ூା௕ ା௞೘
మ ܴ ൅

ோೌ
ோೌ ௦ூା௕ ା௞೘

మ ௗܶ
open‐loop 

control

nominal tracking disturbance effect

speed‐to‐volt scaling

* benefit of feedback (with large ݇௔): 
1) disturbance rejection; 2) robustness against uncertainty; 3) transient shaping (i.e., pole)

input output

ܹ ൌ
௞೘௞ೌ

ோೌ ௦ூା௕ ା௞೘௞ೌା௞೘
మ ܴ ൅

ோೌ
ோೌ ௦ூା௕ ା௞೘௞ೌା௞೘

మ ௗܶ െ
௞೘௞ೌ

ோೌ ௦ூା௕ ା௞೘௞ೌା௞೘
మ ܰ

closed‐loop 

control

controller

disturbance effect noise effect
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P‐Control of 1st Order System

݉

,ݒ ݂

ݒܿ

ሶݒ݉ ൅ ݒܿ ൌ ݂
input: ݂
output: ݒ

ଵ

௠௦ା௖
ሻݏሺܭ

+
‐

ሻݐሺݎ ሻݐሺݕ

‐ closed‐loop stability for any ݇௣ ൐ 0

‐ if ݎ ݐ ൌ 		,ݎ ݕ ݐ →
௞೛

௞೛ା௖
ݎ (ൎ ݎ if ݇௣ is very big)

‐ faster convergence with a larger ݇௣ (߬ ൌ
௠

௞೛ା௖
)

ܻ ݏ ൌ
݇௣

ݏ݉ ൅ ݇௣ ൅ ܿ
ܴ ݏ ൅

1

ݏ݉ ൅ ݇௣ ൅ ܿ
݀ሺݏሻ

* Proportional control ܭ ݏ ൌ ݇௣

no oscillation w/
step‐input ݎሺݐሻ

offset!
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PI‐Control of 1st Order System

݉

,ݒ ݂

ݒܿ

ሶݒ݉ ൅ ݒܿ ൌ ݂

ଵ

௠௦ା௖
ሻݏሺܭ

+
‐

ሻݐሺݎ ሻݐሺݕ

* Proportional‐Integral control  ܭ ݏ ൌ ݇௣ ൅ ݇ூ/ݏ

I‐control: 
‐ to combat steady‐state error
‐ a large ݇ூ  oscillation!

ܻ ݏ ൌ
݇௣ݏ ൅ ݇ூ

ଶݏ݉ ൅ ݇௣ ൅ ܿ ݏ ൅ ݇ூ
ܴሺݏሻ

‐ closed‐loop stability of ݇௣ ൐ െܿ, ݇ூ ൐ 0

‐ step tracking: if ݎ ݐ ൌ ,ݎ ݕ	 ݐ → ݎ
‐ perfect disturbance rejection: if ݀ ݐ ൌ ௗݕ ,݀ → 0	due to the I‐action
‐ transient shaping: critically‐damped for fast, yet, no‐oscillatory behavior

(via  ݉ݏଶ ൅ ݇௣ ൅ ܿ ݏ ൅ ݇ூ ൌ ݉ ݏ ൅ ݌ ଶሻ

‐ ramp tracking:  if ݎ ݐ ൌ ,ݐܽ ݁ ݐ → ܿܽ/݇ூ need order increase…
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P‐Control of 2ndOrder System

݉

ሶݔ , ݂

ሶݔܿ

ଵ

௦ሺ௠௦ା௖ሻ
ሻݏሺܭ

+
‐

ሻݐሺݎ ሻݐሺݕ

* Proportional‐Integral control  ܭ ݏ ൌ ݇௣

ܻ ݏ ൌ
݇௣

ଶݏ݉ ൅ ݏܿ ൅ ݇௣
ܴ ݏ

‐ closed‐loop stability for any  ݇௣ ൐ 0

‐ step tracking: if ݎ ݐ ൌ ,ݎ ݕ	 ݐ → ݎ

‐ disturbance rejection error: if ݀ ݐ ൌ ݀, ௗݕ → ݀/݇௣

‐ transient shaping: can assign ߞ ൌ
௖

ଶ ௠௞೛
ൌ 1, but can’t assign ݓ௡ together

‐ ramp tracking:  if ݎ ݐ ൌ ,ݐܽ ݁ ݐ → ܿܽ/݇௣

ሷݔ݉ ൅ ሶݔܿ ൌ ݂
input: ݂
output: ݔ

with P‐control, due to increase of plant’s order

need order increase

need PI‐control
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PI‐Control of 2ndOrder System

