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Composition of linear transformations

= The composition UT of T: V — W and U: W — Z 1is a linear
transformation such that Vx € V, (UT)(x) = U(T(x))

s Theorem 2.9 and 2.10: S, T, 14, 15, U, Uy, and Us are linear
transformations with appropriate domains and co-domains; [ is an
identity transformation; a € F'. Then we have as belows:

1. UT is a linear transform. Lx)=x
. distributivity(1): U(Ty +Ty) = UT} + UT)

distributivity(2): (U7 4+ Us)T = UyT + UsT

associativity: S(UT) = (SU)T

identity: [T'="11 =T (Note that the two [’s are different.)
a(UT) = (aU)T = U(aT)

S



Page 2

= matrix representation of composition

v s W s &

basis  « B o
{ U; } B {Uv‘ : } A { Zi }
dim n m j2

= Theorem 2.11: [UT]! = C = AB = [U]

~

~

Ul;
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= example:
/
U: P3(R) = P(R), ( )
T: B(R) = P([R), T fo
Py L, Ps < P z
std basis « 5 Qv

UT], = U311, =1Ip),

TU)g = [TIaU)G = #Ip) 4

L,

= identity matrix: I: [;; = 0;; = )

where 0;; is the Kronecker Delta.

P LBl P
3 @Y 3

ifi =7
else (i # j)
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left-multiplication transformation L 4 for a matrix A:
Ly: F™ — F" such that LA( ) = Ax

mea «nx/

Theorem 2.15 and 2.16: A 1S 'an m X n matrix; a € F'. Then the

followings hold:
1. L 4 1s a linear transformation.
Fm _L_4> L
std basis [ v
T
2. [LA] B~ A

3. Ly = Lp < A= B: uniqueness of L 4 given A
4. Lyp=La+Lpg Lya=aly larts ()= (A+B)<

5.T: F" — F™ is linear % L—rjzg :'7
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= d a unique m X n matrix C such that

T=Lo and C = [T]g

.Gisann X pmatrix = Lgq = LagLg

. G 1sann X p matrix; H i1s an p X ¢ matrix

= Lo = Laley = LalaLyg = LagLy = Liagyu

= A(GH) = (AG)H

: associativity of composition = associativity of matrix multipli-
cation

(' — =Ihx = LT -2
.m:n:>L]n:]Fn IH,,[Z) = - ))
proof: Once we have |L A]% = A, all these can be proven through
the properties of linear transformations and their matrix representa-
tions.
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Invertibility and 1somorphism v W
= inverse U of a linear transformation 7: V — W; T
U: W =V suchthatTU = Iyyy and UT = Iy,
» notation: U = T_l,T — ! T, =9

= Theorem 2.17a including Theorem 2.17: 1. V' — W 1s a linear
transformation. Then the followings hold.

1. T 1s invertible < I’ 1s one-to-one and onto

2. T Lis unique.

3. T lislinear. .- T Heyy + o) = T HcT(21) + T(xa)) =
T_lT(ch’l + x9) = cx1 + 19 = cT_l(yl) + T_l(yg)

4. (T H =1 (T Yay) = U Hay) = y1 = Tlay),

5. UT)t=T"1tu"1 ((UT> D) =21 =T Yy) =
T HU ) =T U ay)
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= inverse B of amatrix A: AB = [,and BA = Iz
« notation: B=A"1 T =L, UT=Ly

= Theorem 2.17b: A and B are n x n invertible matrices. Then the
followings hold.

