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= characteristic polynomial of a linear operator 7' : V' — V
:det(T" — t1)=det([T] g — tI) for any basis 3 for V

= Finding eigenvalues and eigenvectors of 1,
T — [T|g —det([T|g —A)=0— A
A= ([T]g = Al)lg=0—=[v]g = v

= eigenspace I

» B\ =N(T'—X)=N(Ly_), ) foramatrix A € Myxn
FE) is a subspace of F".
i

L_,r 17

T
o A pm
A=[Ts




Page 2

= 1-1nvariant set

« T'—invariantset S : T'(S) C S
= T'—invariant subspace I/ : I is a subspace and T'(WW) C W.
= ), {0}, N(T), R(T) and V' are T'— invariant subspaces.

== Theorem 5.5:7 : V' — V is a linear operator; A1, - - - , A are “’dis-
tinct” eigenvalues of 7'; and vy, - - - , v;. are respective eigenvectors.
Then the eigenvectors are linearly independent.

= Corollary 5.5: 7" : V' — V 1s a linear operator; dim(V")= n.
Then if 7" 1s n distinct eigenvalues, 1" 1s diagonalizable.

= The converses of Theorem 5.5 and corollary 5.5 are false.

= A polynomial f(¢) is said to split over the field F' if there are
c,al, - ,an € Fsuchthat f(t) =c(t —ay)(t —ag)--- (t —ap).
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= Theorem 5.6; The characteristic polynomial of a diagonalizable
linear operator splits.

=« Its converse 1s not true, 1.e., splitting characteristic polynomial does
not guarantee diagonalizability.

= algebraic multiplicity of an eigenvalue A :
a-mul(\)=k if f(¢t) = (t — \)¥¢(t) and g(\) £ 0.

= geometric multiplicity of an eigenvalue A : g-mul(\)=dim(F))
o g-mul(\)=nullity(T" — A\I)

« 1dentity operator / : a-mul(1)g-mul(1)=n

= Theorem 5.7; 1 < g-mul(A) < a-mul()) .

= example: present an operator with A = 1, a-mul(1)= n,g-mul(1)=
n—1
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= Theorem 5.9: dim(V')< oo; 1" : V — V' is a linear operator;
its characteristic polynomial splits; and Aq,--- , A\;. are distinct
eigenvalues of 7'. Then

1. T is diagonalizable < a-mul(\;)=g-mul()\,),i =1, -- , k.
2. T 1s diagonalizable; j; is an ordered basis for £
= 8 =1 U---U [y 1s an ordered basis for V.

» Characteristic polynomial splits
=S¥ a-mul(\)= n =dim(V)
= a-mul(\;)=g-mul(\;),c =1, --- k.

[End of Review]
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w example: T: R3 — R3, T (( o )) <a156§2@ f%?;g)

as

0 —2 =3
3 is the standard basis. A= [T]g= [ 1 3 3
00 1
—t —2 =3
f(t)=det| 1 3—t 3 = —t(3—t)(1—t)+2(1 —1)
0 0 1-—t¢
= —(t—172(t—-2)
—1 -2 =3
A=1=A—-1Tv=]| 1 2 3 |v=0,rank(A— 11)=1
0 0 0
V1 ([ 2 3
FEi = vy | tvl+200+3v3=0,,81=< | =11, O
U3 L\ 0 —1
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— a-mul(1)=g-mul(1)=2

—2 =2 =3
AN=2=>A-2[)v=| 1 1 3 )vO,rank(A21)=2
0 0 -1

U1 ) ( 1
Fo = vy | cvl+wve=0p,0=¢| —1
0 ) L\ 0

= a-mul(2)=g-mul(2)=1
Let ' = 51 U 52

3 I 1 3
Q=1 = —10—1 Q= 0 0 -1
0 -1 0 -1 -2 -3

100

Q™'AQ = —Q=(010]|=D=[T]y
00 2
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= Diagonalization can be used to efficiently compute the nth power
of a matrix.

A=0QDQ!

