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Information

= Discrete random variable X is defined in the sample set ¥
Y ={x|k=0, +1, ..., £K}

= Event X = x;, occurs with probability p, = P(X = xy)

= |nformation = surprise = uncertainty
The amount of information of the event is related to the inverse of
the probability of occurrence. That is, the lower the probability py, is,
the more “surprise” there is, and the more “information”.

LHE & X2t 2l & sl pr = 1 BB (X), surprise(X)
LHE 0l=0] |et= S&Hel pr <1 EE(0), surprise(0)
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Information

" base=2 = A H | bits
» base=e = M HEF2| nats
= 32 bit: 2tcodel| BE = I(xy) = —log(Z%) = 32

@ I(xg) =0forp, =1
@ I(x)=0for0<p,<1
®  I(x) = 1(x;) forp, < p;

= Entropy : a measure of the average amount of information conveyed per
message, i.e., expectation of Information

H(X)= E I(X) Zpkl(xk)_ zpk log Pk

k=—K k=—K
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Information

Maximum entropy : when py is equiprobable.
K 1
0<HWX) < —z [
(%) ek 2K +1 92K+ 1
» H(X) = 0foranevent that p, =10/wp, =0

= log(2K + 1)

= Theorem (Gray 1990)

Pk
Z pi log(—) =0
- dxk

= Relative entropy (or Kullback — Leibler divergence)

(x)
Dpllq = Z px(x) log (ZCZ(?C))

x€X
where py (x) is probability mass ftn.(pmf), gx(x) is reference pmf
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Information

= Relative entropy (or Kullback — Leibler divergence) for neural network

Dyiq = Yxex P (x) log (ql(?f;),)) = YxexP () logp(x) — X exp(x) logq(x; W)

= Cross entropy for one-hot classification by deep learning

CpligC W) = = Xy X i (x) log gy (x; W)

= Cross entropy for multi-label classification by deep learning

Coliq(X; W) = = Xy X[ (%) logpy O; W) + (1 — pie(x)) log(1 — pr (; W))]
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Backpropagation Learning Rule

= Empirical Risk Function:

Regression: L,, linear
Ed (W) 01001101: cross-entropy, sigmoid
00001000: cross-entropy, soft-max

= Gradient descent for output layer:

JE,
aij

Awy; = -1

= Chain rule:

aEd _ aEd a(lk _ OEd
aij B Bak Owk] B aak

h;
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Backpropagation Learning Rule

" For multi-label classification (ex, output: 0110100), sigmoid activation
function is used and the loss is defined by the cross entropy loss function:

E(w) = — YX[t)log o, (x,w) + (1 — tk)log(l — o (x, W))] , Where

. JE
ok Then find a0

o = o(ag) =

Sol.)

aEd _ aEd 6ak _ aEdh aEd
L aWkJ

= = : A =
aij aak aWk] aak J Wk]

J.Y. Choi. SNU 8



Backpropagation Learning Rule

= For multi-label classification (ex, output: 0110100), sigmoid activation

function is used and the loss is defined by the cross entropy loss function:
E(w) = — Y ¥[tylog o, (x,w) + (1 — tk)log(l — 04 (x, W))] , Where
Then find ﬁ.

1+e %%k’ oay

o = o(ay) =

Sol.)
JE _ JE aOk

aak o aOk aak )
aOk

%% = ()1 - o(@) = 0,(1 - o),
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Backpropagation Learning Rule

= For multi-label classification (ex, output: 0110100), sigmoid activation
function is used and the loss is defined by the cross entropy loss function:
E(w) = — Y X[t} log o, (x,w) + (1 — tk)log(l — 04 (x, w))] , Where

OE

1 :
o, =o(ag) = T Then find ar

Sol.)
dE _ OE doy

aak o aOk aak )
0
=k = o(ar)(1—a(ay)) = op(1 — o).

aak

JE 1 doy -1 Jog
P il gy T
dayg o dag 1—-o0y day
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Backpropagation Learning Rule

= For multi-label classification (ex, output: 0110100), sigmoid activation
function is used and the loss is defined by the cross entropy loss function:
E(w) = — Y X[t} log o, (x,w) + (1 — tk)log(l — 04 (x, w))] , Where

OE

1 :
o, =o(ag) = T Then find ar

Sol.)
dE _ OE doy

aak o aOk aak )

90k _ o(ar)(1 —o(ay)) = 0x(1 — o).

aak
OE _ _, 100k g _ .y =1 00
dar i o dag (1=t 1oy 0ay
1 -1
= —tko—ok(l —0,) — (1 —ty) - 0, (1 — o)
k Ok
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Backpropagation Learning Rule

= For multi-label classification (ex, output: 0110100), sigmoid activation

function is used and the loss is defined by the cross entropy loss function:

E(w) = — Y X[t} log o, (x,w) + (1 — tk)log(l — 04 (x, w))] , Where

1 ., OE
o =0a(ay) = T Then find dar

Sol.)
dE _ OE doy

aak o aOk aak )

90k _ o(ar)(1—a(ay)) = op(1 — o).

aak
OE _ iaok _ _ -1 OJdog
dayg - tk o dag (1 tk) 1—-o0y day
1 -1
= —tg —0x(1 = 0r) = (1 = tg) — 0, (1 — 0)
k Ok

= =t (1 — o) + (1 = typ)og = o — bt = —(t, — o) = =6
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Backpropagation Learning Rule

= For multi-label classification (ex, output: 0110100), sigmoid activation

function is used and the loss is defined by the cross entropy loss function:

E(w) = — Y X[t} log o, (x,w) + (1 — tk)log(l — 04 (x, w))] , Where

1 ., OE
o =0a(ay) = T Then find dar
Sol.)
OE _ OE doy

6ak 6ok 6ak )

0
a—Z,’Z = o(ar)(1 - o(ar)) = ox (1 — o).
05 _ 100k g _ .\ -1 00
6_ak - tk o dag (1 tk) 1—-o0y dag
1 -1
= —tko—ok(l —o)— (1 - tk)l__ok(l — 0x)
k Ok
= —tx(1 —0p) + (1 = ty)og = 0 =ty = —(t — 0) = =6y,
aEd _ aEd aak _ aEd aEd

hj Aij =

= OWy = M0l

aij B aak awk] B aak
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Backpropagation Learning Rule

