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= Theorem 5.22: dim(V')< oo; T : V' — V 1is a linear operator;
v # 0;W =span(1’-orb(v)); dim(1/)= k. Then
1. {v,T(v), T?(v),--- ,T"1(v)} is a basis for W.
2. agv + a1 T() + - -+ ap_ 1T Hv) + TFv) = 0
= The characteristic polynomial of 7y 18
g(t) = (=DF(ag+ art + - - -+ ap_t" 4+ tF).

= Theorem 5.23(Cayley-Hamilton):
f(t) = h(t)g(t), and f(T') = h(T)g(T') = Tp.

= Corollary 5.23(Cayley-Hamilton for Matrix):
for A= [T, f(A) = 0.
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= Theorem 5.24: dim(V)< oo ;
T .V — V 1s a linear operator;
f(t) is the characteristic polynomial of T
W, 1s a T'-invariant subspace, t = 1,--- , k;
V=WaeW,d- .- W
fi(T) is the characteristic polynomial of Ty, Then

ft) = filt) fa(t) - - - frl(t)

= Theorem 5.25: In addition to the above,

B; 1s a basis for W;
B=p1U---UpPpisabasis for V. [Thm 5.10]
([Twlg O - Op
N [T]ﬁ _ 0:21 [TV[{Q]BQ . 0:2]@
\ Op1 Op2 - [TWk]Bk)

= [End of Review]
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Inner product Space

= A norm gives length to a vector and, hence, provide the notion of
distance for a vector space. |||z — y|]
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wnormonV:| .| :V— R suchthatVz,y € Vand Va € F,

1. ||z|| >0

2. |laz]] = la] - [|]]

3. ||z +y|| < ||x|| + ||y|| : triangle inequality
4. ||lz]| =0 x =0

= ||z]| > 0 is redundant because it is included in R™ and also
2 = ||0]| = ||0x|| = 0||z|| = 0 = half of 4
3=0=0] =z —z|| <[z +[(=Dz|| =2||z| =1

« S0 norm 1s defined without the help of inner product.
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= [p norm, p > 1, of [, space of (z1, z9, - - - ) such that

1
im1 |zl < oo flally = (it |wilP)P

« [1 norm: ||z||; = > 72 |;| [diamond]

ey norm: [z = /0%, |aif? [circle)

= loo NOrm: || |00 =max;|x;| [square]

« These norms are applicable to F"
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= Lynorm, p > 1, of Ly(a, b) space of functions f(¢) such that
b b !
Ja [f@)FPdE < 0o = || fllp = (fg |f(D)[Pdt)
b
o Ly norm: [ £]}y = [2[£(0)ldt

o Lo norm: || fll2 = /7 £(t)]2at

= Loo norm: || flloo =maxy|f ()
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= An inner product provides the notion of angle and orthogonality
for a vector space.

= inner producton V : (-,-) : V xV — FsuchthatVz,y,z € V
and Va € F.

&+ 2,y) = (2, y) + (2, y)
(ax

1.
2. (ax > a(z, y)

3. {x,y) = (y, ), where a is the complex conjugate of a.
4.

r# 0= (x,x) >0
» 1 and 2 mean inner product 1s linear in the first argument.
= 1 and 2 imply (Zle a;jv;,y) = ZZ 1 @iV, Y).
= 3 becomes (x,y) = (y,z) if ' =R.

= 3 implies that even if F' = C, (x, x) is real and nonnegative.
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= example:
V== <(a1, ) (br, -~ )> —Z?:mz'b_z’:b*a
« V=0C(la,b],R f f
V= Myxn(F ) (A, B) :tr(B*A) < (Frobenius inner
product),
where tr(A) = > 7' | A;; is the trace and B* = B? is the

conjugate transpose, or adjoint, of A.