= A" =QDQ QD! - QDQt = QD"Q™!
AT O

D' =
O A

= example: system of linear differential equations:
/
x/l = —2x9 — 3x3
ro = r] + 3r9 + 373

513/3:333
T 0 —2 —3
r=|x0 |, A=|1 3 3 |,z =Ax
3 0 0 1

' =QDQ 1z = ' = Dy,where y = Q" lz.



Page &

= Y| = Y1, Yy = Y2, Y5 = 2y3 [prev example]

=y = c1€e', yo = el y3 = cze!
2 3 1 U1 (2¢1 + 3¢)el + cze?t
r=Qy=| —1 0 —1 Yo | = —crel — Cg@Qt
O —1 O Y3 —CQBt
I 2 3\ | I 1\
= cil =1 | +el O + e cs| —1
I 0 -1/ i 0/

= sum of subspaces: Zle W, = {Zle v, v € Wii=1,--- k}

-Wl—I—WQ:{Ul—I—UQ:UlEWl,UQEWQ}

« In R3,
Wi =A{(a,b,0):a,be R}
Wy ={(a,0,¢):a,c e R}
Wi+ Wy = R3
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WiNnWy=1{(a,0,0):bec R}

Wi UWsy={(a,b,c) :a,b,c e R,b=0orc=0}

Forav € Wy+Wjs there are many pairs (v, v2),v1 € Wi, v9 €
W5 such that v = v1 + v9. Imagine any plane that include v; it
determines v1 and v9.

When will v1 and v9 be unique?
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= direct sum of subspaces: Zle W;when W;N} ;. Wi = {0}, 7 =
1, k)
« W1 B Wy = {’Ul—l—vg v € Wi,ve €
Wat, Wi 0 Ws = {0}

« In R3,
Wi, =A(a,b,0) :a,b € R}
Wy ={(0,0,¢) : c € R}
Wy, @ Wy =R3, W, N W, = {0}
Forv € Wy + Wy = W, @ Wy = R the
pairs (vy,v9), vy € Wi, v9 € Wy such that
v = v1 + v9 1S unique

o 5= {v1,--- ,up}, Wi=span({vy, va}),
Wo=span({vs,--- ,vn})
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= Theorem 5.10: dim(V') < oo; Wy, - - -, W)} are subspaces of V.

Then the following are equivalent.
1.V = W1 DD W,
2.V = Z  Wisandif vy + -+ - + v = 0 forv; € W,
1=1,--- ,kthenv; =0,2=1,--- , k.
3.Vv € Vv = vy + -+ + vp,where v; € W;, 1 = 1,---  k are
unique.
4. If ~y; 1s an ordered basis for W, 2 =1,--- [k then vy U--- U,
1s an ordered basis for V.
proof: (1) Assume 1 and prove 2.
Letv1+ +vk:Of0erEWZ,i—1 kK

—vj D ity Vi v] €Wy, 2 izivi € ZZ#

—vj € W; ﬂ ZZ {O} [1]

= —v] =0, Repeat thlS fOI'j =1,---,k.
(11) Assume 2 and prove 3.
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Letv=vi 4+ +vp =wy+ -+ wg, where v;, w; € W;
i=1--k
:>(vl—w1)+---+(vk—wk):O,Uz'—wz-EWi,izl,--- kK
v, —w;=0,1=1,---,k[2]

(111) Assume 3 and prove 4.

Letvy; = {v;;,7 = 1,--+ ,m;} be an ordered basis for IV,
i=1---k,

=YweVuv=v+- 4, = Zle Z;n:zl ai;jv;;,for some a;;
[3]

= 8 =1 U--- U~ generates V. We now show lin indep

Let Zle Z;n:zl a;jv;; = 0 for scalars a;; and let w; = Z;n:ll a;jvij-

= w1+ Fwp=0w, e W,i=1,--- |k
= w; =0,i=1,--+ k[0 +---+ 0= 0] and 3: uniqueness]
= a;; =0,0=1,---  k;g=1,---,my[v; 1s a basis]

= V5,0 =1,--+,k;7=1,--- ,m; are linearly independent.
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(1v) Assume 4 and prove 1.