= For multi-class classification (ex, [0 0 0 1 0 0]), the softmax activation

function is used and the loss is defined by the cross entropy loss
ek

function: E(w) = — XX t;log(o;(x,w)), where o (x,w) = > eaj.The
J
target value t; € {0, 1} is labelled by 1 hot vector. Then find :TE.
k
Sol.)
0En _ 0 ( K, e
aak - aak< Zi tllog( Z] eaj)>
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Backpropagation Learning Rule

= For multi-class classification (ex, [0 0 0 1 0 0]), the softmax activation

function is used and the loss is defined by the cross entropy loss
ek

function: E(w) = — XX t;log(o;(x,w)), where o (x,w) = > eaj.The
J
target value t; € {0, 1} is labelled by 1 hot vector. Then find :TE.
k
Sol.)
0En _ 0 ( K, e
aak - aak< Zi tllog( Z] eaj)>

= a%k (— X [t;log(e®) — t;log( X ; e*)])
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Backpropagation Learning Rule

= For multi-class classification (ex, [0 0 0 1 0 0]), the softmax activation

function is used and the loss is defined by the cross entropy loss
e

function: E(w) = — XX t;log(o;(x,w)), where o (x,w) = Z T . The
target value t; € {0, 1} is labelled by 1 hot vector. Then find ﬁ
k
Sol.)
0En _ 0 [ <k . e
aak o aak< Zi tlIOg( Z]ea])>

= i - (— X{ [tilog(e®) — t;log( % e“N])
aak( Yi[tia; — tilog(X;e™)]) = —t, + X, t‘z .
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Backpropagation Learning Rule

= For multi-class classification (ex, [0 0 0 1 0 0]), the softmax activation

function is used and the loss is defined by the cross entropy loss
e

function: E(w) = — XX t;log(o;(x,w)), where o (x,w) = Z T . The
target value t; € {0, 1} is labelled by 1 hot vector. Then find ﬁ
k
Sol.)
0En _ 0 [ <k . e
aak o aak< Zi tlIOg( Z]ea])>

- aiak (— X [t;logle®) — t;log( X ; e®)])
= i(—z’f[t-al tilog(X; ™)) = —tx + Liti g

ak

=—tk+ Zt O =t = —(t, — o) = =6
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Backpropagation Learning Rule

= For multi-class classification (ex, [0 0 0 1 0 0]), the softmax activation

function is used and the loss is defined by the cross entropy loss
ek

function: E(w) = — XX t;log(o;(x,w)), where o (x,w) = S The
J
target value t; € {0, 1} is labelled by 1 hot vector. Then find :TE.
k
Sol.)
dE, _ 0 K e
aak - aak <_ Zi tllog( Z] eaj)>
= 5o- (= Z¥[tilogle™) - tilog(X;e“)])
= i(—z’f[t-al tlog( X, eN]) = ~t + Ltz e
=—tk+ Zt O =t = —(t, — o) = =6
aEd _ aEd aak _ BEd n A _ aEd — s
aij B aak awk] B aak J Wk] B T’aWk] — %
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Backpropagation Learning Rule

= Empirical Risk Function:

Regression: L,, linear
Ed (W) 01001101: cross-entropy, sigmoid
00001000: cross-entropy, soft-max

= Gradient descent for hidden layer:

Aw.: = —
le L aW]l

=  Chainrule:
aEd _ aEd aa] 0Ed

= = —X;
aW]l 6aJ aW]l aa]
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Mutual Information

§|-A|A-I o| ELI:)

M 27| x| (Entropy)
= Al 2|

= Conditional Entropy (& 71
Y 7t 2551 =9
y et A zho| A= X 9

=
=
o
H=

=
=
X

N
o

* Theorem (Gray 1990)
HX|Y)=HX,Y)—H()
0<HX|Y) <HX)

H(X)

= Joint Entropy
HX,Y) = _ZxEXZerp(x» y) log;&, y)

—> Joint probability mass function

H(Y)

J.Y. Choi. SNU
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Mutual Information

= Mutual Information: Output Y 2| Zt50f 2faf] & = U=

I(X;Y)=H(X)—HX|Y)
=HX)+HY)—-H(X,Y)
= —2xexP(¥)log  (p(x)) — Xyeyp(¥) log

+ 2xex 2yey (X, y) log  (p(x,y))

p(x.y) )

= ZxEX ZyEY p(x, y) log (p(x)P(Y)

= KL-divergence & Independence ?

HX) = I1(X,X)

X 2| uncertainty (A 2)

()

H(X)

H(Y)

J.Y. Choi. SNU
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Mutual Information

= Properties of I(X,Y)
© I(Y;X)=1I1X;Y)
@ I1(X;Y)=0
® I(X;Y)=H(Y)-H({IX)

H(X)

H(Y)

J.Y. Choi. SNU
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Mutual Information

=  Mutual Information for Continuous Random Variables

© 0o fxy(xy)
[CX5Y) = [, [, (e, y) log (ZRL22 ) dxdy

I(X;Y) = h(X) — h(X|Y) = h(Y) —h(Y|X)

=h(X)+ h(Y) - h(X,Y)
I(X;Y) = I(Y; X)
I(X;Y)=0

H(X)

H(Y)

J.Y. Choi. SNU
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Exercise
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Exercise

: XNTAN EEY S

S HILAHAE

J.Y. Choi. SNU

29



Exercise

= Entropy: H(X) = — Yyexp(x)logp(x)

J.Y. Choi. SNU
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= Entropy: H(X) = — Y, p(x)logp(x)
= H(x|Y =0) =—2,p|Y = 0)logp(x|Y = 0)

1 1 2 2
u H(XlY = 0) = —glogg—glogg

J.Y. Choi. SNU
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Exercise

= KL-Divergence?| 2|0/ E MZtgt [ 2t S A
' = 2 x| A
divergence, & Dpx|y=o)pxjy=12 L=

=
DP(Y=0)||P(Y=1)% _$_|_+_§?E_.|:E A=A EEE 10 n'd
SAHEM FESE SHY SE X7t 2 9| X}
ZA| =k ofojo . —
OfA 20 (60 —n)H
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Exercise

