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�� characteristic polynomial of a linear operator T : V → V
:det(T − tI)=det([T ]β − tI) for any basis β for V

�� Finding eigenvalues and eigenvectors of T ,
T → [T ]β →det([T ]β − λI) = 0→ λ
λ→ ([T ]β − λI)[v]β = 0→ [v]β → v

�� eigenspace Eλ
� Eλ = N(T − λI) = N(LA−λIn) for a matrix A ∈Mn×n
Eλ is a subspace of Fn.
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�� T-invariant set

� T−invariant set S : T (S) ⊆ S

� T−invariant subspace W : W is a subspace and T (W ) ⊆ W .

� Eλ, {0}, N(T ), R(T ) and V are T− invariant subspaces.

�� Theorem 5.5 : T : V → V is a linear operator; λ1, · · · , λk are ”dis-
tinct” eigenvalues of T ; and v1, · · · , vk are respective eigenvectors.
Then the eigenvectors are linearly independent.

�� Corollary 5.5: T : V → V is a linear operator; dim(V )= n.
Then if T is n distinct eigenvalues, T is diagonalizable.

�� The converses of Theorem 5.5 and corollary 5.5 are false.

�� A polynomial f (t) is said to split over the field F if there are
c, a1, · · · , an ∈ F such that f (t) = c(t− a1)(t− a2) · · · (t− an).
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�� Theorem 5.6; The characteristic polynomial of a diagonalizable

linear operator splits.
� Its converse is not true, i.e., splitting characteristic polynomial does

not guarantee diagonalizability.

�� algebraic multiplicity of an eigenvalue λ :
a-mul(λ)=k if f (t) = (t− λ)kg(t) and g(λ) 6= 0.

�� geometric multiplicity of an eigenvalue λ : g-mul(λ)=dim(Eλ)

� g-mul(λ)=nullity(T − λI)

� identity operator I : a-mul(1)g-mul(1)=n

�� Theorem 5.7; 1 ≤ g-mul(λ) ≤ a-mul(λ) .

�� example: present an operator with λ = 1, a-mul(1)= n,g-mul(1)=
n− 1



Page 4
�� Theorem 5.9: dim(V )<∞; T : V → V is a linear operator;

its characteristic polynomial splits; and λ1, · · · , λk are distinct
eigenvalues of T . Then
1. T is diagonalizable⇔ a-mul(λi)=g-mul(λi), i = 1, · · · , k.
2. T is diagonalizable; βi is an ordered basis for Eλi
⇒ β = β1 ∪ · · · ∪ βk is an ordered basis for V .

� characteristic polynomial splits
⇒
∑k
i=1 a-mul(λi)= n =dim(V )

⇒ a-mul(λi)=g-mul(λi),i = 1, · · · , k.

[End of Review]
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�� example: T : R3→ R3, T
 a1

a2
a3

=

 −2a2 − 3a3
a1 + 3a2 + 3a3

a3

;

β is the standard basis. A = [T ]β =

 0 −2 −3
1 3 3
0 0 1


f (t)=det

−t −2 −3
1 3− t 3
0 0 1− t

 = −t(3− t)(1− t) + 2(1− t)

= −(t− 1)2(t− 2)

λ = 1⇒ (A− 1I)v =

−1 −2 −31 2 3
0 0 0

 v = 0, rank(A− 1I)=1

E1 =


 v1
v2
v3

 : v1 + 2v2 + 3v3 = 0

 , β1 =


 2
−1
0

 ,

 3
0
−1


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⇒ a-mul(1)=g-mul(1)=2

λ = 2⇒ (A− 2I)v =

−2 −2 −31 1 3
0 0 −1

 v = 0, rank(A− 2I)=2

E2 =


 v1
v2
0

 : v1 + v2 = 0

 , β2 =


 1
−1
0


⇒ a-mul(2)=g-mul(2)=1
Let β′ = β1 ∪ β2.