Let v; be and ordered basis for W;, ¢t =1,--- k.

= V =span(y1 U --- U~yp) [4]

=span(7y1)+ - - - +span(y)= Wi +--- + Wy

v espan(y U---Uyp) v = Zle(zgzl aijvij)]
Letv e W;N Zz#l W

= v € span(7y;) N span(M;_v;)

= v € span(7y;) and v Espan(ﬂz#l%)

= U = Z;n:@l ajjvy; and v = ZZ “#l(z] 1%]“2])]
= (0,---,0, a1, - ) @y 0, - - -, 0)

— (alla Tt 7a’<l—1)ml_17 07 T 707 alml+1’ T akmk> [uniq rep]

:U:O$WZHZZ§HWZ:O
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« dim(V)=dim(WV7)+ - - - +dim(W7.)
 [fV =W B W, we say Wo is a compliment of 11/, and vice
versa.

« Soif V=W1&--- & Wy, 3 ;,; W;is a compliment of Wj.

s Theorem 5.11: dim(V') < co. Then
T .V — V is diagonalizable.
& V' 1s the direct sum of eigenspaces of 1.

Proof: By Theorem 5.9, T"is diagonalizable; [3; is an ordered basis
for £y, = = 01 U---U [} is an ordered basis for V. Then the
theorem i1s proved by 4. of Theorem 5.10.
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Invariant subspace and Cayley-Hamilton theorem
= Recall that a set .S is said to be T-invariant if 7(S) C S.

« W 1s a T-invariant subspace if IV 1s a subspace and also 7'-
invariant.

« {0}, N(T), R(T'), E\, and V are T-invariant subspaces.
a T-orbit of v: T-orb(v)= {v, T(v), T?(v),-- -}

« [-orb(v) 1s a I’-invariant set.

« W 1s a T-invariant subspace, and v € .
= T-orb(v) C W [T-inv]
= span(7'-orb(v))C W [subspace]
= span('-orb(v)) 1s the ”smallest” I’-invariant subspace con-
taining v.
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» example:
T:P(R) = P(R),T(f) = f
T-orb(z?)= {22, 2x,2,0,0,---}
span(T-orb(z?))=span({z?, 2z, 2,0,0, - - - H=P»(R)

= Recall that given a function f : X — Y, the restriction of f to S
is fs 1S — Y such thatVx € S, fs(x) = f(x).

« 7' : V — V is a linear operator; W 1s a T-invariant subspace.
Then 1, 1s a linear operator on W, 1e, 1, : W — W,
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s Theorem 5.21: dim(V')< oo; 1'; V' — V 1s a linear operator; W 1s
a ['-invariant subspace of V. Then the characteristic polynomial
g(t) of T}, divides the characteristic polynomial f(¢) of T'.
proof: Let v = {vy,--- , v} be a basis for IV
= 0 ={v1, -+ , Uk, V41, -+ ,Up} is a basis for V. [extension]
Let A= [T]B and B1 = [TW]W
= A= ([T(v1)|g, -, [T(vg)lg, -, [T(vn)lg) [n x n]

By = ([Tw (v1)ly, -~ [Tw(vg)ly) [k X K]
Hﬂ%@h\

U
where there are n — k trailing zeros.

A= (% 2) with size ((n ﬁ Z)kx k (n ﬁ 2)(2 (_nkz k))

v €Wii=1,- k= [T(v)lg = [Twv)lg =
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B B B B — 1, B9
= f(t) =det(A t]n)—det( O By an)

—det(By — t1,)det(Bs — tI, ;)= g(t)det(Bs — tI, ;)

= So each T'-invariant subspace E'\ corresponds to a factor g (¢)

of f(t).
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w dim(Fy)=g-mul(\)=nullity(T" — A\I[)=n—rank(T" — \I)

= Diagonalization can be used to efficiently compute the nth power
of a matrix.

A=0QDQ!