= KL-Divergencel| 2|0|& dzet If 2t 348 oM F ES
KL-divergence, & Dpxjy=o)pxjr=n= L2 St= n S

Dpr=o)pr=1)= EAEDH= A2 A E Lo
SUYM FES SUE &8 £Et =
27| =ict= o|ojo|ct SeAr
—~ oA 2
=, PX|Y=0)=PX|Y =1) 2 9| R}

1 n 2 60—n 20

—_—= — —_ = —d =

3-60° 3 60 "
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Exercise

" Dp(x|y=0)|p(x|r=1)= 2= St=n

*

n® = argmin Dp(x|y=0)||p(x|y=1)
n

J.Y. Choi. SNU
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Exercise

" Dp(x|y=0)|p(x|r=1)= 2= St=n

*

n® = argmin Dp(x|y=0)||p(x|y=1)
n

DP(X|Y=0)||P(X|Y=1) = z P(X =x|Y
X

EEY

S &AL

opA 2
SR}

P(X =x|Y =0)

=0l vy =1

J.Y. Choi. SNU
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Exercise

o XA ol=
. DP(X|Y=0)||P(X|y=1)E —'—|—I—E O|'|_ n wA

*

n® = argmin Dp(x|y=0)||p(x|y=1)
n

Dpxjy=0)|p(x|y=1) = z P(X = x|Y = 0)log
X

1

= 1/310g% +2/3 log

60

2
3

60—n
60

EEYH
S At
Of A E
=
P(X =x|Y =0)
PX=x|Y =1)

J.Y. Choi. SNU

36



Exercise

o XA ol=
. DP(X|Y=0)||P(X|Y=1)E —'—|—I—E Ol'l_ n wA

*

n® = argmin Dp(x|y=0)||p(x|y=1)
n

Dpxy=0)1px|y=1) = YxP(X =x|Y =0)log

1

= 1/3 log% +2/3 108z

60

EEH 10
S e
oA d 20
SeR

P(X=x|Y=0)

P(X=x|Y=1)

2

3

60
1 2 —60+3n
3n = 3(60-n)  3n(60-n)

d%DP(XIY=0)||P(X|Y=1) = % (— 2) + 60_"( 4—011)2) _

n2 60 \(60

=0->n=20

J.Y. Choi. SNU
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Exercise

" Dpxiy=0)pxlv=ny= Ol&0tA ot nO| &Zto|2t & W, 9 ®7F X H S 8 (X)t
SAE ()0l 28 Mutual Information I(X, Y)= =412 AFESHX| (D JjEXHo 2
oA, 2[4 =4S AFESHY {510 VM = 1ot Z2Lf HWSHA| 2.

I T I TS
3

EEY 10 n
=
oA 20 (60 —n)H

S At
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Exercise

" Dp(x|y=0)||p(x|y=1)% 0|83t ot nO| & 0|2t

O ANl

== (Y)0f| 2t3F Mutual Information I(X, Y)=
oA, 2|1 =4S AFESHY i 7

2lolch, 1 0] e
c3g 217}

= ]
[ = O| C}. [Ct2FA] Mutual

=
EEY 10 n'3
SH A
oA 20 (60 —n)H
o O
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Exercise

=AE )0 -2t Mutual Information I(X,Y)= A
oA, d2[1d =4S AFESHY foi 2 JfE X o = 4ot

SYEN AL M2 SZo|Ct 1 0|8s -
SAFo| et £ Ele SQsts 2tE Eut %3;
Habx| K| 7| 20| C. 2tA Mutual SE A
Information< 0 O|LC} OfA
S YUX

1(X,Y) = By p(x, 1) log B2 = 3, p(x[y)p (1) log Bt 2>
’ Xy A p(xX)p(y) Xy p(X)p(y)

11 = 21 2 12 2 22 2
= ;;log +§§log§ + Zlogh +23logn = 0

= — 33 =
33 3 33

J.Y. Choi. SNU
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Exercise

= Mutual InformationZt Conditional Entropy2| 24| 0| 2|St0 H(X|Y)S ToIA| 2.

=
EEY 10 n'H
S A Xt

ofA 20 (60 —n)&H

S At
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Exercise

= Mutual InformationZt Conditional Entropy2| 24| 0| 2|St0 H(X|Y)S ToIA| 2.

EEH 10
I(X,Y) = H(X) — H(X|]Y) = 0 S oI x}
OfAd 20

=5

H(X|Y) = H(X) = — 3, p(x) log p(x) = —log: — 2log?

J.Y. Choi. SNU
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ICA(Independent Component Analysis)

Blind source separation problem:
Given N independent realizations
of the observation vector X , find

an estimate of the inverse of the

. . . | Source y(#n)
mixing matrix A i # @—_I
|
I wln) |

Unknown environment

Algorithm of ICA:
— “as statistically independent as possible”
— minimizing the mutual information between the each components

of the output vector

|
} Observation
| vector ——
| ;

x(n Qutput
| () Xer: A P
|

Mixer: I::i> Demi
) & D vector

J.Y. Choi. SNU
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ICA(Independent Component Analysis)

= |CA Example

J.Y. Choi. SNU

44



ICA(Independent Component Analysis)

=  blind source separation problem

U = [ug, Uy, ..., uy]" : Independent Sources
X =AU, A: Mixing Matrix
X = [xq, %5, ..., x,]" : Observations
Y =WLX,: W:Demixing Matrix
U,X,Y : Zero mean Signals
- Y=WX=WAU = DPU,

where D: Diagonal matrix, P: Permutation matrix
— How to find W?

