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Chapter 5

�� T : V → V is Diagonalizable: ∃ an ordered basis β′ for V such
that

� D = [T ]β′ = [ITI ]β′ = [I ]
β′

β [T ]β[I ]
β
β′ = Q−1[T ]βQ

� A matrix A is diagonalizable: LA is diagonalizable.

� Let β is the standard basis for Fn. Then [LA]β = A.

D = [LA]β′ = [ILAI ]β′ = [I ]
β′

β [LA]β[I ]
β
β′ = Q−1AQ

The columns of Q = [I ]
β
β′ are the vectors in β′.

� This diagonalizing basis β′ is a set of “eigenvectors”.
For vj ∈ β′,

T (vj) = Σni=1Dijvi = Djjvj = λjvj.
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Eigenvalue and eigenvector

�� For T : V → V , if T (v) = λv, v 6= 0, then λ is an eigenvalue and
v is an eigenvector (corresponding to λ) of T .

� For a matrix A, if Av = λv, v 6= 0, then λ is an eigenvalue and
v is an eigenvector(corresponding to λ) of A.

�� Note:

� v is an eigenvector of T
⇔ T (v) = λv = λI(v) = (λI)(v)
⇔ (T − λI)(v) = 0
⇔ v ∈ N(T − λI)− {0}

� v is an eigenvector of A
⇔ Av = λv = λInv = (λIn)v
⇔ (A− λIn)v = (LA − λI)(v) = LA−λIn(v) = 0
⇔ v ∈ N(LA − λI)− {0} = N(LA−λIn)− {0}
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�� Theorem 5.1: T : V → V is diagonalizable
⇔ ∃ a basis for V consisting of eigenvectors of T .

�� example: A =

(
1 3
4 2

)
, β is the standard basis for F 2.

v1 =

(
1
−1

)
, λ1 = −2; v2 =

(
3
4

)
, λ2 = 5

β′ = {v1, v2} ⇒ Q = [I ]
β
β′ =

(
1 3
−1 4

)
[LA]β′ = Q−1AQ = [I ]

β′

β [LA]β[I ]
β
β′ =

( 4
7 −

3
7

1
7

1
7

)(
1 3
4 2

)(
1 3
−1 4

)
=

(
−2 0
0 5

)
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�� Theorem 5.2: λ is an eigenvalue of a matrix A.
⇔ det(A− λI)=0.

� characteristic polynomial of a matrix A: f (t) =det(A− tI)

� characteristic equation of a matrix A: f (t) =det(A− tI)=0

� f (t) =det(A− tI)=det


A11 − t A12 · · · A1n
A21 A22 − t · · · A2n

... ... ...
An1 An2 · · · Ann − t


�� Theorem 5.3: A ∈Mn×n(F ); its characteristic polynomial is
f (t) = ant

n + an−1tn−1 + · · · + a1t + a0. Then

1. an = (−1)n

2. an−1 = (−1)n−1tr(A)=(−1)n−1(A11 + A22 + · · · + Ann)

3. a0=det(A) [set t = 0]
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�� Theorem 5.3a: A ∈Mn×n(F ); is diagonalizable with eigenvalues
λ1, · · · , λn(with possible repetitions). Then

1. tr(A) =
∑n
i=1Aii =

∑n
i=1 λi

2. det(A) =
∏n
i=1 λi

�� det([T ]β′ − tI)=det(Q−1[T ]βQ−Q−1tIQ)

=det(Q−1([T ]β − tI)Q)=det([T ]β − tI)

�� characteristic polynomial and characteristic equation for T .

� characteristic polynomial of a linear operator T : V → V
:det(T − tI)=det([T ]β − tI) for any basis β for V

� characteristic equation of a linear operator T : V → V
:det(T − tI)=det([T ]β − tI)= 0 for any basis β for V

[End of Review]
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�� example:

� reflection: T ((a1, a2)) = (a1,−a2)⇒ [T ]β=
(

1 0
0 −1

)
,β std

⇒ (1− t)(1 + t) = 0⇒
λ 1 -1
v (1,0) (0,-1)

� projection:T ((a1, a2)) = (0, a2)⇒ [T ]β=
(

0 0
0 1

)
,β std

⇒ −t(1− t) = 0⇒
λ 0 1
v (1,0) (0,1)

� rotation:T ((a1, a2)) = (a1cosθ − a2sinθ, a1sinθ + a2cosθ)

⇒ [T ]β=
(
cosθ −sinθ
sinθ cosθ

)
⇒ (cosθ − t)2 + sin2θ = 0

⇒ t2 − 2tcosθ + 1 = 0
When the field is real, neither eigenvalues nor eigenvectors
exist.
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�� Finding eigenvalues and eigenvectors of T ,
T → [T ]β →det([T ]β − λI) = 0→ λ
λ→ ([T ]β − λI)[v]β = 0→ [v]β → v

�� eigenspace Eλ: the set of all eigenvectors
for the eigenvalue λ with 0 included.