= A" =QDQ™'QDQ™" - QDQ™! =QD"Q™!
AT O

D" =
O A

= sum of subspaces: Zle W, = {Zle v, cv; € Wii=1,--- k}

= direct sum of subspaces: Zle W; when Wjﬂzi# W, ={0},5 =
1,---,k}; For example,
Wi @ Wy = {?)1 +wvo vy € Wi, v9 € WQ},Wl N Wy = {0}
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= Theorem 5.10: dim(V') < oo; Wy, - - -, W)} are subspaces of V.
Then the following are equivalent.
LV=Wo---oW,
2.V = ZleWi;andifvl +---4+v. =0torv;, € W,
1=1,--- ,kthenv; =0,2=1,--- , k.
3.Vv € Vv = vy + -+ + vp,where v; € W;, 1 = 1,---  k are
unique.
4. If ~y; 1s an ordered basis for W, 2 =1,--- [k then vy U--- U,
1s an ordered basis for V.

o dim(V)=dim(W))+ - - - +dim(W})

 If V = Wy & W, we say Wo is a compliment of 17, and vice
versa.

 S0f V=W @& Wy, 3 _;,; W;is a compliment of W;.
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a Theorem 5.11: dim(V') < co. Then
T .V — V is diagonalizable.
& V' 1s the direct sum of eigenspaces of 1.

a T-orbit of v: T-orb(v)= {v, T(v), T?(v),-- -}
« ['-orb(v) 1s a I'-1nvariant set.

« IV 1s a T-invariant subspace, and v € W.
= T-orb(v) C W [T-inv]
= span(’/’-orb(v))C W [subspace]
= span('/’-orb(v)) 1s the “smallest” /'-invariant subspace contain-
ing v.
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= For given a function f : X — Y, the restriction of f to S is
fs: S — Y suchthat Vo € S, fs(x) = f(x).

s Theorem 5.21: dim(V')< oo; T'; V' — V' 1s a linear operator; W 1s
a T-invariant subspace of V. Then the characteristic polynomial
g(t) of T}, divides the characteristic polynomial f(¢) of T
proof: Let v = {vy,--- , v} be a basis for .

= B =A{vy, -, U, V11, - ,Un} is a basis for V.
~ ( By B L kX k kx(n—k)
:>A—<O Bg)wuhsme<(n—k)xk (n— k) x (1 — k)

_ e B1 =ty B
= f(t) =det(A t[n)det< O By—tl,,

—det(B) — tI;)det(By — tI, ;)= g(t)det(Bs — tI, ;)
« Each T'-invariant subspace F'y corresponds to a factor gy (¢) of f(%).
» [End of Review]
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= Theorem 5.22: dim(V')< oo; T : V' — V is a linear operator;
v # 0;W =span(1’-orb(v)); dim(1/)= k. Then
1. {v,T(v), T?(v),--- ,T"1(v)} is a basis for W.
2. agv + a1 T() + - -+ ap_ 1T Hv) + TF(v) = 0
= The characteristic polynomial of 7y 18
g(t) = (=DF(ag+ art + -+ ap_t" L+ tF).

« Express T%(v) = —(agv + a1 T(v) + - - + ap_1 T 1(v)).
proof: ”1”: v # 0 = {wv} is linearly independent.
Find the maximum j > 1suchthat 5 = {v, T(v), -, 77" (v)}
is linearly independent, and let Z =span((5).
= [ is a basis for Z.[lin indep, generating]
= {v,T(v),---, TV (v), TI(v)} is linearly dependent.
= TI(v) € Z
We will show that Z = W, ie, that none of S U {T"(v)},i > j
are linearly independent.
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(1) B C T-orb(v)=- span(f) C span(l-orb(v))= Z C W

(1) Since W =span(1-orb(v)) 1s the smallest 7/'-invariant sub-
space containing v, we simply show that Z 1s T-invariant to
show W C Z.

we Z=w=bpw+bT(v)+ -+ bj_lTj_l@)

= T(w) = byT(v) + b T?(v) + - + b; 1T/ (v)

= T(w) € Z [T (v) € Z]

= T(Z) C Z,ie, Z is T-invariant. [j = k]