J.Y. Choi. SNU
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ICA(Independent Component Analysis)

= |CA : statistical independence
= Applications
— Speech separation : teleconference
— Array antenna processing
— Multisensor biomedical records
(EHOte] Al&EtEs=S LI A &8s =2l)
— Financial market data (Dominant data =)

— Feature Extraction

J.Y. Choi. SNU



ICA(Independent Component Analysis)

= Criterion for Statistical Independence
Goal :Y;,Y; ZF mutual informationS Z[ =2}

minI(Yi;Yj) ,j=1,---,m
— I fr(y)
I(Yll Yz, ) Ym) DfY”fY f—oo fY(y) log (H{Z1 in(yi)> dY
fY(y) — ﬁlin(yi)l in(yi ): Marginal pdf

= Learning Rule for ICA
d

awik Df ||f~

Awy, = —1

J.Y. Choi. SNU
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ICA(Independent Component Analysis)

=  Kullback-Leibler Divergence

Dy = I-e "o Sy () log (H,ln’i ‘}(”(yl)) dy
Dol = = [0 A logfy(y) dy — X%, [, fr(v) log fy, (vi) dy

= The second term is

[ log fr, ) [ o, @) dy®ldy: = [7, fr, (vi) log fy, (vi) dy;
= —h(Y;) :marginal entropy

= Kullback-Leibler Divergence

— m (v,
DfY”fY - h(Y) + Zl:l h(Yl)

J.Y. Choi. SNU
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ICA(Independent Component Analysis)

= Entropy h(Y)
h(Y)=h(WX)=h(X)+log|det(W)|,

(fy (y) =l det(W) [ f, (x), dy=|det(W)]dx)

= Marginal entropy h(Y1)

Pdf of Y, is obtained using truncate of Gram-Charlier series
fr, (W) = a(y)I[1 + Xi=s cire He (v:)]

where
a(y;) = 1/ V2rexp(—yi*)
H,(y;) : Hermite polynomials
Cumulants {c¢;, : k = 3,4,...,}is obtained from k-th order moment of Y,
Hermite polynomials: Hs(y) = y3 — 3x, H,(y) = y* —6y2% + 3, ...

J.Y. Choi. SNU
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ICA(Independent Component Analysis)

" fr, (W) = a1 + Xz cix He (v:)]

= The index groupingis doneas k = (0),(3),(4,6),(5,7,9), ...
= By choosing by k = (4,6)

N k: k? k:. + 10k?
fr. (i) = a(y;) <1+3;TH3(3’L')+4;TH4(371')+( £ a 1,3)H6(yi)>

" ¢, and k-th order moment of Y,

Kiz=Mis, Kiy=m, _3mi2 5
® S ¢ ’ mi,k:E|:Yik:| =EH2’W

k s =m, ; —10m’, —15m, ,m; , +30m’,
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ICA(Independent Component Analysis)

= The cumulants are functions of W.
= Gradient of K-L divergence

0 1 0

1) W log(det(W)) = Jotcw) wy; det(W)
_ 4 _ w-TY .
~det(w) W=y
aKi,g ~ 2 aKi, 3
2) s 3y;°xj, aw; ~ —8y;°x; ...

J.Y. Choi. SNU
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ICA(Independent Component Analysis)

=  Minimization of Kullback-Leibler Divergence

— _ m p(y.
DfY”fY - h(Y) + Zl:l h(Yl)

9 _
Df”f(W) ~ —(W ) + o(y)x;

aWij
1 2 15 2 112 512
o) =y +5y] + v + oyt =y 128y — =y
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ICA(Independent Component Analysis)

= Learning algorithm for ICA

=1 (W) - ¢
AW = n(WT = p(»)x")
AW = [l — p()xTWTTW T
=nll— @)y W
Wn+1) = Wn) + n(m)[1 - ¢(y(n))y" ()| W="(n)

J.Y. Choi. SNU
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ICA(Independent Component Analysis)

= Experiments
u,(n) = 0.1sin(400n)cos(30n)
u,(n) = 0.01 sgn(sin(500n + 9 cos(40n))
us;(n) = noise uniformly distributed in [—1, 1]

Separated signals
— = 0.4 — - - .

— N A\ 1 1 i ‘
0.56 0.79 0.37 oosi | | "I A N ‘l (1 \ N\ N | l|i o2
-0.75 0.65 0.86 N A TATATARVATATATRVAYARYATR! -
0.05 | ‘\:‘ V e | \| ‘,’ ',_‘,/ ' i \ 0.2 ]

Source signals

ul(t)
yiy)

A =

0.17 0.32 —0.48 VoAl '\ |
0.1 \. 0.4 —- -
0.05 0.1 0.15 0.2 o 0.05 0.1 0.15 0.2
t t
G0 o T ; 2T T nm nnnno M
0.01 | ””v'r.n l 0.1 ‘ ‘ ' l , |l|-l;1'|,':"\]f. :: ‘, T
g o | |] !.»y;{;lwix” l |- &> | | v,‘wl,'l',l.”.;' 11
0.01 JuUuduy 0.1 | ‘ (I | | | {
l_A ,J LJ U J AEI'I‘!"]!III l _.l |
0.02 | ° — 0.2 f— —— e
0.05 0.1 0.15 0.05 0.1 0.15 0.2
: » 0.4 — — : :
0.2\ Al
> o TN Aa AN Iﬂ\ A AN
3 e |/ Vv \V‘ [ '| | ‘l' i\/ \/\/\/ \/ l|’
o2} \ vV V Vv v \
coad Y 008 o031 o485 o2
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Exercise

In computer science(CS) department, the probability of dropping the
machine learning(ML) course in March is 1/6, that in April is 1/3, and the
probability of taking ML course to the end without dropping is 1/2,
whereas those in Electrical engineering(EE) department are 1/8, 1/8, and
3/4, respectively. Meanwhile, the portions of CS & EE students in ML
course are 1/5 & 4/5, respectively. Letting X be the random variable on
dropping or not of a student, and Y be the random variable on the
department of a student, find the followings.

1. Conditional entropy H(X|Y).
2. Mutual information I(X;Y).

J.Y. Choi. SNU
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Exercise

= In computer science(CS) department, the probability of dropping the
machine learning(ML) course in March is 1/6, that in April is 1/3, and the
probability of taking ML course to the end without dropping is 1/2,
whereas those in Electrical engineering(EE) department are 1/8, 1/8, and
3/4, respectively. Meanwhile, the portions of CS & EE students in ML
course are 1/5 & 4/5, respectively. Letting X be the random variable on
dropping or not of a student, and Y be the random variable on the
department of a student, find H(X|Y), I(X;Y).