1. A~! is unique.
2. (A h=l=4
3. (AB)"t=B"1tAa"!
= Theorem 2.17c: dim(V') = dim(W) < oc;

T: V —-W and U: W — V are linear transformations.
Then U1l = IV & TU = [W.
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s« Theorem 2.17d: Let A, B € M,,«xn, Then AB = I,, & BA = I,

= Lemma 2.18: 72 V — W 1s a linear transformation;
dim(V'), dim(W) < co. Then

T is invertible = dim(V') = dim(W).
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== Theorem 2.18: ﬁ ik
%., Wl T is invertible < [T} is invertible:
basis 8 <&~ 7~ 10 T ——
| and [T)° = ([T]5)~. O
Vi) (W) 1 | '

= dim{V

— dim

- Assume 7' 1s invertible.
(W) =n [Lemma 2.18] = [T]z isn xn

In=[Iylg=[T"'"Tly =TT}, & Thm .4

8

In = [fwl, = [TT71), = [T, 1,2 "B ]
= [T% is invertible and [T b ([;lé)_l ¢ BJ f
'&’:) Assume A = [T]g is invertible and B = A1, A '.B v
Let U be the linear transformation such that U(w;) = > i’y Bjjv;.

= T ;)
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= U]} =B

= U 1s unique. [Theorem 2.6]

UTlg =
U,

5—BA Iy =

|7 =AB = I, = [Iy],

V]ﬁ 2 [C'>l Oj}

= UT = Iy, TU = [}y [matrix representation is unique]
= T is invertible and U = T~}

= Corollary 2.18.2: Let A € M,, %, then the following is true:

A is invertible < L 4 is invertible; and (L 4)~

1:LA—1.

Y=L4)= AL
[LA)[W—X A7y = = A1)
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= iIsomorphism: invertible linear transformation

« V' and W are isomorphic:
- an invertible linear transformation 7': V — W.

= example:

R* and P3(R): (ay, a9, as, ay) <> aj + asx + azz® + asx’

P3(R) and Myyo(R): ag + ajz + agx?® + asx> < (ZO Zl)
2 U3

= Theorem 2.19: dim(V'), dim(WW) < co. Then
V and W are isomorphic < dim(V') = dim(W)

= Corollary 2.19: V and F" are isomorphic < dim(V') = n

,:,w_gﬁﬁ» /eef W:a/-em

s

@n-tuple

N

2 277

L5
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== 1 heorem 2.20:

LiI-
&: LJ — Madvi i

p ‘L% Wi a: L (V,W)—M,,x, defined by

basis 8 X5 7 - . .
07 Ta7 T d(T) = [T]4 is an isomorphism. [
dim n m | “

A
proof: ®: L(V.W) — My, xy islinear. [Theorem 2.8]

The matrix representation 1s unique.

: . V J - W LV, W)
= Given a basis [ for V,
b3 V — 7 defined by Ojl loﬁ I j/@_
¢g(x) = [z]|g is also an isomor- I
phlSIIl Fn A ~ Fm

772 XN

A =[T|;
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= cxample: T P)(R) — P;(R) suchthat T'(f) = f/ [a

010 rn=e 52
T2 o]

ap + a1z + axx? - aj + 2a9x
o O_
L
[ag ) : = | 2
a; | A=1T]5\ 2a;
-
Za} - O O Z q’l
4z
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ﬁ:{1,1+aj,1+x+x2}, vy=A{l,1+z} = A= (O . _1)

00 2
T T (r)=o°
ao + a1z + axx? - a1 + 2a97 ~(lx) = 1
| | = 4,242 ‘T"[/-/-x-fqz_ = (+2X
; 3\ l " +2&L£H-Z) = -/f ’-U’CL)
L4 ,
(a.o — ! ‘ o e 2a
a; —ay | A= T 2as
D)

= This example illustrates that the @sentaﬁons
f we change the given set of bases to a new ong
representations change? 2

a




Page 15

Change of Basis

= Consider two bases@ {vi,--- ,vp} an {uy, -+ ,up} for

the same vector spac the matrix representations of the identity
transformation /. V. o

/

The i-th column of [7]7 is [v;] s ; the i-th column of [1]?, is [u;] 5

5 g
Forxévvxzzaivif()fﬁ%%(x)zx,xzz:biuiforﬁ’. p
B
= |z]g = (a1, oy ap)t, [x] g = (b1, o, b))t SN [IV.]f:?
- / //t
<b1,... ) []9}5 (al,... ) . l/ V

5

_ Ly
.LO:m J B ?

