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Chapter 5

= 1 : V — V is Diagonalizable: 3 an ordered basis /3’ for V such
that

« D = [T|y = [ITI)y = 1] [T]5[1)), = Q" '[T)5Q

« A matrix A is diagonalizable: L 4 is diagonalizable.

« Let 3 is the standard basis for F'*. Then [L 4] 3 = A.

/
D = [Laly = [ILal)y = 1 [Lalsl)5 = Q1AQ
The columns of Q) = |/ ]g, are the vectors in /3.
= This diagonalizing basis (5’ is a set of “eigenvectors”.
For v; € A,

T(?}j) = En:lDijvi = Djjvj = )‘jvj'

[/
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Eigenvalue and eigenvector

m ForT:V — V,if T(v) = M, v # 0, then ) is an eigenvalue and
v 1s an eigenvector (corresponding to A) of 1.

« For a matrix A, if Av = A\v, v # 0, then A is an eigenvalue and
v is an eigenvector(corresponding to \) of A.

= Note:

= ¥ 1S an eigenvector of 7’
< T(v)= X v=X(v)=(\)(v)
s (T —M)(v)=0
s ove NT - M) —{0}
= v 1S an eigenvector of A
& Av = v = My = (Mp)v
& (A= Mo = (Ly = M)(v) = Ly_xp, (v) =0
v eN(Lg—AM)—{0} = N(La-xg,) — {0}
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= Theorem 5.1: T : V' — V is diagonalizable
& da basis for V' consisting of eigenvectors of 7.

le ;) , B is the standard basis for F=.

U] = (_11>,)\1——2;UQ— <Z>,A2—5

= example: A =

Laly = Q1 AQ = ] ILal,l1)) =

-(42)
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= Theorem 5.2: )\ is an eigenvalue of a matrix A.
& det(A — \1)=0.

= characteristic polynomial of a matrix A: f(¢) =det(A — tI)

=« characteristic equation of a matrix A: f(¢) =det(A — t1)=0

(An—t A - Ay )

 f(t) =det(A — th=det| 20 Azl Ao

\ A;u A;7,2 "'Ann._t)

= Theorem 5.3: A € M, x,(F); its characteristic polynomial is
f(t) = ant" + a1 4 ... £ a1t + ag. Then
2. ap_q = (=1)""hr(A)=(—1)""Y A + Ay + - - - + Ann)
3. ap=det(A) [set t = 0]
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= Theorem 5.3a: A € M, x,(F); is diagonalizable with eigenvalues
A1, -+, Ap(with possible repetitions). Then

Lotr(A) = > 0imy Aii = 2=t A
2. det(A) =[[i11 A
w det([T] 5 — tD=det(Q[T]5Q — Q~1IQ)
=det(Q ([T — t1)Q)=det([T]g — 1)
= Characteristic polynomial and characteristic equation for 7.

« characteristic polynomial of a linear operator 7" : V' — V'
:det(T" — tI)=det(|T|3 — ¢I) for any basis 3 for V

« characteristic equation of a linear operator 7' : V. — V
:det(T" — t1)=det(|T] g — t1)= 0 for any basis 3 for V

[End of Review]
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= cxample: -
= reflection: T'((ay,a2)) = (a1, —as) = [T]5:<O _1>,5 std

= 1-t)(14+t)=0=
AT -1
v | (1,0) | (0,-1)

. projection:T((ay, a)) = (0, ag) = [T 5:(8 ?),5 std

= —t(l1—-t)=0=
Al O 1
v | (1,0)(0,1)
= rotation:T'((ay, as)) = (ajcosf — agsinb, aysinf + ascost)
_ [ cost) —sinb 2 .9,

= [T 3= (siné’ sl ) = (cosf — t)” + sin“0 = 0

= 2 — 2tcosf+1 =10

When the field is real, neither eigenvalues nor eigenvectors

exist.
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= Finding eigenvalues and eigenvectors of 7',
T — [T]ﬁ %det([T]ﬁ —AH)=0—=> A\
A= ([T]g = Al)vlg=0—=|v]g = v

= eigenspace I : the set of all eigenvectors
for the eigenvalue A\ with 0 included.

« By = N(T — M) for alinear operator T : V' — V.
E/y 1s a subspace of V.

» B\ = N(T —AX)=N(Ly_), ) foramatrix A € Mpxp
FE is a subspace of .
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= cxample: F' = C (The same results hold if F' = R..)

1 =33
A=| 3 =5 3 |.det(A — tD=—(t + 2)%(t — 4)
6 —64
3 —3 3 U1 0 U1 S1
For A\ = —-2=| 3 —3 3 v |=1 0 |=] vy |= S9
6 —6 6 U3 0 U3 S9 — 81

= F_5={51(1,0,—1)" + 59(0,1,1)" : 51,89 € C}

—3 =33 (o 0 U1 S
For \=4=| 3 —-93 vy =1 0 |=| vo |=| s
6 —60 V3 0 V3 25

= Fy={s5(1,1,2)! : s € C}
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= 1-1nvariant set

= For a linear operator 7" and a set S, T'(.9) is defined as
T(S) ={T(v):veS}.
« T'—invariantset S : T'(S) C S

« /'—invariant subspace W :
W is a subspace and T' (W) C W.