« N2AS 2402 BT,

J.Y. Choi. SNU
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Exercise

In computer science(CS) department, the probability of dropping the
machine learning(ML) course in March is 1/6, that in April is 1/3, and the
probability of taking ML course to the end without dropping is 1/2,
whereas those in Electrical engineering(EE) department are 1/8, 1/8, and
3/4, respectively. Meanwhile, the portions of CS & EE students in ML
course are 1/5 & 4/5, respectively. Letting X be the random variable on
dropping or not of a student, and Y be the random variable on the
department of a student, find H(X|Y), I(X;Y).

NEA g +402 B,

X: random variable on dropping or not of a student

Y: random variable on the department of a student

X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

Y=0:CS, Y=1: EE

P(X=0Y=0)=1/6,P(X=1|Y =0)=1/3,P(X =2|Y = 0) = 1/2
PX=0Yy=1)=1/8P(X=1|Y =1)=1/8,P(X = 2|Y = 1) = 3/4
P(Y=0)=1/5 P(Y =1) =4/5

H(X|Y) =2, I(X;Y) =2.

J.Y. Choi. SNU
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Exercise

= X: random variable on dropping or not of a student

= Y:random variable on the department of a student

= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

= V=0:CS, Y=1.EE

= P(X=0|Y=0)=1/6,P(X=1]Y =0)=1/3,P(X =2|Y =0) = 1/2
« PX=0Y=1)=1/8,P(X=1|Y =1)=1/8,P(X =2|Y = 1) = 3/4
= P(Y=0)=1/5 P(Y =1)=4/5

= HX|Y) =2, I(X;Y) =2.

= Sol. HX|Y) =2, I(X;Y) =2

J.Y. Choi. SNU
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Exercise

= X: random variable on dropping or not of a student

= Y:random variable on the department of a student

= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

= V=0:CS, Y=1.EE

= P(X=0|Y=0)=1/6,P(X=1]Y =0)=1/3,P(X =2|Y =0) = 1/2
« PX=0Y=1)=1/8,P(X=1|Y =1)=1/8,P(X =2|Y = 1) = 3/4
= P(Y=0)=1/5 P(Y =1)=4/5

= HX|Y) =2, I(X;Y) =2.

= Sol. HX|Y) =2, I(X;Y) =.
H(X|Y) = H(X,Y) — H(Y).

J.Y. Choi. SNU
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Exercise

= X: random variable on dropping or not of a student

= Y:random variable on the department of a student

= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

= V=0:CS, Y=1.EE

= P(X=0|Y=0)=1/6,P(X=1]Y =0)=1/3,P(X =2|Y =0) = 1/2
« PX=0Y=1)=1/8,P(X=1|Y =1)=1/8,P(X =2|Y = 1) = 3/4
= P(Y=0)=1/5 P(Y =1)=4/5

= HX|Y) =2, I(X;Y) =2.

= Sol. HX|Y) =2, I(X;Y) =.
H(X|Y) = H(X,Y) — H(Y).

1 1 4 4
H(Y) = =Zyeyp(¥)logp(y) = —log_ —clog- = 0.7219

J.Y. Choi. SNU
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Exercise

= X: random variable on dropping or not of a student

= Y:random variable on the department of a student

= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

= V=0:CS, Y=1.EE

= P(X=0|Y=0)=1/6,P(X=1]Y =0)=1/3,P(X =2|Y =0) = 1/2
« PX=0Y=1)=1/8,P(X=1|Y =1)=1/8,P(X =2|Y = 1) = 3/4
= P(Y=0)=1/5 P(Y =1)=4/5

= HX|Y) =2, I(X;Y) =2.

= Sol. HX|Y) =2, I(X;Y) =2.
HX|Y) = H(X,Y) — H(Y).
1 1 4 4
H(Y) = =Zyeyp(y)logp(y) = —clog- —clog- = 0.7219
H(X,Y) = —2Zyexdyeyp(x,y)logp(x,y)

J.Y. Choi. SNU
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Exercise

X: random variable on dropping or not of a student

Y: random variable on the department of a student

X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

Y=0: CS, Y=1: EE

P(X=0]Y=0)=1/6,P(X=1|Y =0)=1/3,P(X =2|Y = 0) = 1/2
PX=0Y=1)=1/8P(X=1|Y =1)=1/8,P(X =2|Y = 1) = 3/4
P(Y=0)=1/5 P(Y =1) = 4/5

HX|Y) =2, I(X;Y) =2.

Sol. HXX|Y) =2, I(X;Y) =2.
HX|Y) = H(X,Y) — H(Y).
H(Y) = ~Zyerp(Nlogp(y) = —log; —;log = 0.7219
HX,Y) = —2xexZyeyp(x, y)logp(x,y)
HX,Y) = —2xexZyeyp(x|y) X p(¥)logp(x|y) X p(y)

J.Y. Choi. SNU

62



Exercise

X: random variable on dropping or not of a student

Y: random variable on the department of a student

X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

Y=0: CS, Y=1: EE

PX=0Y=0)=1/6,P(X=1]Y =0) =1/3,P(X =2|Y =0) = 1/2
PX=0Y=1)=1/8P(X=1Y=1)=1/8,P(X =2|Y =1) = 3/4
P(Y=0)=1/5 P(Y =1) =4/5

HX|Y) =2, I(X;Y) =2.

Sol. HX|Y) =2, I(X;Y) =2.

HX|Y) = H(X,Y) — H(Y).

1 1 4 4
H(Y) = =2yeyp(¥)logp(y) = —;log_ — -log- = 0.7219
H(X,Y) = —XZyexZyeyp(x,y)logp(x,y)
H(X,Y) = —ZyexZyeyp(x|y) X p(¥)logp(x|y) X p(¥)

-2 bioa(( D)3t -1 L2

—l*ilog(l*f)—%*%log(%*é)—%*%log(%*g) = 1.8628
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Exercise

= X: random variable on dropping or not of a student
= Y:random variable on the department of a student
= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop
= Y=0:CS, Y=1: EE
» PX=0lY=0)=1/6P(X=1|Y =0)=1/3,P(X =2|Y =0) = 1/2
» PX=0lY=1)=1/8P(X=1|Y =1)=1/8,P(X =2|Y =1) = 3/4
= P(Y=0)=1/5 P(Y =1)=4/5
= HX|Y) =2, I(X;Y) =2.
= Sol. HX|Y) =?, I(X;Y) =2
HX|Y) = H(X,Y) — H(Y).