== inner product space : (V(F), (-,-))

» In the discussion of inner product spaces, we implicitly assume
that the field 1s complex as it encompasses the real field as a
special case. These two fields are of our main interest.
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= Theorem 6.1: V' 1s an inner product space.
Then Vz,y,z € V and c € F,

1. {x,y+ 2z) = (x,y) + (z, 2)
2. (z,cy) =¢(z,y)
3. (x,0) = (0,x) =0
4. (r,z) =0 2=20
5. Ve eV (x,y) ={(x,2) =>y==2
» 1,2 — conjugate linear.
» Simplies that Ve € V, (z,y) = 0=y =0

» proof of 4: “=-" contrapositive of def 4.
“<=":(0,0) = (04 0,0) = (0,0) + (0,0) = (0,0) =0, or
(0,0) = (00,0) = 0(0,0) =0
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= Theorem 6.2a: ||z =+/{(x, z) defines a norm.
proof: “1”: “x # 0 = (x,x) > 0 [ip4] and
“(r,x) =0« x=0"[Thm 6.1-4] = ||z|| > 0

“27: |laz|* = {az, az) = aalz, ) = |af*|z]”

“3”: We use in advance Cauchy-Schwarz inequality, |(x,y)| <

||| - [|ly]|, which will directly follow.

lz+yll> = (x+y,z+y) = (x.2) + (z,9) + (v, 2) + (y,y)
= [|z[|* + (=, y) + (z, ) + ly]|* = [|z]|* + 2R((z,y)) +

ly|”
< lzlI* + 2, )| + Nlyll* < =l + 2012 -yl + lyll°
[C-S 1neq]

= (llzll + llyll)?
“4”: “(z,2) = 0 < z = 0" [Thm 6.1-4]
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= Theorem 6.2b (Cauchy-Schwarz inequality): |(x, y)| < ||z]| - [|y]|,
and equality holds 1f and only if = cy (or y = cx) for some scalar
C.

proof: if y = 0, equality holds with y = Oz and the proof is
complete.

Assume y £ 0 and c is a scalar.
0< ||z — eyl = (& —cy,x — cy) = (z, 2 — cy) — (cy, = — cy)
= (z,x) — ¢z, y) — {y,z) + &y, y)

W{y,x)  —(z,y) < ) 2 {z.y){y,T)
= [P et — e+ ea) Ho | =
W Tl o el
= w25 — o) — o) +

— lyl21(28) — )2 4 LelvPle o)l

TTgll” lyll*
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,Y)

2

Since this holds for any c, letting ¢ =
(@y) _ {cy

Tyl <?J7y>

proves the inequality.

IIyH
)

“equality”: If z = cy, then c and equality holds in

the above derivation.

, we must have in the above for

Conversely, if [(z,y)| = ||z]| - |
any

CHx — CyH2 = HyH ‘( H?J||2 — C)‘Q'

Letting ¢ = <ny”2> results in x = cy.

« The equality condition 1s a very important tool for minimization
Or maximization.
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= example:

triangle inequality :

Iy space 1/ S7 [ag + il </ S Jagl2 /00 (b2
Ly space /[ |£(2) + g(0)dt </ 21 £(0)2dt +/ [ lg(t) 2

Cauchy-Schwarz inequality :
Iy space : \2"1a@b|<¢ a2 [bif?)
b
Lo space : ]f f(t)g(t)dt] <\/ 1 @)12de) ([ 1g(t)]?de)

= ¢ and y are orthogonal: (x, y) = 0 for “nonzero” vectors

» {uq, -+ ,uy} is orthogonal: (u;,u;) = 0,7 # j
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s {Uy,- - ,u} is orthonormal: orthogonal
and ||u;|| =1

« orthonormal < <ui,uj> = 0 =

1, 1=
{07 i j} , Kronecker delta

= cxample: orthonormal set

« {(1,0,0),(0,1,0),(0,0,1)} C R3

. {%(1,1,0)7(1 —1 1),f( 1,1,2)}
RS

) = €M ke 7} C
?([OQEW),C), where (f, g) =

o f(t)g(t)dt
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= We are interested in an “orthonormal basis” = {v, -+ ,vp}
because for x = ajv1+- - -+ apvp, (x,v;) = (a1v1+- - -+ apvp, v;)
= a1 (v, v;)+- - -+a; (v, v)+- - +an(vp, v;) = a;,

so that for any x we can write © = (x,v{)v] + - - - + (&, vp)vp.
= This 1s basically one of the reasons that many people can,

through the same medium, air, have wireless communication
without interference. [modulation, multiple access]



Review Page 1

Inner product Spaces

= normonV:| | :V— RT suchthatVo,y € Vand Va € F,
1. ||z|| >0
2. |laz]| = la] - [|]]
3. ||l +yl| < ||z|| + ||ly|| : triangle inequality
4. llz|| =02 =0

w |zl = O05 |2lP)P, D02 || < o
« [1 norm: ||z||; = > 72 |x;| [diamond]

e Iy norm: ||y = /3229 ;|2 [circle]

