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Lecture 6

- mechanical system modeling
- equivalent mass
- gears
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Lecture 7

- planar dynamics
- energy method

- mechanical drives
- spring elements

Lecture 8

- natural frequency
- damper
- effect of damping

we are currently doing Chapter 4.




Mechanical System Modeling

crash dummy suspension

Ly-
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Ay
. = - )

mass & inertia spring =W{4€%M¢=
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NN » s - deformed under force; return to original

fi / shape when force removed
4 7 - potential energy storage 1
.. . — 12
7'?”117 =f 10 =r1 PE ka
mass(kg] inertia[ké‘mz] damger —D—
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- kinetic energy storage . L
- slow down motion; dissipate energy

1 1.
KE = §m:i:2 KE = 5102

t
disszf —cx?%dt
0
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Mass-Spring-Damper Enerqgetics

system dynamics

mi+bx+kx=f

ko e

total energy

1 1
V ==mx?+ =kx?
f 2 2

dV_ bi? + i
T be fx

t t
= V(t)—V(O):—f bx2d1+ff5cdr
0 0

damping energy input
dissipation by f
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Mass/Inertia: 2D Case

translation dynamics (w.r.t. CoM)

mic=fit+fot+fs

rotation dynamics (w.r.t. CoM)

IGWG:rGle1+rGZXf2+TG3 Xf3 Z:MG

often, more convenient to use Mp or Xp

Mp:ZTPiXﬁ:IGWG'i'erX'G:Ipw6+mr><jép

D’Alembert D’Alembert 7
. . _ . =0 if P is fixed
S Ma=Y (Ma)ess Xg=r+x T=WXr

Xg=Xp+WwXr+wx(wxr)

for 2D rotation about a fixed point p =  Mp = Ipv;, I, = Iz + mré, v, = W,
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Example 2.4.2

rolling constraint (no sliding/bouncing)

ay =ra ay =0

translation dynamics

ma, = mgsinf — F

ma, = N — mg cos 0 friction
(unknown)
rotation dynamics w.r.t. G
I;mg sin mgr?siné
Ty P T R AR
. . G \to maintain G N\ ng

rotation dynamics w.r.t. P no-slip

Ipa = mgrsin@ Ip = I + mr?

no need to compute F!

minimum friction coefficient for no-slip

S Iz tan @
> > —
usN = F Hs mr2 +1I;
F producible by pusN P
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Energy Methods

energy conservation: a prelude to Lagrangian/Hamiltonian dynamics

dKE + dPE f dissipati
— + ——— = J VU — alsSipation
dt | dt P
example 2.3.1 rolling constraints: v = Rw
2 wheels!
4 1 1 1
NI S
a0, ﬂ@' 1 LY
1 ‘ = 3 m + 2m,, + Zﬁ v
g SO

can think of multiple masses|
PE = (m + 2m,,)gh as one lumped mass
- w

system dynamics:
MeqV + (M + 2m,,)gsinf = f

* no need to compute friction force F: why?
[epongiunLee ‘&

Mechanical Drives

speed reducer
kinematic constraint: gear ratio if N>1

Wiy T Ny
Wy = rw, RN, RN, N=—=—=—7
W, nn my

ideal gear box

_ _ torque
ITywy | = [Towz| T2l = INTLl*—, iification

real gear box

efficiency (friction, inertia, etc)

|T2| = Ue|NTy| «— ~ 60 — 80%

system dynamics
quwl = T1 + Tz/N —> Tz = —NT1

I, 1

N2 W2 = oW1

12, =I,N? +1
[epongiun Lee eq 1 + 2 Eia




Ex 2.3.5: Simple Robot Arm

kinematic constraint

1
W, = NW]_

energies

wif

1
KE =_<Im+161+131+

Iy +Ig, + 1" + mL2>
2

NZ
™ motor feels

PE =mgL(1 —cos8), 6 =w, “lighter” load

system dynamics

.o, mgl
quWI + TSIH@ =Tn <— 1-DOF system
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Differential Drive

e With different curvature from instanteneous center of rotation, yet, if one
shaft connection: ] ]
0, =10,
thus, slip will always occur.