1 1 4 4
H(Y) = =2yeyp(¥)logp(y) = —;log_ — -log- = 0.7219

HXY)= =X % (x,y)logp(x,y)
(X,Y) = =ZxexZyerp(x, y)logp(x, y H(X|Y) = 1.8628 — 0.7219
H(X,Y) = —ZyexZyerp(x]y) X p(0)logp(x|y) X p(y) = 1.1409

-2 bioa(( D)3t -1 L2

—l*ilog(l*f)—%*%log(%*é)—%*%log(%*g) = 1.8628

J.Y. Choi. SNU



Exercise

= X: random variable on dropping or not of a student

= Y:random variable on the department of a student

= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

= Y=0:CS, Y=1: EE

» PX=0lY=0)=1/6P(X=1|Y =0)=1/3,P(X =2|Y =0) = 1/2
» PX=0lY=1)=1/8P(X=1|Y =1)=1/8,P(X =2|Y =1) = 3/4
= P(Y=0)=1/5 P(Y =1)=4/5

= Sol. HX|Y) =2, I(X;Y) =.

IX;Y)=HX) +HY) - HX,Y) =?

J.Y. Choi. SNU
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Exercise

= X: random variable on dropping or not of a student
= Y:random variable on the department of a student
= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop
= Y=0:CS, Y=1: EE
» PX=0lY=0)=1/6P(X=1|Y =0)=1/3,P(X =2|Y =0) = 1/2
» PX=0lY=1)=1/8P(X=1|Y =1)=1/8,P(X =2|Y =1) = 3/4
= P(Y=0)=1/5 P(Y =1)=4/5
= Sol. HX|Y) =2, I(X;Y) =2.
I(X;Y) = HX) + H(Y) — H(X,Y) =?

H(X,Y) = 1.8628, H(Y) = 0.7219

J.Y. Choi. SNU
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Exercise

= X: random variable on dropping or not of a student
= Y:random variable on the department of a student
= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop
= Y=0:CS, Y=1: EE
» PX=0lY=0)=1/6P(X=1|Y =0)=1/3,P(X =2|Y =0) = 1/2
» PX=0lY=1)=1/8P(X=1|Y =1)=1/8,P(X =2|Y =1) = 3/4
= P(Y=0)=1/5 P(Y =1)=4/5
= Sol. HX|Y) =2, I(X;Y) =2,
IX;Y)=HX)+HXY)—- HX,Y) =?
H(X,Y) =1.8628,H(Y) = 0.7219
H(X) = =2yexp(x)logp(x)

J.Y. Choi. SNU



Exercise

= X: random variable on dropping or not of a student
= Y:random variable on the department of a student
= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop
= Y=0:CS, Y=1: EE
» PX=0lY=0)=1/6P(X=1|Y =0)=1/3,P(X =2|Y =0) = 1/2
» PX=0lY=1)=1/8P(X=1|Y =1)=1/8,P(X =2|Y =1) = 3/4
= P(Y=0)=1/5 P(Y=1)=4/5
= Sol. HX|Y) =2, I(X;Y) =2.
I(X;Y)=HX) +HY) — HX,Y) =2
H(X,Y) = 1.8628,H(Y) = 0.7219
H(X) = =2yexp(x)logp(x)
By total probability,
P(X =x) = ZyeyP(X =x|Y = y)P(Y = y)

J.Y. Choi. SNU
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Exercise

= X: random variable on dropping or not of a student
= Y:random variable on the department of a student
= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop
= Y=0:CS, Y=1: EE
» PX=0lY=0)=1/6P(X=1|Y =0)=1/3,P(X =2|Y =0) = 1/2
» PX=0lY=1)=1/8P(X=1|Y =1)=1/8,P(X =2|Y =1) = 3/4
= P(Y=0)=1/5 P(Y=1)=4/5
= Sol. HX|Y) =2, I(X;Y) =2.
I(X;Y)=HX) +HY) — HX,Y) =2
H(X,Y) = 1.8628, H(Y) = 0.7219
H(X) = =2yexp(x)logp(x)
By total probability,
P(X =x) = ZyeyP(X =x|Y = y)P(Y = y)
1 1 4

1 2 1 1 1 4 1 1 3 4
PX=0)=Crotgrs=gg PO =D =gxgtgrg=g, PX=3)=oxctig=5

J.Y. Choi. SNU



Exercise

X: random variable on dropping or not of a student
Y: random variable on the department of a student
X=0: Mar. drop, X=1: Apr. drop, X=2: No drop
Y=0: CS, Y=1: EE
PX=0Y=0)=1/6,P(X=1]Y =0) =1/3,P(X =2|Y =0) = 1/2
PX=0Y=1)=1/8P(X=1Y=1)=1/8,P(X =2|Y =1) = 3/4
P(Y=0)=1/5 P(Y=1)=4/5
Sol. H(X|Y) =2, I(X;Y) =2.
I(X;Y)=HX) +HY) — HX,Y) =2
H(X,Y) = 1.8628, H(Y) = 0.7219
H(X) = =2yexp(x)logp(x)
By total probability,
P(X =x) = ZyeyP(X =x|Y = y)P(Y = y)
1 1 4

P(X=0)=1*E+§*E=i P(X=1)=

H(X) = —|Zlog (=) +3log (5) + —1og(10) +| = 1.1786

*

wlr—\
u1|>—x

1 4
g * E__ ,P(X =3) =

N | =

ull =
+
Sl w
*
v
[l
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Exercise

X: random variable on dropping or not of a student
Y: random variable on the department of a student

= X=0: Mar. drop, X=1: Apr. drop, X=2: No drop

= Y=0:CS, Y=1: EE

» PX=0Y=0)=1/6,P(X=1|Y =0)=1/3,P(X =2|Y =0) = 1/2
» PX=0Y=1)=1/8P(X=1Y =1)=1/8,P(X =2|Y =1) = 3/4

= P(Y=0)=1/5 P(Y=1)=4/5

= Sol. HX|Y) =2, I(X;Y) =2.
IX;Y)=HX)+HXY)—- HX,Y) =?
H(X,Y) = 1.8628,H(Y) = 0.7219
H(X) = —2Zyexp(x)logp(x)
By total probability,
PX=x)=2,eyPX =x|Y =y)P(Y = y)