5
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= example:
for [ : Ph(R) — P2<R> let bases for domain and co-domain be

b= {1 x xQ} andﬁ —{1 l + =, 1+x+:1:2}

X = ag + a1x + asz? Ok @\‘\—L)—i-@(l’l‘lﬂ)

:»[x]ﬂzmo,al,agv Ky =(a—ano—apa)l o g
= 1(x) /1 -1 (0 =1/ 0° 7
S S Fo) =Z  “
H H@H H 8(1) Tt e e/
ag — aj 1 -1
al—ag 0 1
0 0
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= example: Consider two bases for R*
8 =1{(1,0),(0,1)} and 3" = {(cos A,sin A), (=sin A, cos A)} ,

—_

where 3’ is the rotated version of 5 by the angle .
r = (a,b)

B ¢ pnB [ CoOsA sImAY\. . B
= |7]g = (a,b)", [I]B = (_ G cos A)' rotation by —\

= [a)g = 1)} 2] = (_CZ?HAA :;rS) | (Z)

. |z] g = (acos A + bsin A, —asin A + bcos A

- - 0
I(/-o)]{;: [Iﬂ/} [U'O.)]@':ﬁfhﬂ
-_ijﬁoﬁﬂ.fé?ﬁ'h., S )\)

(3 = sind (~sind, s
- - Cév;fl-r 41’077'-— / 0>
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/
- |/ ]g and [/ ]g , are called change-of-coordinate matrices.

1y =115 = 15I= 1

= [ = (1)

= We can play with these matrices as follows.

1], = [I11), = IS = I,

2], = [1[z]a = [} 15[7]a

« gl la
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= What is the relationship between A = [T'|3 and B = [T] g ?

g =Ty = [IT1] = YA Bmg, =47 A&

s
B =Q LAQ, where Q = [I]g, [*] l/ l 2
= Matrix A, B € M,,«,, are similar. / AA
3 invertible Q such that B = Q—14Q. [ / 5
» SO similar matrices can be considered repre atl(f of Litﬂg
same linear transformation. I& LN —3 A f ol

_@/}@
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= cxample: 7: P)(R) — P5(R) suchthat T'(f) = f’

52{1,x,x2}, ﬁ,:{l,l+a:,1+:c+a?2} [0,,,.07
o B AL A S T
Tlg=(002]), T],=({00 2 )= 1+2X
000 7 \oo o TLH ): | 2L 1#7)
111 / I =1 0 97[""7"0)
Q=" ={o11], Q=) =[0 1 -1
3 5
001 00 1
. /D%yﬁ = =t /[/6JL)
Ty =Q  [TpQ 2 o 14 (~HD)
: . 2 o H DD

01 —1 1 -1 0 010 111
s [100 2 )1=101 —=1]1-1002]-1011
00 0 00 1 000 001

124 = & A Q
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== 1 heorem 2.18:

| ¥4
/ 4

basis 3

{v;}

/4

T

14

N
{w;}

T is invertible < [T} is invertible:
and [T71)9 = ([T]})~1. O

= Corollary 2.18.2: Let A € M,,«n,, then the following is true:

A is invertible < L 4 is invertible; and (L 4)~! = L A-1-

= iIsomorphism: invertible linear transformation

= Theorem 2.19: dim(V'), dim(WW) < oco. Then
V and W are isomorphic < dim(V') = dim(W)

= Corollary 2.19: V and F" are isomorphic < dim(V') = n
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== 1 heorem 2.20:

Given a basis 3 for V, =W L)W)
¢g: V — F" defined by 03\ l 0. l 5
¢g(x) = [x]z is also an isomor- |
. B |
phlsm' Fn ” Fm i\[mxn
A=Tl;
o —~+ a1 xr - (l.Q;'l?Q - 7 - 2(1,21‘,
= example:

5= {1,2,2%). cnl \ a,
Y= {17 2 } I A
A 010 i — | @i

- \002 a, | A= 75| 2a,

19
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Change of Basis
= Mmatrix representations of the identity transformation /.