e Need to have different wheel speeds: Differential Drive

O
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Differential Drive

Crown wheel angle and torque (@i, Tin)

crown wheel ==\ | |

Small gear angle and torque (65, 75) r .
l e T— N 3y B large gear
Left shaft angle and torque (61,71) it | ’Tl )

outer half shaft

Right shaft angle and torque (63, 72)

propeller shaft large gear

Differential drive modeling: with inertial effects assumed negligible,

e Kinematics relation of matched velocity:
v =715 = rséz‘ - 'f‘sés, vy = Tefy = Ts<,1'5i + 750,
e Power relation with no energy loss assumed T,-q.bi = Tlél + Tzéz
e Small gear dynamics: f; = 71/rs, fo=Ta/rs, 0=7s = —firs+ fors
e This means 7; is equally distributed s.t., 71 = 72 = 7;/2

7; controlled, not 91-, thus, possible to have 91 # 92 depending on 7;.

e Problem when one side losses traction: locked differential or limited slip

oo e differential (LSD) ) ey

Linear Spring Elements

deflection

free length

X
) x >0: tension

- symbol

external x <0: compression
force f if =0, x=0
- force equation and potential energy
_ 1
f=kx PE = - kx?
\ spring constant 2 \quadratic
(or stiffness) [N/m] potential

- examples: ¢ = Ee: small deformation, linear elastic material, etc

2R ‘ shear
modulus
/ EA

— C—— -

k= —n ——L—
64nR3
| 4 _ g4
’f" L wG(l;QL d*)
TR
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Free Length and Equilibrium

Hwrty 2) w.r.t. x (from equilibrium L)
<—> {_» V. f . % f
[
L i — - m I
e k(y—1L) kx
L: free-length . .
x: from free-length mij=—k(y — L)+ f mi = —kx+ f
y: from zero
Hwrt.y 2) w.r.t. x (from equilibrium &.;)

b "
g l g l mg
s : = -

kyT —lyf k(x+6st)T _le

-,

8y static deflection =mg /k mij = —ky +mg+ f mi = —k(z + 0y) +mg + f
x: from equilibrium &8s,
y: deflection from free-length =—kx+f

w.r.t. equilibrium, we can write the system dynamics s.t.

mx+ kr=f

|epongiun Lee &

Parallel and Serial Connections

- parallel connection

: f=htfo=(kt+hk)z
fl, 1f af2 same deflection =ke

X =X1 =X n-spring connection

— "
kl%kz ix ko= ks
=1

. . f
- serial connection f
X
“ S
same force v
f=hHh=f X f [ =kaxo

[epongiunLee i=1




Distributed Inertia and Equivalent Mass

L(t): rod length
I ly () rod lentr (L) = L()
x(t): end position (r,0) =r ©,6) =0
I 7 :initial coordinate (0 — L) Jr;as’s e:ur’ﬂt Ienyth" -
y(r, t): rod coordinate (0 — L(t)) P gth: p

- infinitesimal mass pdr moves with velocity y(r, t) at t

- linear velocity assumption

T
)"(7”; t) = X(t)z

Massless 11
spring

KE(t) =f0 Eyzpdr=%(%)5cz(t)

equivalent mass of rod

m
me=mC+—d k_EA

3 L
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Natural Freguency and Rayleigh Method

mi¥ + kx = f, x(0),x(0),f =0 Im

M 1 —_— L o +Wj
aSS;rfnS; X(s) [initial condition] "
S) =
ms? + k
Re
simple harmonic oscillation “ “Wn)

_ : k
z(t) = Asm(w‘ct + 9) w, = \/%

natural frequency

- A (amplitude) and ¢ (phase) depend on the initial conditions
- if input f(t) is also sinusoid with wy,, x(t) — o (resonance)