= loo NOrm: || |00 =max;|x;| [square]
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Inner product Spaces

= normonV:| | :V— RT suchthatVo,y € Vand Va € F,
1. ||z|| >0
2. |laz]| = la] - [|]]
3. ||l +yl| < ||z|| + ||ly|| : triangle inequality
4. llz|| =02 =0

w |zl = O05 |2lP)P, D02 || < o
« [1 norm: ||z||; = > 72 |x;| [diamond]

e Iy norm: ||y = /3229 ;|2 [circle]

= loo NOrm: || |00 =max;|x;| [square]
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w £y = (2 1F (0Pt [P 150 P < o
» Ly norm: || f 1:f£\f(t)\dt
» Lonorm: || f 2:\/f£\f(t)|2dt

s Loo norm: || f||co =maxy|f ()|

= inner producton V : (-,-) : V x V — F suchthatVz,y,z € V
and Va € F,
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= example:
 V=F"= <(CL1, ) (bl, bn)> = ) = 1azb = b*a
.V = C([a, b, R — [P 5
V= Mnxm(F) <A, B} —tr(B*A) < (Frobenius inner
product),

= Theorem 6.1: V' 1s an inner product space.
Then Vz,y,z € V and c € F,

(&Y +2) = (2, y) + (T, 2)
(&, cy) =Tz, y)
(,0) = {0,x) =0
(x,x) =0 x =0

I.
2.
3.
4.
5..VeeV (x,y) =(x,2) =y==2
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= Theorem 6.2a: ||z =+/(x, z) defines a norm.

= Theorem 6.2b (Cauchy-Schwarz inequality): |(x, y)| < ||z]| - ||y]|,
and equality holds i1ff x = cy (or y = cx) for some scalar c.

= ¢ and y are orthogonal: (x,y) = 0 for “nonzero” vectors

» {u1,- -+ ,uy} is orthogonal: (u;,u;) = 0,1 # j
m {ug, - ,u} is orthonormal: orthogonal and ||u;|| = 1
I, 2=
« orthonormal < (u;, uj) = 0;; = { 0. i+ j} , Kronecker delta

» For x = alu] + - -+ apln, <CE’, u@> — <CL1U1 Tt T Apln, u’L>
= ai(uy, wi) + -+ ai{ug, up) + -+ anfun, ;) = a;,
For any = we can write © = (x,v])v] + - -+ + (x, vp)Un.

) = R k€ ZY. (g(t), fi(t) = & %g(t)mdt
= [End of Review]
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Gram-Schmidt orthogonalization and orthogonal complement

= Theorem 6.3: V' is an inner product space; S = {vy, -+ ,v.} CV
1s orthogonal. Then

Y = Zle av; = aj =

proof: {y, vj) = (Sf v, vg) = Sy aivi, vj) = ailvy
= Corollary 6.3.1: If S 1s orthonormal,

y =301 av; = a; = (y,v;) = y = > {y, 0;)v;.

= Corollary 6.3.2: Orthogonality implies linear independence.

proof: Replace y with O in Theorem 6.3.
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U3
= Gram-Schmidt orthogonalization:
g’LU3,’U2>
v1 = (w,01) . ws )I’Uz”Z .
w2,v1 o
v 2 5 ”1% > D
(ws,v1) o =w S| w
U3 = — oV U N 1=wi=A |
: @3"’ for 2t |,02||2 L> (s}, |
| : |Ul||2 show' ¢ Eucidean example
[ =ad
Ves We — 2 <DPu2e2 o
o =

<vh. )
<Y/J¢>/V> _@L,V> — JU, W @‘:)?/\>

<V;,0/,>:<’Z&$,‘7/}> - <N3v74><‘7/%';®
GRS = KLU >~k %y =
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= Theorem 6.4: V' is an inner product space; S = {wy,--- ,wp} CV
1s linearly_independent. Then letting v1 = wjy and v; = w; —
il‘ - o
1 ’Uj,’L—Q,"','n, "o - i
] b L= 200,
makes S’ = «fvl, .-+, vp} orthogonal and span(S’) = span(.S).
proof: by induction in n. First, v; # 0 because v; = 0 implies w; =
i—1 (wi,vj)
7=1 Tog 2 V0> Y
contradicts linear independence of S.