PX=0)=-#-+-x:==,P(X=1)=
H(X) = —[—log( )+ log() —log(lo)

wlr—\

U'll)—\

t] =

1.4 1

1.1786

I(X,Y) = 1.1786 + 0.7219 — 1.8628
= 0.038

_|_

ull =
Dl w
*
v
[l
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Summary

= Information

= Entropy

= Cross Entropy

= Error Backpropagation Learning

=  Mutual Information

= Kullback Leibler Divergence

= |ndependent Component Analysis (ICA)
= Learning for ICA

= Blind Source Separation

Reference: Simon Haykin, Neural Networks: A Comprehensive Foundation, Prentice Hall
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Optimization (l)

Jin Young Choi
Seoul National University
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Outline

Constraint Convex Optimization
linear/quadratic programming
dual problem, KKT conditions
Minimization techniques

Gradient Descent Minimization
Newton Minimization

Gauss Newton Minimization
(In)Equality Constraint Minimization

J.Y. Choi. SNU



Convex Optimization

= Definition: E: R™ - R is convex function if dom FE isaconvexsetand af; + (1 —a)8, €
domE

» E(ab;+(1—a)f,) <aE(8,)+ (1 —a)E(6,),
where 6,,60, edom E, 0<a<1

Convex set

aE(0,) + (1-a)E(6,) Non-convex

:/ ’ (62, E(6;)) set
E(afy + (1 — a)6y) w

(61, E(61))

Non-convex function

J.Y. Choi. SNU



Convex Function Conditions

2nd-order conditions: for twice differentiable f with convex domain

f is convex if and only if
V2f(x) >0 forall x € dom f

If V2f(x) >0 forall x € dom f, then f is strictly convex

J.Y. Choi. SNU



Linear program (LP)

= Formulation
minimize c¢’x+d | T
subjectto Gx < h

Ax=D>b

= convex problem with affine objective and constraint functions

= feasible set is a polyhedron

J.Y. Choi. SNU



Linear program (LP)

= Example: norm minimization problem
minimize Hle

= equivalenttoan LP

J.Y. Choi. SNU



Linear program (LP)

=  Example: norm minimization problem
minimize Hle

= equivalent to an LP
minimizeZ‘Xi‘

.
minimize Zsi =1s

subjectto |X| <s;, i=1..n

T
minimize Zsi =1s
subjectto —S, <X <s,, I=1..n

J.Y. Choi. SNU



Quadratic program (QP)

=  Formulation
minimize  (1/2)x"Px+q'x +r
subjectto Gx < h
Ax =Db

= P € S%, soobjective is convex quadratic minimize a convex quadratic function over a polyhedron

Solved by KKT condition or
interior point method

8 Y. Choi. SNU



Constraint Convex Optimization

= Standard Convex Problem
minimize E,(0)
subjectto  ¢;(0) <0, i=1,"--,m
h;(0) <0, i=1,-,p
= where Ey(0), g;(8), h;(8) are convex.
= Lagrangian

L(6,4,v) = Eg(60) + X121 4,9:(0) + XF_, vihi(6) 4 =0,4,9:(6) <0
— Ey(0) + 1T g(6) + vTh(6)
91(6)] h,(6)]

A .. Al ..
9n(0) |hn(6)

J.Y. Choi. SNU



Dual Problem

o Lagrange dual function:

o 1(4,v)
Saddle point

I(4,v) =inf L(6, 4,v)

= igrelg Eo(9)+_zm:ﬂ19i(‘9)+zp:vihi (0)

IS concave

Pesssss -

Jossiiis

: f? L
i L

L
A A
L e R i
G

#,.';. g, 27

1 = 2 XImIZe D

o Minimize Primal problem

o

ual problem

J.Y. Choi. SNU
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Dual Problem

o Lower bound
if >0, then

property:
(A, V)< p

where p*is the optimal solution of the primal problem

o Strong Duality

For the standard convex problem,

max I(4,v) = P

I(4,v) =inf L(0,4,v)

= LQE(EO(Q) +iﬂ’|gi(9)+ivihi (9)j

J.Y. Choi. SNU
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Dual Problem

minimize 670
subjectto A0 =0b
dual function: L(0,v) = 0760 + v (46 — b)
Since quadratic, VgL(0,v) = 0 =20 + ATv

§=—=ATv
) 1 1
g(w) = infL(6,v) = ZvTAATv — EUTAATU —vTh
1
= — ZvTAATv —vTh

lower bound property: p* > —(1/4)vT AATv — bTv forallv

1
- 0" =—-A"v’

J.Y. Choi. SNU
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KKT Condition

o Karush-Kuhn-Tucker(KKT) Conditions

1.

>

Primal constraints:

g.(0)<0, i=1 .., m, h(6)=0, i=1 .., p
Dual constraints:

A2>201=1 .., m
Complementary slackness:

29.(0)=0, i=1 .., m

Gradient of Lagrangian w.r.t. @ vanishes:

VE, (0) + Zm:z,ygi (0) + Zp:vthi (6) =0

If @, A,V satisfy KKT for a convex problem, they are optimal.