"2 Let agv + a1 T (v) + - - ap 1T 1 (v) + TF(v) =0
Tuls = (T ()]s, T (T@)]g, -, [T (TF1())g)

= ([T(v)]g, [T*(©)]g, - [T* ()], [T*(v)]p)

(oo-.-o —m)\

PO U= s ), TV 1))
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g(t) =det(Tyy — t]):dﬁt([Tw]ﬁ — 1)

( —t O -0 0 —ay) \
-0 0 —aq

=det :

O O 1 —t —a._9

\ 0 0 -0 1 —ap_q—t)
We use induction in k& to evaluate the determinant.

D) If k=1, g(t) =det(—ag — t)= (—1)%(ap + ¢)

(i1) Assume for dim(W)= k — 1,

gt) = (=D Nag+ajt + -+ ap_ot" 2+ tF 1),

(i11) For dim(W )= k, expand the determinant along the first
TOW.
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—t 0 0 0 —a \
1 —t 0 0 —a9
g(t) = (=) —p)det| : - ;
0 0 -1 —t —ar_o
\ 0 0 01 —ap_,—t)
(1 —t -0 0 \
0 1 0 0
H(=D)HF(—ag)det | ¢ -
00 ---1—t
00 ---0 1
= (—t) (=) Hay + aot + - - - + ap_1t" 2+t [(iD)]
+(=1)(—ap)
= (—DF(ag+ art + aot® + - - - 4+ aj_1tF =1+ ¢F)
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= Theorem 5.23(Cayley-Hamilton): dim(V)< co; T : V. — V is a
linear operator; f(t) is the characteristic polynomial of 7.
Then f(T") = Ty, the zero transformation.

« For example, T : Py(R) — P,(R), T(9) = ¢, 8 = {1, z, 2%}
010

Tlg={002|,f@) = (=t)%, —=T3(ap + a1z + agz*) = 0
000

proof: We show that Vv € V. f(T)(v) = 0.

Q) If v = 0, f(T)(0) = 0.

(i1) Assume v # 0. Find the maximum £k

such that 3 = {v, T(v),--- , 7"~ (v)} is linearly independent.
Let W =span(3)=span(I’-orb(v)). [Thm 5.22]

Let T%(v) = —agv — a;T(v) — - - — aj_1T* () [lin comb]
and ¢(t) be the characteristic polynomial of Ty .
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lag+ art + - - + ap_1t" =1+ tF) [Thm 5.22]
—D¥(apl + a1T + -+ + ap_ T+ T)(v)
aT() + - +a._ TF 1)+ TFw) =0
[WW 1s T-invariant; Thm 5.21]

W(T)g(T))(v) = h(T)(g(T)(v))
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example: V = R3;: T : R3 — R3

T((a,b,c)) =(=b+c,a+c,3c)

Let’s begin an orbit with e; = (1,0, 0).

T(el) — (Ov 1, 0)7 T2<61) — (_17 0, O>7 T3(61) — (Ov —1, O>
= {e1,T(e1)} = {eq, ea} is linearly independent but
{61, T(el), T2(€1)} 1S not.

= W =span(T-orb(ey))=span({eq, e2})

= B ={e1, e}

T?(e;) = —e; = —age; — a1 (eq)
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= ag=1,a1 =0
= ¢(t) = (—1)2(a0 + ait + t2) — 1+t

Let’s confirm 1it. !
Twls = ([Twle)ls: [T (e2)]p) = (le2lg, [—en]p) = (? 0

= g(?) —det( _1t :1) — 2+ 1
3 is extended to the standard basis v = {eq, €9, e3} for R3.

0—11 —t —1 1
= A=Tly=11 0 1|= f(t)=det][ 1 —t 1
00 3 0 0 3—1¢

= f(t) = —(t* +1)(t — 3), so g(t) d1V1des f(2).
= f(T)=—(T*+I)(T —31),g(T) =T+ 1

0—11 -1 0 2
A[T]V(l 0 1)A2[T]%[T2]7(0 14)
00 3 0 09
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Sy = —(T°+ I)(T - 3]y = — (A + I)(A—3I)
/00 2 -3 —11\ 000

—— (00 4 1 =31 |=(000|=[T)
\0010/ \ 0 00/ \o00O

= f(T') = 1} confirms the Cayley-Hamilton theorem.