݉

ሶݔ , ݂

ሶݔܿ

ଵ

௦ሺ௠௦ା௖ሻ
ሻݏሺܭ

+
‐

ሻݐሺݎ ሻݐሺݕ

* Proportional‐Integral control  ܭ ݏ ൌ ݇௣ ൅ ݇ூ/ݏ

ܻ ݏ ൌ
݇௣ݏ ൅ ݇ூ

ଷݏ݉ ൅ ଶݏܿ ൅ ݇௣ݏ ൅ ݇ூ
ܴሺݏሻ

‐ closed‐loop stability: if ܿ݇௉ ൐ ݉݇ூ
‐ step tracking: if ݎ ݐ ൌ ,ݎ 	 ௥ݕ ݐ → ݎ
‐ perfect disturbance rejection: if ݀ ݐ ൌ ݀, ௗݕ → 0
‐ perfect ramp tracking:  if ݎ ݐ ൌ ,ݐܽ ݁ ݐ → 0

‐ transient shaping  PID‐control  ܭ ݏ ൌ ݇௣ ൅
௞಺
௦
൅ ݇஽ݏܪ ݏ ൌ

௞ವ௦మା௞೛௦ା௞಺
௠௦యା ௖ା௞೛ ௦మା௞೛ೞା௞಺

ሷݔ݉ ൅ ሶݔܿ ൌ ݂
input: ݂
output: ݔ

impulse with step input: low‐freq. approximation ݇஽ݏ ൎ
௞ವ௦

ఛ௦ାଵ
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Fundamental Limitation of Feedback Control

ܻ ݏ ൌ
ܩ ݏ ܭ ݏ

1 ൅ ܩ ݏ ܭ ݏ
ܴ ݏ ൅

ܩ ݏ
1 ൅ ܩ ݏ ܭ ݏ

ܦ ݏ െ
ܩ ݏ ܭ ݏ

1 ൅ ܩ ݏ ܭ ݏ
ܰሺݏሻ

robustness & faster response
w/ large K

disturbance rejection w/ large K also → 1with large K!!!
 full‐effect of noise?

K(s) amplifies noise

 can’t achieve good reference tracking and good noise attenuation 

at the same time, unless ݎሺݐሻ and ݊ሺݐሻ are in different frequency band

ܪ ݏ ൌ
௞೘௞ೌ

ோೌ ௦ூା௕ ା௞೘
మ ା௞೘௞ೌ

	

ex) dc‐motor (ܫ ൌ 1, ݇௠ ൌ 1, ܴ௔ ൌ 1, ܾ ൌ 0.5, ݇௔ ൌ 50ሻ

signal propagation

1) for dc‐tracking: ܪ 0 ൌ
௞೘௞ೌ

ோೌ௕ା௞೘
మ ା௞೘௞ೌ

ൎ 0.97

2) for noise attenuation: ܪ ݓ݆ |௪ୀ଺଴ு௭ ൎ 0.13
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Observations

 Ts: how quickly the steady‐state is attained (n)

 Tr: how fast the system’s initial response is

 no overshoot if  >= 1
 bandwidth 20log10|H(jwc)|=‐3dB: how agile system tracking can be

 resonance: booming or instability, typically need to avoid particularly high‐freq. 
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Feedback Control Design Example ‐ I
choose ݇, ݌ s.t.

1) closed‐loop system is stable

2) PO ൑ 5%
3)  ௦ܶ ൏ 4sec

ܩ ݏ ൌ
݇

ݏሺݏ ൅ ሻ݌
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Example 10.8.3
‐ stabilization of unstable system

ܩ ݏ ൌ
1

ଶݏ െ 4

‐ PID control
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Feedback Control Design Example
choose ݇, ݇ଵ s.t.

1) closed‐loop system is stable;      2) PO w.r.t. step ݎ ݐ ൑ 10%
3) minimize steady‐state error for ramp input

4) minimize the effect of step disturbance

5) stability margin, actuator saturation: 0 ൑ ݇ ൑ 100, 0 ൑ ݇ଵ ൑ 20
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Feedback Control Design Example
choose ݇, ݇ଵ s.t.

1) closed‐loop system is stable;      2) PO w.r.t. step ݎ ݐ ൑ 10%
3) minimize steady‐state error for ramp input

4) minimize the effect of step disturbance

5) stability margin, actuator saturation: 0 ൑ ݇ ൑ 100, 0 ൑ ݇ଵ ൑ 20
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Example 10.3.2

‐ thermal system modeling and control
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Example 10.4.1 & 10.4.2

‐ fluid power system and hydraulic control implementation
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Effect of Additional Poles & Zeros

ܪ ݏ ൌ
ݏ ൅ ݖ
ݏ ൅ ݌

ݖ/௡ଶݓ

ሺݏଶ൅2ݓߞ௡ݏ ൅ ௡ݓ
ଶሻ

1) if ݌ ൒ ௡ݓߞ10  2nd order poles are dominant; effect of ݌ negligible

2) if ݖ ൒ ௡ݓߞ	10  effect of ݖ negligible
3) effect of ݌, ݖ become significant when they are close to the 2nd order poles

(or slower than them)

ൌ
ݖ
௡ݓߦ
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Next Lecture

‐ no more lecture!