« [¥) 1s a I'—1nvariant subspace.
« {0}, N(T'), R(T') and V" are T'— invariant subspaces.
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Diagonalizability

= We now consider
1. how to test whether 7" 1s diagonalizable;
2. how to diagonalize T’

== Theorem 5.5:7 : V' — V is a linear operator; A, - - - , A are “dis-
tinct” eigenvalues of 7'; and vy, - - - , vy, are respective eigenvectors.
Then the eigenvectors are linearly independent.

proof: induction in & : (i) {v;} is linearly independent.
(ii) Assume {vq, -+ ,v;._1} is linearly independent.
(iii) Assume S°F_; a;v; = 0

= (I — MDD aop= 0

=T (Zfﬂ aiv) = A(Yo 1=y agvi)= 0

= ZZ 1 a;T(v;) — Zle a;\,v; = 0 [linear]

= Z 1 QiU — Zle a;A\pv; = 0 [eigenvector]



Page 11

= Zk ] az( — A.)v; = 0 [kth terms cancel]
= a1 = = aj._1 = 0[\;are distinct, (11) ]
= a;v = 0 [Zle a;v; = 0]

= aj, = Olvg, 7 0]

:>a1:---:ak:()

= {vy, -, v} is linearly independent.

s Corollary 5.5: 7" : V' — V 1s a linear operator; dim(V)= n.
Then 1f 1" 1s n distinct eigenvalues, 1’ 1s diagonalizable.
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= cxample : 1dentity operator /

= Every vector is an eigenvector of [ because /(v) = v .
» [ has only one eigenvalue 1.

« There are n linearly independent eigenvectors of [ for the
eigenvalue 1.

» eigenspace fr; =V

= So the converses of Theorem 5.5 and corollary 5.5 are false.

= A polynomial f(¢) is said to split over the field F' if there are
c,a1, -+ ,an € F'suchthat f(t) =c(t —ay)(t —a9)---(t —an)

= We can also say that f(¢) factors into first-degree factors or
into linear factors.

= a1, ,ap may not all be distinct.

« Over the complex field, all polynomials split.
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= Theorem 5.6; The characteristic polynomial of a diagonalizable

linear operator splits.

proof: diagonalizable = 33 such that [T]3 = D diagonal

Al —t @,
= f(t) =det(D — tI)=det [indep of 3]
0, Ap — 1
= (=D" = At = Ag) -+ (t = Ap)
=« Its converse 1s not true, ie, splitting characteristic polynomial
does not guarantee diagonalizability.

= algebraic multiplicity of an eigenvalue A :
a-mul(\)=k if f(¢t) = (t — \)¥¢(¢) and g(\) £ 0.
= characteristic polynomial of [ : f(¢t) = (—1)"(t — 1)"
a-mul(l)=n

» characteristic polynomial f(t) = —(t — 3)*(t — 4)
a-mul(3)= 2, a-mul(4)=1
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= geometric multiplicity of an eigenvalue A :
g-mul(A\)=dim(FE))

» It 1s the maximum number of linearly independent eigenvectors
corresponding to A.

o g-mul(\)=nullity(T" — \I)
=« 1dentity operator / : g-mul(1)=n

1 —33
« A=| 3 =53 |,f(t)=—(t+2)%(t — 4)
6 —6 4

E_y={s1(1,0,=1)' + 52(0,1,1)" : 51,89 € C}
E,={s(1,1,2)t : s € C}
= g-mul(-2)=2 , g-mul(4)=1
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= Theorem 5.7; 1 < g-mul(\) < a-mul()) .
proof: Let a-mul(\)=m and g-mul(\)=p.
= dbasis {vy, -+ ,vp} for E).
= It can be extended to a basis 8 = {v1,- -, Vp, Upt1," -+ ,Un}.

A, B .
= [T]p=A= ( o O) [T(v;) = Avgyi =1, ,p]

o (AI,—tl, B

= f(t) =det(A t]n)—det( 0O O ¢ sz)
(D)™t = A)(E = A2) -+~ (t — An)

= det((A — t)Ip) det(C' — tI,,—p) [exercise 4.3.21]

= (A —t)Pdet(C — tI—p) = a-mul()) is at least p = p < m.

« For example, if A = 3 and p = 2,

30 —-19 2 3—¢t 0 -1 9 2
03 1 0 -1 0 3-¢t 1 0 -1

Tls=00 4 5 1 |, ft)=det| 0 0 14—t 5 1
00 7 1 7 o 0 7 1-t 7
00 0 4 —1 0o 0 0 4 —1-—t
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= example: 17 : P2<R> — PQ(R), T(f) = f/aﬁ = {17137372}

010 —t 1 0
T)g={ 002 |,f(t)=det([T]s — tD=det| 0 —t 2 | =—¢
000 0 0 —t
A =0 = a-mul(0)=3
010 U1 0
eigenspace of [Tz in R3: [ 002 vy =1 0
000/ \ vy 0
( 1 )
Ey=N([T|g—=0I)={v:[T|gv=0}=qs| 0] :s€eR
\ 0 /

eigenspace of T in P(R) :
Ey=N(T —0I) = {s+0x + 0z : s € R}
g-mul(0)= 1 < 3 =a-mul(0)

= cxample: identity operator: A = 1, a-mul(1)=g-mul(1)=n
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= Theorem 5.9: dim(V')< oo; 1" : V — V' is a linear operator;
its characteristic polynomial splits; and Aq,--- , A\;. are distinct
eigenvalues of 7'. Then
1. T is diagonalizable < a-mul(\;)=g-mul(\;),2 =1, --- , k.
2. T 1s diagonalizable; j; is an ordered basis for £
= 8 =1 U---U [y 1s an ordered basis for V.

» Characteristic polynomial splits
= % a-mul(\)= n =dim(V)
= a-mul(\;)=g-mul();),s = 1, -- - , k£ 1s equivalent to existence
of n linearly independent eigenvectors.

« If we can find a basis 5, for £ A with size a-mul(\;)=g-mul(\;)
for each \;, the linear operator or matrix can be diagonalized
using the basis = g =1 U--- U S for V.

T = ()
a-mul(\;)=g-mul(\;)

) where \; 1s repeated as many times as
Ak