Q = [I ]
β
β′ =

 2 3 1
−1 0 −1
0 −1 0

 , Q−1 = [I ]
β′

β =

 1 1 3
0 0 −1
−1 −2 −3


Q−1AQ = [I ]

β′

β [T ]β[I ]
β
β′ =Q =

 1 0 0
0 1 0
0 0 2

 = D = [T ]β′



Page 7
�� Diagonalization can be used to efficiently compute the nth power

of a matrix.
A = QDQ−1

⇒ Am = QDQ−1QDQ−1 · · ·QDQ−1 = QDmQ−1

Dm =

 λm1 O
. . .

O λmk


�� example: system of linear differential equations:
x′1 = −2x2 − 3x3
x′2 = x1 + 3x2 + 3x3
x′3 = x3

x =

 x1
x2
x3

,A =

 0 −2 −3
1 3 3
0 0 1

, x′ = Ax

x′ = QDQ−1x⇒ y′ = Dy,where y = Q−1x.
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⇒ y′1 = y1, y

′
2 = y2, y

′
3 = 2y3 [prev example]

⇒ y1 = c1e
t, y2 = c2e

t, y3 = c3e
2t

x = Qy =

 2 3 1
−1 0 −1
0 −1 0

 y1
y2
y3

=

 (2c1 + 3c2)e
t + c3e

2t

−c1et − c3e2t
−c2et


= et

c1
 2
−1
0

 + c2

 3
0
−1

 + e2t

c3
 1
−1
0


�� sum of subspaces:

∑k
i=1Wi = {

∑k
i=1 vi : vi ∈ Wi, i = 1, · · · , k}

� W1 +W2 = {v1 + v2 : v1 ∈ W1, v2 ∈ W2}
� In R3,
W1 = {(a, b, 0) : a, b ∈ R}
W2 = {(a, 0, c) : a, c ∈ R}
W1 +W2 = R3
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W1 ∩W2 = {(a, 0, 0) : b ∈ R}
W1 ∪W2 = {(a, b, c) : a, b, c ∈ R, b = 0 or c = 0}
For a v ∈ W1+W2 there are many pairs (v1, v2), v1 ∈ W1, v2 ∈
W2 such that v = v1 + v2. Imagine any plane that include v; it
determines v1 and v2.
When will v1 and v2 be unique?
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�� direct sum of subspaces:
∑k
i=1Wi whenWj∩

∑
i 6=jWi = {0}, j =

1, · · · , k}
� W1 ⊕ W2 = {v1 + v2 : v1 ∈ W1, v2 ∈
W2},W1 ∩W2 = {0}

� In R3,
W1 = {(a, b, 0) : a, b ∈ R}
W2 = {(0, 0, c) : c ∈ R}
W1 ⊕W2 = R3,W1 ∩W2 = {0}
For v ∈ W1 +W2 = W1 ⊕W2 = R3 the
pairs (v1, v2), v1 ∈ W1, v2 ∈ W2 such that
v = v1 + v2 is unique

� β = {v1, · · · , vn}, W1=span({v1, v2}),
W2=span({v3, · · · , vn})
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�� Theorem 5.10: dim(V ) <∞; W1, · · · ,Wk are subspaces of V .

Then the following are equivalent.
1. V = W1 ⊕ · · · ⊕Wk

2. V =
∑k
i=1Wi; and if v1 + · · · + vk = 0 for vi ∈ Wi,

i = 1, · · · , k then vi = 0, i = 1, · · · , k.
3. ∀v ∈ V, v = v1 + · · · + vk,where vi ∈ Wi, i = 1, · · · , k are
unique.
4. If γi is an ordered basis for Wi, i = 1, · · · , k then γ1 ∪ · · · ∪ γk
is an ordered basis for V .
proof: (i) Assume 1 and prove 2.
Let v1 + · · · + vk = 0 for vi ∈ Wi, i = 1, · · · , k
⇒ −vj =

∑
i 6=j vi,−vj ∈ Wj,

∑
i 6=j vi ∈

∑
i 6=jWi

⇒ −vj ∈ Wj ∩
∑
i 6=jWi = {0} [1]