� Eλ = N(T − λI) for a linear operator T : V → V .
Eλ is a subspace of V .

� Eλ = N(T − λI) = N(LA−λIn) for a matrix A ∈Mn×n
Eλ is a subspace of Fn.
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�� example: F = C (The same results hold if F = R.)

A=

 1 −3 3
3 −5 3
6 −6 4

,det(A− tI)=−(t + 2)2(t− 4)

For λ = −2⇒

 3 −3 3
3 −3 3
6 −6 6

 v1
v2
v3

=

 0
0
0

⇒
 v1
v2
v3

=

 s1
s2

s2 − s1


⇒ E−2 = {s1(1, 0,−1)t + s2(0, 1, 1)t : s1, s2 ∈ C}

For λ = 4⇒

−3 −3 3
3 −9 3
6 −6 0

 v1
v2
v3

=

 0
0
0

⇒
 v1
v2
v3

=

 s
s
2s


⇒ E4 = {s(1, 1, 2)t : s ∈ C}
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�� T-invariant set

� For a linear operator T and a set S, T (S) is defined as
T (S) := {T (v) : v ∈ S}.

� T−invariant set S : T (S) ⊆ S

� T−invariant subspace W :
W is a subspace and T (W ) ⊆ W .

� Eλ is a T−invariant subspace.

� {0}, N(T ), R(T ) and V are T− invariant subspaces.
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Diagonalizability

�� We now consider
1. how to test whether T is diagonalizable;
2. how to diagonalize T

�� Theorem 5.5 : T : V → V is a linear operator; λ1, · · · , λk are ”dis-
tinct” eigenvalues of T ; and v1, · · · , vk are respective eigenvectors.
Then the eigenvectors are linearly independent.

proof: induction in k : (i) {v1} is linearly independent.
(ii) Assume {v1, · · · , vk−1} is linearly independent.
(iii) Assume

∑k
i=1 aivi = 0

⇒ (T − λkI)(
∑k
i=1 aivi)= 0

⇒ T (
∑k
i=1 aivi)−λk(

∑k
i=1 aivi)= 0

⇒
∑k
i=1 aiT (vi)−

∑k
i=1 aiλkvi = 0 [linear]

⇒
∑k
i=1 aiλivi −

∑k
i=1 aiλkvi = 0 [eigenvector]
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⇒
∑k−1
i=1 ai(λi − λk)vi = 0 [kth terms cancel]

⇒ a1 = · · · = ak−1 = 0[λiare distinct, (ii) ]
⇒ akvk = 0 [

∑k
i=1 aivi = 0]

⇒ ak = 0[vk 6= 0]
⇒ a1 = · · · = ak = 0
⇒ {v1, · · · , vk} is linearly independent.

�� Corollary 5.5: T : V → V is a linear operator; dim(V )= n.
Then if T is n distinct eigenvalues, T is diagonalizable.
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�� example : identity operator I

� Every vector is an eigenvector of I because I(v) = v .
� I has only one eigenvalue 1.
� There are n linearly independent eigenvectors of I for the

eigenvalue 1.
� eigenspace E1 = V

� So the converses of Theorem 5.5 and corollary 5.5 are false.

�� A polynomial f (t) is said to split over the field F if there are
c, a1, · · · , an ∈ F such that f (t) = c(t− a1)(t− a2) · · · (t− an)

� We can also say that f (t) factors into first-degree factors or
into linear factors.

� a1, · · · , an may not all be distinct.
� Over the complex field, all polynomials split.
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�� Theorem 5.6; The characteristic polynomial of a diagonalizable

linear operator splits.
proof: diagonalizable⇒ ∃β such that [T ]β = D diagonal

⇒ f (t) =det(D − tI)=det

 λ1 − t O
. . .