= for [ 1 Po(R) — P»(R), let bases for domain and co-domain be

= {1,x,$2} andﬁl = {1,1—|—:1:,1+:1:+x2}.
Xzao+a1x+a2x2
= [X]B = (ap, a1, a2)’, x|y = (ap — a1, a1 — ay, as)"

= I(x) o
= [x] 1 g (1] 8

ag — aj 1
al—ag 0
0
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/
- |/ ]g and [/ ]g , are called change-of-coordinate matrices.

[N =15 = (15005 = L

= [ = (1)~

) = []T]] = [[]ﬁ [T}ﬁ[[]ﬁ/ )

g g
B =Q 1AQ, where Q = [I]g,

— Matrix A, B € M,,«,, are similar.
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Chapter 3
Elementary matrix operation and system of linear equations
4
V - W
¢,f l | Qb'}'
Fn Ly . M
A =T}

«» Given bases, we can work on any kinds of vectors and any kinds
of linear transformations using only n-tuple vectors in F"" and

matrices 1n M, F). e ctor
mxalE). i -
s w =T (v) turns into y = Ax, a system of hnear equatlons
KoL = AduHE T (elE ? %g)
« We now 1nvest1gate n-tuples, matrices, and linedr equatlons

(,&I,@,yy '%M — ;/g;f—/orﬁjmﬂ
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Elementary matrix operation and elementary matrix

«» elementary row operation, ero, on a matrix:

type 1, erol: interchange two rows
type 2, ero2: multiply a row by a non-zero scalar
type 3, ero3: add to a row a scalar multiple of another

az] a3y asg ai] alo  al3 aii a19 ai3
ag] a2 a93 bas1 basy bass a9] a9 a3
aj] a;o a3 az] agy ass a3] — caj] agy — caj azz — €ai3

« Elementary column operations, ecos, are similar.

= You may recall these having being used i1n solving a system of
linear systems.
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«» €xample:
56 7 8 12 3 4
12 3 41— 156 7 8| [erol(rl,r2)]
910 11 12 910 11 12
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== elementary matrix, em: matrix obtained by an ero on [, [

Qy G %

o1 ) O e A3\ (ol ot g,
typel: |00 1]:eml(12,13) Pe; Az Aoz | = 37 Uz

010 a&, 43& 0‘33 42/ QZL@

200 i -20, 20y, ~24
type2: | 0 10 |:em2(rlx(-2)) /) S

0 01 17

100

00 1 tr

»» Theorem 3.1: An elementary row operation on a matrix A is the
same as pre-multiplying an elementary matrix of the same type
to A; and an elementary column operation is the same as post-
multiplying and elementary matrix of the same type. [

0 “A (s
type3: (0 1 -2 :eml(r2+r3><(-2))( /s ) = |@y=24;, &0

—

E'4 = (A'\ ) AE = A
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«» €xample:

-~

N

< o0 &
~~

M~ on AN o S

62m159
1O — O

~

o O

) 1

oo — <2 | <
N

I

I o

Q0O

) 2

T
< o0 &

I~ —

m = P

N

N o DTS

— 10O OO Yo

(1_9

\ﬁ ~

~~ \ﬁ
oo < &
b~ o T
© NS
1O — O
~—

-~
S ORNaN
4_1
D~ —
3_1
O o
2_1
LO
1_9
N~
P
o O
o — O
— 1O O
~
1
7
(@R @N
< O
™ o
N = S
— O OO
~_

u>

1 00 1 2 3 4
0 10 04 8
=901 9 10 11 12

(

)=

4

3

8
0 —8 —16 =24

L 2
0 4

%
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4 32 3
8 6 7

1
5 | [ecol(cl,c4)]
9

10 11 12 \1000) 12 10 11

0 3 4
—4 7 8
-8 11 12

[eco3(c2+cl x(-2))]