'Uniqueness of representation|
Note also that Vo € W, ¢(T)(v) = (T? + I)(v) = 0 because
00 2
g, = (T2 + 1))y = [ 00 4
00 10
= 9(Tw) = To
Let’s begin an orbit with another vector v = (1,1, 1).
T(v) = (0,2,3), T%(v) = (1,3,9), T3(v) = (6,10, 27)
= {v,T(v), T?(v)} is linearly independent but
{v,T(v), T%v), T3(v)} is not.
= W =span(1-orb(v))= R3=V
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= 0 ={v,T(v),T*(v)}

T3(v) = 3v — T(v) + 3T%(v) = —agv — a;T(v) — asT?(v)

= ap= —9,a] = 1,a9 = —3

= g(t) = (=1 (ag + a1t + ast® + 1) =3 — t +3t° — t5 = f(¢)
So the starting vector v of an orbit

determines the resulting 7'-invariant subspace W =span(7'-orb(v))
and g(t)

Wy =span({e1, e2}) = gi(t) = t* + 1

W2:R3 = g9(t) =3 —t+3t°— ¢

If we begin with (1,2,5), the eigenvector corresponding to A = 3
the

W3 =span({(1,2,5)})= E3 = g3(t) = 3 — t
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= Corollary 5.23 (Cayley-Hamilton theorem for matrices):
A € My, «n; f(t)is the characteristic polynomial of A Then f(A) =
O, the n X n zero matrix.

= Computation of a matrix polynomial p(A) of a high degree:

p(t) = f(t)q(t) +r(t) = p(A) = f(A)g(A) +7(A) = r(A),

where r(t) is a polynomial of a much lower degree.

« If A is invertible,
) =ant™ +an_1t" T+ art + a
= f(A) =apA" + ap_1 A" P+ @A+ agl = O
= f(A)A =a, A" 1 a, A" 24+ wa I +apA" = O
= A7 = —Lg, A" 4 q, (A" 2+ aq])

- ag

where a;, = (—1)", a;,—1 = (—1)""1r(A), and ag =det(A)
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= Theorem 5.24: dim(V)< oo ;
T .V — V 1s a linear operator;
f(t) is the characteristic polynomial of T
W, 1s a T'-invariant subspace, t = 1,--- , k;
V=WaeW,d- .- W
fi(T) is the characteristic polynomial of Ty, Then

ft) = filt) fa(t) - - - frl(t)

« Is the converse true? From f;(t) to Ty, ?

= Theorem 5.25: In addition to the above,

B; 1s a basis for W;;

B =p1U---Upis abasis for V. [Thm 5.10]
([Twls, O -+ O

N [T]ﬁ _ 0.21 [TV[{Q]@ . 0.2]{

\ 0w 0w - [Ty )
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= example: 7 : R* — R is defined by
T(a,b,c,d) = (2a — b,a+b,c—d,c+d).
Wi =A{(a,b,0,0):a,b € R} Wo ={(0,0,¢,d) : ¢,d € R}
— W, and W5 are T-invariant, and R* = W; & Wh.
= Ty, : W1 — Wy is such that T'(a, b,0,0) = (2a — b,a + b,0,0)
Ty, : Wo — Wais such that T'(0,0, ¢, d) = (0,0,c — d, ¢ + d)
Let 81 = {e1,e2}, 8o = {e3,e4} and 8 = 51 U 5y

2 —1 I —1
= [Twl]ﬁl — 1 1 [TWQ]ﬁQ — 1 1

(2—10 0\

{1100 | _ [(Twls O
=Tl =10 0 121 _( Oy [Tw,)s,
\0 0 1 1)
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([2—t -1 0 0 \
I e

\ 0 0 1 1—¢)
:det(zzt 1__1t>det<1zt 1‘_1t> 0