⇒ −vj = 0, Repeat this for j = 1, · · · , k.
(ii) Assume 2 and prove 3.
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Let v = v1 + · · · + vk = w1 + · · · + wk, where vi, wi ∈ Wi
i = 1, · · · , k
⇒ (v1 − w1) + · · · + (vk − wk) = 0, vi − wi ∈ Wi, i = 1, · · · , k
⇒ vi − wi = 0, i = 1, · · · , k [2]
(iii) Assume 3 and prove 4.
Let γi = {vij, j = 1, · · · ,mi} be an ordered basis for Wi,
i = 1, · · · , k,
⇒ ∀v ∈ V, v = v1 + · · · + vk =

∑k
i=1
∑mi
j=1 aijvij,for some aij

[3]
⇒ β = γ1 ∪ · · · ∪ γk generates V . We now show lin indep
Let
∑k
i=1
∑mi
j=1 aijvij = 0 for scalars aij and letwi =

∑mi
j=1 aijvij.

⇒ w1 + · · · + wk = 0, wi ∈ Wi, i = 1, · · · , k
⇒ wi = 0, i = 1, · · · , k[0 + · · · + 0 = 0] and 3: uniqueness]
⇒ aij = 0, i = 1, · · · , k; j = 1, · · · ,mi[γi is a basis]
⇒ vij, i = 1, · · · , k; j = 1, · · · ,mi are linearly independent.
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(iv) Assume 4 and prove 1.
Let γi be and ordered basis for Wi, i = 1, · · · , k.
⇒ V =span(γ1 ∪ · · · ∪ γk) [4]
=span(γ1)+ · · ·+span(γ1)= W1 + · · · +Wk

[v ∈ span(γ1 ∪ · · · ∪ γk)⇔ v =
∑k
i=1(

∑mi
j=1 aijvij)]

Let v ∈ Wl ∩
∑
i 6=lWi

⇒ v ∈ span(γl) ∩ span(∩i 6=lγi)
⇒ v ∈ span(γl) and v ∈span(∩i 6=lγi)
⇒ v =

∑mi
j=1 aljvlj and v =

∑k
i=1,i 6=l(

∑mi
j=1 aijvij)]

⇒ (0, · · · , 0, al1, · · · , alml
, 0, · · · , 0)

= (a11, · · · , a(l−1)ml−1
, 0, · · · , 0, a1ml+1

, · · · , akmk
) [uniq rep]

⇒ v = 0⇒ Wl ∩
∑
i 6=lWi = 0



Page 14
� dim(V )=dim(W1)+ · · ·+dim(Wk)

� If V = W1⊕W2, we say W2 is a compliment of W1, and vice
versa.

� So if V = W1 ⊕ · · · ⊕Wk,
∑
i 6=jWi is a compliment of Wj.

�� Theorem 5.11: dim(V ) <∞. Then
T : V → V is diagonalizable.
⇔ V is the direct sum of eigenspaces of T .

Proof: By Theorem 5.9, T is diagonalizable; βi is an ordered basis
for Eλi ⇒ β = β1 ∪ · · · ∪ βk is an ordered basis for V . Then the
theorem is proved by 4. of Theorem 5.10.
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Invariant subspace and Cayley-Hamilton theorem

�� Recall that a set S is said to be T -invariant if T (S) ⊆ S.

� W is a T -invariant subspace if W is a subspace and also T -
invariant.

� {0}, N(T ), R(T ), Eλ, and V are T -invariant subspaces.

�� T -orbit of v: T -orb(v)= {v, T (v), T 2(v), · · · }

� T -orb(v) is a T -invariant set.

� W is a T -invariant subspace, and v ∈ W .
⇒ T -orb(v) ⊆ W [T -inv]
⇒ span(T -orb(v))⊆ W [subspace]
⇒ span(T -orb(v)) is the ”smallest” T -invariant subspace con-
taining v.
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� example:
T : P (R)→ P (R), T (f ) = f ′

T -orb(x2)= {x2, 2x, 2, 0, 0, · · · }
span(T -orb(x2))=span({x2, 2x, 2, 0, 0, · · · })=P2(R)

�� Recall that given a function f : X → Y , the restriction of f to S
is fs : S → Y such that ∀x ∈ S, fs(x) = f (x).