vi, where v; € span({wi,--- ,w, ), and therefore
J j &SP J

1. The theorem is obviously true for n = 1.

2. Assume it holds for |S| = n — 1. That is, {v{, -+ ,v,_1} is Or-
thogonal, and span({vy, - - - ,v,—1}) =span({wy, - -+, wp_1}).
3.Fori=1,---.,n—1,
1 {wn,v;)
(vn, vi) = {wn — 2257 o2 Vo Vi)
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—1 <w7%v'>
= (wn, vi) — 225 ot Ui Vi)
= {wn, vi) — Lt (v, v3) = 0. [(i)]
= {vy, -+ , vy} is orthogonal.

Now show that span(S’) =span(.S).
v; € span(S),j =1,---,n =span(S’) C span(S)

S’ is orthogonal = S’ is linearly independent = dim(span(S”’)) =
dim(span(S)) =n
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= example: S = {(1,1,1),(0,1,2),(2,1,0),(0,0,3)}

=(1,1,1) |+ 2—3
v = (0,1,2) — O’-Lf“l 1—-7——5 (L1,1) = (~1,0,1)
o), Tl (~10.)
B 2,1,0),(1,1,1)) 2,1,0 1,0,1)), B
U3 — (27 170> o H(LLDHQ ( 1 1) —1,0 1)“2 ( 1707 1) —

(0,0,0) [lin dep] §
3 0(y§ /1 ((0,0,3),
%(17_27 1) - —] 2 _I —)

()
- 2

By normalizing, we obtain an orthonormal set,

{f(l 1 1),\[( 1,0, 1)2[( —2, 1)} , which is an orthonormal
basis for R”.



/ I a2
<z, z7 = | ' 2ox= ;‘2:5/__,- ok LY/

= example: Consider the inner product space P»(R) with (f, g) =
1
)=y fz)g(z)da.

B=11,x, 2} is the standard basis but not orthonormal.

/ 2 /2.
v =1 ?-.0[[ <"L>:fx-0l)c
_ <ZL’,1> -~/ - ’7’ > =~ i-
B 11 iy = -I~3//
1 1 — x
C.o o = 1 2dt =2, (z,v]) = 2, t-1dt = 0) j -
=0 ~
3=~ s ‘ it | ’ j"l
By normalizing, {ve obtain an orthonormal basis, = s F0

Vil -0 | féd&#ﬁ‘ 4

Why insist on an orthonormal basis?

/
/ 2
<V/,’M‘>:<l,l>:] | dx = I/,:‘Z=l7{”
= =yl =z
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= Theorem 6.5: V' is an inner product space; dim(1") < oo. Then

1. V has an orthonormal basis 5 = {v{, -+ ,vn}.

2.Vx € Vio =10 {x, v;)v;

« Thatis, 7|3 = ((z,v1), -, (7, o))
» 2 1s called a Fourier series expansion.

= (x,v;) are called Fourier coefficients.
- [l2]1? = (20 (2, vi)oi, X (w,05) ;)

= Yoim1 il vi (@, vp)(vg, v5) = 300y [, )]

: Parseval’s relation
« example: C'([0,27), C) with (f, g) = % OQW f(t)g(t)dt
B =Afrt ) — ¢!Ft . k e 7Z) is an orthonormal basis.

<f J k> 27T f(t)e _Zktdt k-th élf\ourler coefficient of f

~
/-754//“/@}’ d’e.rres . ‘70#)—— ?— 4/4@/ “

=A¢.
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= Corollary 6.5: V is an inner product space; dim(V') < oo;

B = {v1,---,vp} is an orthonormal basis for V;T is a linear
operator on

V; A= [T]ﬁ Then AZ] — <T(Uj),?}7;>.
J-th olumn [TW/')JF:?
& TUpy= Ay Uik A Bt oot

&7 (7/,-)]P: P%

.
-:? A:[ [TIWT)JP ) [T[%)Jg, J - fﬁvh)JfJ
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SL’ g

= orthogonal complement S of S : 0| /
St = {x eV (x,y)=0,Vy €S}

« Do not confuse this with the set complement

« S is a subspace for any set S.

« 5 C (SL)“*, but if S is a subspace, then S = (S)".
. {0} =V, VE={0}