L(6,2,v) = Eo(0) + X121 2:9:(6) + Xi_, vihi(6)

J.Y. Choi. SNU
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KKT Condition

=  example: water-filling (assume a; > 0)
minimize  — ;. log(x; + a;)

subjectto x > 0, 1Tx=1

convex constraint & feasible
L — Strong duality holds

&2

1/v*

-

— Solution of KKT condition is optimal

J.Y. Choi. SNU



KKT Condition

= example: water-filling (assume a; > 0)

. . . _ ').'l .
minimize i=1108(x; + a;) L(x,1,V) :_Zin—llog(x' +ai)_2/1’|xi v x-1)
subjectto x > 0, 1Tx=1 ) '
x is optimal iff there exist x, A € R™, v € R satisfying KKT condition:

1.x>=0, 1'x=1 2.4>=0, 3.Ax =0, 4 1 +A=v
X+,

= jf A <llex)
= f X =0, A=v-1la,20(=vkl/ )
= determine v from 17x = ¥, max{0,1/v — a;} = 1
interpretation
= n patches; level of patch i is at height «; L
= flood area with unit amount of water ) Jzi
= resulting level is 1/v* o

J.Y. Choi. SNU
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Gradient Descent Minimization

= Gradient Descent Update Rule (Steepest Descent for G = I)
Onext = Onow — nGVE(Hnow): G>0

rE@) dE(8) AE(0)

00, ' 86, '

E(]

790,

g = VE (Bnow)

J.Y. Choi. SNU
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Gradient Descent Minimization

A Sectional View of the Conlours
n Direction d

J.Y. Choi. SNU
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Gradient Descent Minimization

= Optimal Learning Rate
* Necessary Condition

V'E(6

next

VTE(Q

)VE (6101) =0,

ow = TTVE (64 )) VE (B, ) =0
" Learning Rate Search Methods
* Initial Bracketing
* Line Searching
* Secant Method (Approximate Newton Method)
* Bisection Method
* Golden section search method

J.Y. Choi. SNU
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Newton Minimization

= The objective function f (0) can be approximated by a
guadratic form:

E(0)=E(0.)+A (0-0..) +%(9-9mw)T H(O—-6,. )

ow

where H=V’E(,.,), A=VE(@,,).

&

J.Y. Choi. SNU 19



Newton Minimization

= Since the equation defines a quadratic function
* its minimum can be determined by differentiating & setting to 0.

E(0)=E(0..)+ AT (00, )+ % 00 Y H(O-0.)
A+ H(enext o Hnow) =0
enext = gnow o H_lA

Onext = Onow — 7’I§VE(9now); G>0

20
J.Y. Choi. SNU
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Gauss Newton Minimization

= Keyidea: Not to use Hassian matrix, we use
linearized approximation of learning model.

= E(0) =>lld — g(x,0)|I2

g(x, 9) ~ g(x, Qnow) +]T(9 _ HTlOW)J

where Jacobian | = dg(x’e)/del

0=0now

- E(H) = % ”d T g(x: Qnow) _]T(H _ Hnow)llz

21
J.Y. Choi. SNU
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Gauss Newton Minimization

= Since the function is quadratic for 6,

= |[ts minimum can be determined by differentiating & setting to 0.

- E(B) = %”d _ g(x: Hnow) _]T(H _ Hnow)”Z
= VE(B) = _](d — g(x, Opow) _]T(H - Hnow)) =0

= Update Rule
" Onext = Onow + (”T)_lj(d — g(x, Opow))
" Onext = Onow — U]T)_lvE(Hnow)
[ VE(gnow) = _](d — .g(x» gnow))]

J.Y. Choi. SNU
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Equality constrained minimization

minimize  f(0)
subjectto A0 =b, A€RP™ rank(A) =p,p<n

= f convex, twice continuously differentiable

" we assume p~ is finite and attained

KKT optimality conditions: L(B,v) = f(8) + v (A0 — b)
(4) VF(O) + ATv* = 0
(1) A6* = b
= Iff = (1)9TP0+qT9+r
2 VF(6) = PO +q
PO*+q+ATv* =0 P AT[ ] [ q]
AB* =b A

J.Y. Choi. SNU



Equality constrained minimization

= equality constrained quadratic minimization (with P € S})

minimize (1/2)0TPO + q"0 + r
subjectto A8 =b, p(A)=p

_ . - N(A) # N(P)
= optimality condition: > o([p ATD =n

P AT][6"] _ [~
A 0 [V*] [b] oT(P + ATA)0

= coefficient matrix is called KKT matrix =0TPO +60TATAB > 0
= KKT matrix is nonsingular if and only if

A0 =0, 6+0 = 6TPO >0 P A
Plla o |7 7P

= equivalent condition for nonsingularity:
P+A"A >~ 0

J.Y. Choi. SNU



Newton step

= QOriginal Problem

minimize  f(0) -
subjectto A8 = b E‘B ‘Zl];(f):zfl v* =0

L(6,v) = £(6) + vT (46 — b)

=  Second order approximation

minimize  f(0 +9) = f(8) + VF(6)T9 + (1/2)9TVZf(0)9
subjectto A0 +Y9)=0b

=  Optimal solution of ¥ becomes Newton step A8,,;

J.Y. Choi. SNU
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Newton step

=  Second order approximation

minimize  f(0 +9) = f(8) + VF(6)TO + (1/2)9TV%f(6)9
subjectto A0 +39)=0b

= Optimality condition for optimal point (Newton step) Af,,;
Vax, f (8 4+ A6,) + ATw = 0, A6+ A0,.) =D

VF(O) + V2F(0)A8,, + ATw =0 [V? f(B) AT] [Aent] [ Vf(@)]
AN, = 0

J.Y. Choi. SNU
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Logarithmic barrier

Original formulation
minimize  f,(0)

subjectto f;(8) <0, i=1,....m
A6 =D

I _(u)

Reformulation via indicator function:

| (u)=o

minimize  fo(x) + X% I _(fi (%)) u=f(x)<0
subjectto Ax = b !

Where I _(u) =0 if u<0, I_(u)= oo, otherwise (indicator function of R.)

— fi (X)

C v

J. Y. Choi. SNU



Inequality constrained minimization

= original problem

minimize

fo(6)

subjectto f;(8) <0, i=1,..,m

AB =D

= approximation via logarithmic barrier

minimize  fo(6) — (1/t) XiZ4 log( = £i(6))

subjectto A0 = b

where t > 0,—(1/t) log( — u)

y

y = log(u)

—y = log(—u)

v

10

U e = = g |

J.Y. Choi. SNU

28



Central path

=  example: central path for an LP
minimize c¢’x

subject to al-Tx <b;, i=1,..,6

minimize tc’x — Y, log(b; — al x) — Interior Point Method

y=clx>clx—y=

po ez (10)

J.Y. Choi. SNU



Summary

Constraint Convex Optimization
linear/quadratic programming
dual problem, KKT conditions
Minimization techniques

Gradient Descent Minimization
Newton Minimization

Gauss Newton Minimization
(In)Equality Constraint Minimization

J.Y. Choi. SNU
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