� T : V → V is a linear operator; W is a T -invariant subspace.
Then Tw is a linear operator on W , ie, Tw : W → W .
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�� Theorem 5.21: dim(V )<∞; T ;V → V is a linear operator; W is

a T -invariant subspace of V . Then the characteristic polynomial
g(t) of Tw divides the characteristic polynomial f (t) of T .
proof: Let γ = {v1, · · · , vk} be a basis for W .
⇒ β = {v1, · · · , vk, vk+1, · · · , vn} is a basis for V . [extension]
Let A = [T ]β and B1 = [TW ]γ
⇒ A = ([T (v1)]β, · · · , [T (vk)]β, · · · , [T (vn)]β) [n× n]
B1 = ([TW (v1)]γ, · · · , [TW (vk)]γ) [k × k]

vi ∈ W, i = 1, · · · , k ⇒ [T (vi)]β = [TW (vi)]β =


[TW (vi)]γ

0
...
0


where there are n− k trailing zeros.

⇒ A =

(
B1 B2
O B3

)
with size

(
k × k k × (n− k)

(n− k)× k (n− k)× (n− k)

)
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⇒ f (t) =det(A− tIn)=det
(
B1 − tIk B2

O B3 − tIn−k

)
=det(B1 − tIk)det(B3 − tIn−k)= g(t)det(B3 − tIn−k)

� So each T -invariant subspace Eλ corresponds to a factor gλ(t)
of f (t).
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�� dim(Eλ)=g-mul(λ)=nullity(T − λI)=n−rank(T − λI)
�� Diagonalization can be used to efficiently compute the nth power

of a matrix.
A = QDQ−1

⇒ Am = QDQ−1QDQ−1 · · ·QDQ−1 = QDmQ−1

Dm =

 λm1 O
. . .

O λmk


�� sum of subspaces:

∑k
i=1Wi = {

∑k
i=1 vi : vi ∈ Wi, i = 1, · · · , k}

�� direct sum of subspaces:
∑k
i=1Wi whenWj∩

∑
i 6=jWi = {0}, j =

1, · · · , k}; For example,
W1 ⊕W2 = {v1 + v2 : v1 ∈ W1, v2 ∈ W2},W1 ∩W2 = {0}
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�� Theorem 5.10: dim(V ) <∞; W1, · · · ,Wk are subspaces of V .

Then the following are equivalent.
1. V = W1 ⊕ · · · ⊕Wk

2. V =
∑k
i=1Wi; and if v1 + · · · + vk = 0 for vi ∈ Wi,

i = 1, · · · , k then vi = 0, i = 1, · · · , k.
3. ∀v ∈ V, v = v1 + · · · + vk,where vi ∈ Wi, i = 1, · · · , k are
unique.
4. If γi is an ordered basis for Wi, i = 1, · · · , k then γ1 ∪ · · · ∪ γk
is an ordered basis for V .

� dim(V )=dim(W1)+ · · ·+dim(Wk)

� If V = W1 ⊕W2, we say W2 is a compliment of W1, and vice
versa.

� So if V = W1 ⊕ · · · ⊕Wk,
∑
i 6=jWi is a compliment of Wj.
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�� Theorem 5.11: dim(V ) <∞. Then
T : V → V is diagonalizable.
⇔ V is the direct sum of eigenspaces of T .

�� T -orbit of v: T -orb(v)= {v, T (v), T 2(v), · · · }

� T -orb(v) is a T -invariant set.

� W is a T -invariant subspace, and v ∈ W .
⇒ T -orb(v) ⊆ W [T -inv]
⇒ span(T -orb(v))⊆ W [subspace]
⇒ span(T -orb(v)) is the ”smallest” T -invariant subspace contain-
ing v.
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�� For given a function f : X → Y , the restriction of f to S is
fs : S → Y such that ∀x ∈ S, fs(x) = f (x).