O λn − t

 [indep of β]

= (−1)n(t− λ1)(t− λ2) · · · (t− λn)
� Its converse is not true, ie, splitting characteristic polynomial

does not guarantee diagonalizability.

�� algebraic multiplicity of an eigenvalue λ :
a-mul(λ)=k if f (t) = (t− λ)kg(t) and g(λ) 6= 0.

� characteristic polynomial of I : f (t) = (−1)n(t− 1)n

a-mul(1)= n

� characteristic polynomial f (t) = −(t− 3)2(t− 4)
a-mul(3)= 2, a-mul(4)= 1
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�� geometric multiplicity of an eigenvalue λ :

g-mul(λ)=dim(Eλ)

� It is the maximum number of linearly independent eigenvectors
corresponding to λ.

� g-mul(λ)=nullity(T − λI)

� identity operator I : g-mul(1)=n

� A=

 1 −3 3
3 −5 3
6 −6 4

,f (t)=−(t + 2)2(t− 4)

E−2 = {s1(1, 0,−1)t + s2(0, 1, 1)t : s1, s2 ∈ C}
E4 = {s(1, 1, 2)t : s ∈ C}
⇒ g-mul(-2)=2 , g-mul(4)=1
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�� Theorem 5.7; 1 ≤ g-mul(λ) ≤ a-mul(λ) .

proof: Let a-mul(λ)=m and g-mul(λ)=p.
⇒ ∃ basis {v1, · · · , vp} for Eλ.
⇒ It can be extended to a basis β = {v1, · · · , vp, vp+1, · · · , vn}.

⇒ [T ]β = A =

(
λIp B
O C

)
[T (vi) = λvi, i = 1, · · · , p]

⇒ f (t) =det(A− tIn)=det
(
λIp − tIp B

O C − tIn−p

)
= (−1)n(t− λ1)(t− λ2) · · · (t− λn)
= det((λ− t)Ip) det(C − tIn−p) [exercise 4.3.21]
= (λ− t)pdet(C − tIn−p)⇒ a-mul(λ) is at least p⇒ p ≤ m.

� For example, if λ = 3 and p = 2,

[T ]β =


3 0 −1 9 2
0 3 1 0 −1
0 0 4 5 1
0 0 7 1 7
0 0 0 4 −1

 , f(t) =det


3− t 0 −1 9 2
0 3− t 1 0 −1
0 0 4− t 5 1
0 0 7 1− t 7
0 0 0 4 −1− t





Page 16
�� example: T : P2(R)→ P2(R), T (f ) = f ′, β = {1, x, x2}

[T ]β=

 0 1 0
0 0 2
0 0 0

,f (t)=det([T ]β − tI)=det

−t 1 0
0 −t 2
0 0 −t

 = −t3

λ = 0⇒ a-mul(0)=3

eigenspace of [T ]β in R3:

 0 1 0
0 0 2
0 0 0

 v1
v2
v3

=

 0
0
0


E0 = N([T ]β − 0I) = {v : [T ]βv = 0} =

s
 1

0
0

 : s ∈ R


eigenspace of T in P2(R) :
E0 = N(T − 0I) = {s + 0x + 0x2 : s ∈ R}
g-mul(0)= 1 ≤ 3 =a-mul(0)

�� example: identity operator: λ = 1, a-mul(1)=g-mul(1)= n



Page 17
�� Theorem 5.9: dim(V )<∞; T : V → V is a linear operator;

its characteristic polynomial splits; and λ1, · · · , λk are distinct
eigenvalues of T . Then
1. T is diagonalizable⇔ a-mul(λi)=g-mul(λi), i = 1, · · · , k.
2. T is diagonalizable; βi is an ordered basis for Eλi
⇒ β = β1 ∪ · · · ∪ βk is an ordered basis for V .

� characteristic polynomial splits
⇒
∑k
i=1 a-mul(λi)= n =dim(V )

⇒ a-mul(λi)=g-mul(λi),i = 1, · · · , k is equivalent to existence
of n linearly independent eigenvectors.

� If we can find a basis βi for Eλi with size a-mul(λi)=g-mul(λi)
for each λi, the linear operator or matrix can be diagonalized
using the basis⇒ β = β1 ∪ · · · ∪ βk for V .

� [T ]β =
 λ1 O

. . .
O λk

 where λi is repeated as many times as

a-mul(λi)=g-mul(λi)