- Rayleigh Method: if f(t) = 0,KE + PE is conserved

PEpax =

1 1 |k
EkAZ = KEnax = EmW,%AZ |:> Wy = E

oDongjun Lee
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Example P.4.27

2 \L,
1
PE = =kx?
> kx
x = 0: equilibrium
m > 0: mass L, |k
mass-less rod Wn = L, |m

B3

lepongjunLee
Linear Damper
- symbol i T2
= o 1] o >
external— " f C
force
- linear damper equation relative velocity
f=clir — i)
damping coefficient
[N/(m/s)]
- energy is always dissipated via damper
T
diss = / cv’dt
0 \ relative velocity
lenongiunLee E_’J:
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Examples

- dashpot - shock absorber

Air chamber
Frame Oil

\noum hole-length

E | Outer cylinder
cylinder-diameter . Inner cylinder
/ X B (piston)
2 2 ‘
) 1

D
c=8mulL [(E
AN

Wheel T
motion viscosity

hole-diameter

- door closer - viscous bearing

bearing-length

axle-diameter
\ viscosit

N w/
3 /
) Air flow during 7TD L/J
Spring 8 compression C= ——
1 Cylinder 4de
Piston \
Thod" Octing lubrication layer
lepengiuntee \ Cylinder @; ENGINEERING

Hydraulic Damper [Sec. 7.4]

hole-length cyyder»diameter
\ ,
17 D\?
w c=8mulL [(—) —1}
e
b—L— ViSCosity  hole-diameter

- force equation

my = f — Aeq (p1 —P2)s Aeq = Acylinder — Anotes Aroa = 0

- continuity equation (incompressible)
. fo= PRALY = ¢y,  c=pRA
qv = Aeqy
*if L > 2L : coq — 2¢ (parallel)

- laminar flow resistance . .
* if two holes: coq — ¢/2 (series)

_ 128uL

_i( . R=_"—"" 1 D\? 2 ¢
qv_pR P1— D2) = npd* Ceq:E8ﬂ”L[(E) —2] zzifD»d

;%'é"f, ENGINEERING
{i ;
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Door Closer

Orifices e X
T |_>
mll|
. . 4 SCrew
) Air flow during
Spring compression
) Frame m
X Cylinder ‘ f
Piston hofe
Piston Q-ring
rod  seal k Door/
)\ Cylinder cylinder

x: deflection from

door-closing
- equation of motion ceries

. . . - orifice equation
mx = f - Echolex — CscrewX — kex

q = C,AVAP
mi + Echolefc + CscrewX +hkx = f
fepongiun e N adjustable &) s
Damped Oscillations
With non-zero initial condition x(0), x(0) w/ f(t) = 0 +Wnj
X(s) = [initial condition] o Re
ms2+bs+k

- effect of damping
1)ifb=0 - s=+,k/mj = tw,j — keep oscillating (un-damped)

2)ifb < 2Vkm - s = —% +j %— 4b—n212 — damped oscillation (under-damped)
_b, k b2
x(t) = Ae 2m sin(wgt + @), wy = Tz * Wn

3)ifb=2Vvkm - s= —% — no oscillation (critically-damped; optimal)

. b b2k _
4)ifb > 2Vkm »s = — P + Tz~ ~no oscillation, but slow (over-damped)
lepongjunLee ﬁ R
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Quad-Car Model

Ly-

Datum level
1) quarter . . )
car-bod miry = —C1\r1 — x2) — kl T — X2
oy ki(xa = x1) ¢y — %) ( ) ( )
2)wheel  hilx ’i‘l) "‘1(5‘2 -5 Mgly = i (B — d2) + ki (21 — w9)
+tire 4k _
2\y — 22
e =)
kly = x3) equation of motions are coupled:
need to be simultaneously solved
©Dongjun Lee ;& I

Next Lecture

- Lagrange Dynamics

MR ENC
©Dongjun Lee &)

13