�� Theorem 5.21: dim(V )<∞; T ;V → V is a linear operator; W is
a T -invariant subspace of V . Then the characteristic polynomial
g(t) of Tw divides the characteristic polynomial f (t) of T .
proof: Let γ = {v1, · · · , vk} be a basis for W .
⇒ β = {v1, · · · , vk, vk+1, · · · , vn} is a basis for V .

⇒ A =

(
B1 B2
O B3

)
with size

(
k × k k × (n− k)

(n− k)× k (n− k)× (n− k)

)
⇒ f (t) =det(A− tIn)=det

(
B1 − tIk B2

O B3 − tIn−k

)
=det(B1 − tIk)det(B3 − tIn−k)= g(t)det(B3 − tIn−k)

� Each T -invariant subspace Eλ corresponds to a factor gλ(t) of f (t).

� [End of Review]
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�� Theorem 5.22: dim(V )<∞; T : V → V is a linear operator;
v 6= 0;W =span(T -orb(v)); dim(W )= k. Then
1. {v, T (v), T 2(v), · · · , T k−1(v)} is a basis for W .
2. a0v + a1T (v) + · · · + ak−1T

k−1(v) + T k(v) = 0
⇒The characteristic polynomial of TW is
g(t) = (−1)k(a0 + a1t + · · · + ak−1t

k−1 + tk).

� Express T k(v) = −(a0v + a1T (v) + · · · + ak−1T
k−1(v)).

proof: ”1”: v 6= 0⇒ {v} is linearly independent.
Find the maximum j ≥ 1 such that β = {v, T (v), · · · , T j−1(v)}
is linearly independent, and let Z =span(β).
⇒ β is a basis for Z.[lin indep, generating]
⇒ {v, T (v), · · · , T j−1(v), T j(v)} is linearly dependent.
⇒ T j(v) ∈ Z
We will show that Z = W , ie, that none of β ∪ {T i(v)}, i ≥ j
are linearly independent.
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(i) β ⊆ T -orb(v)⇒ span(β) ⊆ span(T -orb(v))⇒ Z ⊆ W
(ii) Since W =span(T -orb(v)) is the smallest T -invariant sub-
space containing v, we simply show that Z is T -invariant to
show W ⊆ Z.
w ∈ Z ⇒ w = b0v + b1T (v) + · · · + bj−1T j−1(v)
⇒ T (w) = b0T (v) + b1T

2(v) + · · · + bj−1T j(v)
⇒ T (w) ∈ Z [T j(v) ∈ Z]
⇒ T (Z) ⊆ Z, ie, Z is T -invariant. [j = k]
”2”: Let a0v + a1T (v) + · · · ak−1T k−1(v) + T k(v) = 0 .
[Tw]β = ([TW (v)]β, [TW (T (v))]β, · · · , [TW (T k−1(v))β])
= ([T (v)]β, [T

2(v))]β, · · · , [T k−1(v))]β, [T k(v)]β)

=


0 0 · · · 0 −a0
1 0 · · · 0 −a1
... ... ... ...
0 0 · · · 1 −ak−1

 [β = {v, T (v), · · · , T k−1(v)}]
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g(t) =det(TW − tI)=det([TW ]β − tIk)

=det


−t 0 · · · 0 0 −a0
1 −t · · · 0 0 −a1
... ... ... ... ...
0 0 · · · 1 −t −ak−2
0 0 · · · 0 1 −ak−1 − t


We use induction in k to evaluate the determinant.
(i) If k = 1, g(t) =det(−a0 − t)= (−1)k(a0 + t)
(ii) Assume for dim(W )= k − 1,
g(t) = (−1)k−1(a0 + a1t + · · · + ak−2t

k−2 + tk−1).
(iii) For dim(W )= k, expand the determinant along the first
row.
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g(t) = (−1)1+1(−t)det


−t 0 · · · 0 0 −a1
1 −t · · · 0 0 −a2
... ... ... ... ...
0 0 · · · 1 −t −ak−2
0 0 · · · 0 1 −ak−1 − t



+(−1)1+k(−a0)det


1 −t · · · 0 0
0 1 · · · 0 0
... ... ... ...
0 0 · · · 1 −t
0 0 · · · 0 1


= (−t)(−1)k−1(a1 + a2t + · · · + ak−1t

k−2 + tk−1) [(ii)]
+(−1)1+k(−a0)
= (−1)k(a0 + a1t + a2t

2 + · · · + ak−1t
k−1 + tk)
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�� Theorem 5.23(Cayley-Hamilton): dim(V )< ∞; T : V → V is a

linear operator; f (t) is the characteristic polynomial of T .
Then f (T ) = T0, the zero transformation.