1
o ot =

«» Theorem 3.2: Elementary matrices are invertible, and the inverse of
an elementary matrix is an elementary matrix of the@type. []

« Also the transpose of an elementary matrix 1s an elementary matrix

of the @type.
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«» €xample:
eml(r2,r3) 7100\ ! 100
eml(r2,r3) 1001 =({001
em1(c2.c3) “ \o1o0 010
em1(c2,c3)

7

em2(rl x(-2)) —1
em2(rl X (—3)) . (2 - 00

em2(cl x(-2)) 1° 1°°

j:.

em2(cl x(—1)) 0! L
em3(r2+13x(-2)) < 10 0\ ! 100
em3(r2+r3x2)

3(c3+c2x(-2)) S Pl B B
em3(c3+c2 X (- 00 1 001

em3(c3+c2X?2)
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Rank and inverse of matrix ) y
«» rank of a matrix A, rank(A): rank(L 4) [ -« > ,7

s A € My,«qn; rank(A) = n [full rank]

= nullity(L 4) = 0 [dim thm] 7.: A<
= L 4 1s one-to-one. [Thm 2.4] =(a,a, --~q,,)[’2
— L4 is onto. [Thm 2.5] (' drm (v)=d o (W) =/’t) _ o
— L, is invertibl ~Zi 0k
A 18 Invertible. R(A) -'-'SPA”i'aa‘j
= A = |L 4], in standard basis (3, is invertible. [Thm 2.18]
KA &)
«» Theorem 3.3: - @): dtm [2[{ )L.E
T =He
| V=W lectvrs
basis 3 v 4 o L[ teltemas . a;j
rank(7") = rank ([T ]g) ] ~ ¥ ofLr

Colunmms of
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aa Theorem 3.4: A € Myyxn; P € Mpyxm: Q € Muyxn;

P and () are invertible. Then I o =77
7y =rank(A) = rank(P A) = rank(AQ) = rank(PAQ) Ul
y 8
AT L By I 4
F'N Q " FII A g F'HI P . FIN?
Q A DT o 4=phéxL
rank(A) rank(PA)

rank(AQ) | rank(PAQ)

nullity(A)

« nullity(A) = nullity(P A) = nullity(AQ) = nullity(P AQ)
Ful rank.

»» Corollary 3.4: Elementary row and column operations on a matrix
are rank-preserving. [
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== How do we practically find the rank of a matrix?

== column space and row space ( ,Qa,,je spre.)

« column space of a matrix: span of the columns L1
Calumm Vet G=AT=Z2; A

n 1X: T
row space of a matrix: span of the rows LI gﬂ_,:_ YA = =2 a‘jr

Vo o) Ua flX -

[, - -%nd ?"7
il
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»» Theorem 3.5: rank(A) = dim(column space of A) [

« In other words, the rank of a matrix A is the maximum number of
linearly independent columns of A.
proof: 8 ={eq,--- , ey} is the standard basis of "
such thate; = (0,---,0,1,0,- - ,0)! with 1 in the j-th place.
rank(A) = rank(L 4) = dim(R(L 4)) [def]
R(L 4) =span({L g(e1),- -+, La(en)} [Thm 2.2]
TaTe;) :@18 the j-th column. DL—){Q. Q. qhg

& -

«» €xample:

0
r‘@(_ ? % @cl X 3-c2=c3], rank g g§ :2_
-—

2
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=s Theorem 3.6: An m X n matrix A of rank r can be transformed into

D = (ér gl> by elementary row and column operations, where
2 Y3

O; are zero matrices. []

»a €xample:
121 1 1 21 1
A=(103-1]—= |0 -22 =2 [ero3(r2+r1x(-1))],
112 0 0—-11-1
[ero3(r3+rl x(-1))]
12 1 1 2