� For example, T : P2(R)→ P2(R), T (g) = g′, β = {1, x, x2}

[T ]β =

 0 1 0
0 0 2
0 0 0

 , f (t) = (−t)3,−T 3(a0 + a1x + a2x
2) = 0

proof: We show that ∀v ∈ V, f (T )(v) = 0.
(i) If v = 0, f (T )(0) = 0.
(ii) Assume v 6= 0. Find the maximum k
such that β = {v, T (v), · · · , T k−1(v)} is linearly independent.
Let W =span(β)=span(T -orb(v)). [Thm 5.22]
Let T k(v) = −a0v − a1T (v)− · · · − ak−1T k−1(v) [lin comb]
and g(t) be the characteristic polynomial of TW .
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⇒ g(t) = (−1)k(a0 + a1t + · · · + ak−1t

k−1 + tk) [Thm 5.22]
⇒ g(T )(v) = (−1)k(a0I + a1T + · · · + ak−1T

k−1 + T k)(v)

= (−1)k(a0v + a1T (v) + · · · + ak−1T
k−1(v) + T k(v)) = 0

f (t) = h(t)g(t) [W is T -invariant; Thm 5.21]
⇒ f (T )(v) = (h(T )g(T ))(v) = h(T )(g(T )(v))
= h(T )(0) = 0

�� example: V = R3;T : R3→ R3

T ((a, b, c)) = (−b + c, a + c, 3c)
Let’s begin an orbit with e1 = (1, 0, 0).
T (e1) = (0, 1, 0), T 2(e1) = (−1, 0, 0), T 3(e1) = (0,−1, 0)
⇒ {e1, T (e1)} = {e1, e2} is linearly independent but
{e1, T (e1), T 2(e1)} is not.
⇒ W =span(T -orb(e1))=span({e1, e2})
⇒ β = {e1, e2}
T 2(e1) = −e1 = −a0e1 − a1T (e1)
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⇒ a0 = 1, a1 = 0
⇒ g(t) = (−1)2(a0 + a1t + t2) = 1 + t2

Let’s confirm it.

[TW ]β = ([TW (e1)]β, [TW (e2)]β) = ([e2]β, [−e1]β) =
(
0 −1
1 0

)
⇒ g(t) =det

(
−t −1
1 −t

)
= t2 + 1

β is extended to the standard basis γ = {e1, e2, e3} for R3.

⇒ A = [T ]γ =

 0 −1 1
1 0 1
0 0 3

⇒ f (t) =det

−t −1 1
1 −t 1
0 0 3− t


⇒ f (t) = −(t2 + 1)(t− 3), so g(t) divides f (t).
⇒ f (T ) = −(T 2 + I)(T − 3I), g(T ) = T 2 + I

A = [T ]γ =

 0 −1 1
1 0 1
0 0 3

A2 = [T ]2γ = [T 2]γ =

−1 0 2
0 −1 4
0 0 9


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[f (T )]γ = [−(T 2 + I)(T − 3I)]γ = −(A2 + I)(A− 3I)

= −

 0 0 2
0 0 4
0 0 10

−3 −1 1
1 −3 1
0 0 0

 =

 0 0 0
0 0 0
0 0 0

 = [T0]γ

⇒ f (T ) = T0 confirms the Cayley-Hamilton theorem.
[Uniqueness of representation]
Note also that ∀v ∈ W, g(T )(v) = (T 2 + I)(v) = 0 because

[g(T )]γ = [(T 2 + I)]γ =

 0 0 2
0 0 4
0 0 10


⇒ g(TW ) = T0
Let’s begin an orbit with another vector v = (1, 1, 1).
T (v) = (0, 2, 3), T 2(v) = (1, 3, 9), T 3(v) = (6, 10, 27)
⇒ {v, T (v), T 2(v)} is linearly independent but
{v, T (v), T 2(v), T 3(v)} is not.
⇒ W =span(T -orb(v))= R3 = V



Page 13
⇒ β = {v, T (v), T 2(v)}
T 3(v) = 3v − T (v) + 3T 2(v) = −a0v − a1T (v)− a2T 2(v)
⇒ a0 = −3, a1 = 1, a2 = −3
⇒ g(t) = (−1)3(a0 + a1t + a2t

2 + t3) = 3− t + 3t2 − t3 = f (t)
So the starting vector v of an orbit
determines the resulting T -invariant subspace W =span(T -orb(v))
and g(t)
W1 =span({e1, e2})⇒ g1(t) = t2 + 1
W2 = R3⇒ g2(t) = 3− t + 3t2 − t3
If we begin with (1,2,5), the eigenvector corresponding to λ = 3
the
W3 =span({(1,2,5)})= E3⇒ g3(t) = 3− t
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�� Corollary 5.23 (Cayley-Hamilton theorem for matrices):
A ∈Mn×n; f (t) is the characteristic polynomial ofA Then f (A) =
O, the n× n zero matrix.

� Computation of a matrix polynomial p(A) of a high degree:
p(t) = f (t)q(t) + r(t)⇒ p(A) = f (A)q(A) + r(A) = r(A),
where r(t) is a polynomial of a much lower degree.

� If A is invertible,
f (t) = ant

n + an−1tn−1 + · · · a1t + a0
⇒ f (A) = anA

n + an−1An−1 + · · · + a1A + a0I = O
⇒ f (A)A−1 = anA

n−1+an−1An−2+· · ·+a1I+a0A−1 = O
⇒ A−1 = − 1

a0
(anA

n−1 + an−1An−2 + · · · + a1I)

where an = (−1)n, an−1 = (−1)n−1tr(A), and a0 =det(A)
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�� Theorem 5.24: dim(V )<∞ ;
T : V → V is a linear operator;
f (t) is the characteristic polynomial of T ;
Wi is a T -invariant subspace, i = 1, · · · , k;
V = W1 ⊕W2 ⊕ · · · ⊕Wk;
fi(T ) is the characteristic polynomial of TWi

Then
f (t) = f1(t)f2(t) · · · fk(t)

� Is the converse true? From fi(t) to TWi
?

�� Theorem 5.25: In addition to the above,
βi is a basis for Wi;
β = β1 ∪ · · · ∪ βk is a basis for V . [Thm 5.10]

⇒ [T ]β =


[TW1

]β1 O12 · · · O1k
O21 [TW2

]β2 · · · O2k
... ... ...

Ok1 Ok2 · · · [TWk
]βk


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�� example: T : R4→ R4 is defined by
T (a, b, c, d) = (2a− b, a + b, c− d, c + d).
W1 = {(a, b, 0, 0) : a, b ∈ R}W2 = {(0, 0, c, d) : c, d ∈ R}
⇒ W1 and W2 are T -invariant, and R4 = W1 ⊕W2.
⇒ TW1

: W1→ W1 is such that T (a, b, 0, 0) = (2a− b, a+ b, 0, 0)
TW2

: W2→ W2 is such that T (0, 0, c, d) = (0, 0, c− d, c + d)
Let β1 = {e1, e2}, β2 = {e3, e4} and β = β1 ∪ β2
⇒ [TW1

]β1 =

(
2 −1
1 1

)
[TW2

]β2 =

(
1 −1
1 1

)

⇒ [TW1
]β1 =


2 −1 0 0
1 1 0 0
0 0 1 −1
0 0 1 1

 =

(
[TW1

]β1 O12

O21 [TW2
]β2

)
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⇒ f (t) = det


2− t −1 0 0
1 1− t 0 0
0 0 1− t −1
0 0 1 1− t


=det

(
2− t −1
1 1− t

)
det
(
1− t −1
1 1− t

)
= f1(t)f2(t)