—~ 10 1 =1 1 | [ero2(2x(—3N] = | © ' —’2
0-1 1 —1 o U °
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12 1 1
— |01 —1 1] [ero3(1r3+12)]
00 0 O

10 3 —1
— 101 =1 1 | [ero3(r1+1r2X(-2))]

00 0 0 | & 3 b
ﬁ[@la(

10100 0 & 0 O]
—D=101]00] [eco3(c3+clx(-3))], [eco3(cd+c])],
00700

[eco3(c3+c2)], [eco3(cd+c2x(-1))]

= rank(A) =2



Page 18

) . Iy 01
»a Corollary 3.6.1: D = (02 0;
trices B and C. [
proof: D = EpEy,_ 1+ E1AG1Gy - - Gy,

where F; and G ; are elementary matrices. []

) — BAC for some invertible ma-

« These two equations of elementary matrices are not unique.

»a Corollary 3.6.2: rank(A) = dim(column space of A)
= dim(row space of A) = rank(A?) O

» In other words, the rank of a matrix A is not only the maximum
number of linearly independent columns but also the maximum
number of linearly independent rows of A.
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«» Corollary 3.6.3: Every invertible matrix is a product of elementary
matrices. L1 [D = []

proof: A € M, «n, 1s invertible = rank(A) =n
= D=1, =BAC = EpEp—l - FHAG1Go - - Gp, [Thm 3.6]
where F; and G; are elementary matrices.
= A=E "By E'LGG L G

where F. L and Gj_1 are elementary matrices. [Thm 3.2] [
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=s Theorem 3.7: l/ T? — > &
T:V—->WandU : W — Z a
are linear transformations;

A and B are matrices. Then
1. rank(UT") < rank(U)

2. rank(UT") < rank(T") ’%l(h)k)
3. rank(AB) < rank(A) Rark( L{T)
3. rank(AB) < rank(B) [J ank (‘T‘) = Rawi (A B)

:Rnn((B)
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== augmented matrix: (A|B) [

»» Matrix inversion by Gaussian elimination:
(A|I,) — (I,|B) by eros [not by ecos]

= (In|B) = Ep-

"El(A‘]n)

= Iy=Ey---EA,B=E,---El,

I, = AB [Thm 2.17d] (. dhm(A) =hm (8 )

«» €xample:
024
(All)=124 2
B 331
121
— 1024
331

100

010 (-3v)S0 -3 - -~
001) A7

010

1 00 |[erol(r1,r2)], [ero2(rl x(3))]

001
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H
-
-
00—
s

-

-

—
09 [ON

|
N

ool L — |

CONE S = o
—_ O O
1Ol G0

—

|
ool

| ico
ool

A-—l

O Do

O N

ool

_ O O

[ero3(r3+r1 x(-3))],[ero2(r2 x (3))]

[ero3(r3+r2x3)]

=~ O O

W= Q0

H~| =
DO —

[ero3(r1+r2x(-2))], [ero2(r3x ($))]

(

[ero3(r1+12 X 3)]
[ero2(r2+r3 x (-2))]

)
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—1 5 3
024 S "8 1
= 242 — _%%_%
3 3 1

331 S 8 1

A At

«x We can find the inverse of a linear transformation 7' : V — V
through computing the inverse of its matrix representation in a
basis £.

T — [T]g — [T]gl — [T — 177!
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an example: T : P(R) — B(R), T(f) = f+ f + f,and § =

(Lo =3 F £=T'g)

112 I —1 0 —?
[T]ﬂ(om) [T];:[T—l]@ (o 1 2)
%Y [A1] = LI\ O

g =ag+ a1l’ + asx” = [g]3 = (ag, ay, ap)’

I =1 0 a
T 9lg=T15"glg={0 1 —2| [a
0 0 1 a

= (ap — a1, a1 — 2as, as)’

= T Hg) = (apg — a1) + (a1 — 2a9)z + asz?



