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Outline

= Constraint Convex Optimization
* l|inear/quadratic programming
= dual problem, KKT conditions
=  Minimization techniques
= Gradient Descent Minimization
= Newton Minimization
=  Gauss Newton Minimization
= (In)Equality Constraint Minimization
= Structural Risk Minimization

=  Support Vector Machine
= https://www.csie.ntu.edu.tw/~cjlin/papers/bottou_lin.pdf
= Bottou and Lin, Support Vector Machine Solvers

= Error Backpropagation Learning for a Neural Network
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Support Vector Machine

Binary(Two-class) Classifier

= Binary Classifier
gy.w)=w'y, y=(x,1)

= Learning Rule

W= Wnow + nnowanowyi
5., = —w'_ vy, for Widrow-Hoff
0., = 0., for Perceptron, Hebian

N
W tinal = Zaidiyi’ for 6., =4,
i-1
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Structural Risk Minimization

. A
Optimal hyperplane height
| Test data
o ﬁ‘ /
o :: / =
o _— ;
s PP
1 e %e
// [ ) o s
~— weight
N
W tinal = Zaidiyi’
i=1

What is optimal Weights for the hyperplane to maximize the generalization ?
— Structural Risk Minimization
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Optimal Hyperplane

f\of\ C margi
\ \ \ AV AV
<w,x>+b <0 0005~
/27/7 o %o R
/ /// /
A <w,x>+b>0
7
yd
<w,Xx>+b =20

Maximal Margin Hyperplane=Optimal Hyperplane

w-x =<w,x >=wlx = w,x; + w,x, = |w||x|cosb
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Optimal Hyperplane

A

support vector

— oc>'

<wx>+b <-1 000

= -1 OO/‘/ A
Y ,}/ /UOOO

) /ooo

/////
pd AL sw,x> +b = +1

/! y=+1

T

Scale_ Factor

y=wlx+ b« N+ 1< hyperplane since [x,y] € RN*1
0=wlx+b« N hyperplane since [x] € RN
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Optimal Hyperplane

= Distance from Sample to Hyperplane

r

" x=x,+71 -w/|w|

D
[

v

>

gx) =w'(x, +r-w/lwlb
gx)=w'x,+ b+r-ww/lw|
gx) =r-|lw|?/]lwl]l
r=g@)/llwll

r=gx)/lwl

J.Y. Choi. SNU



Optimal Hyperplane

=  Margin of Separation support vector: x°
O /.9/
<w,x$>+b=-1 00 OVV
y=-1 \
\| | /-/o
O
Al Bl TR
/,/
2N <w, x5 > +b = +1
- v =+1
r=gx%)/lwl
Where, g(x5) = wixs+ b = +1 fords = +1
1 —1 2
margin: 2r =2/|lwl| wl  Tw ‘ = Tw
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Optimal Hyperplane

t support vector

. 1 —1 ‘ \
margin: — = T o[ ¢/
W W <wx>+b <-1 od o
l y=-1 /o,ﬁ/ oY
y=-1

Ve ."’oohc
<w,x>+b < —1,
<wx>+b>+1, y=+1 AL y=+1

bl Scale_Factor

sw, x> +b > +1

Constrained Optimization Problem

l_ (2nd order) objective/cost function: convex

L 17+
minimize  Sw W

subject to (W' x; +b) > 1 i=1,2,....n

{

(1%t order) constraints: convex

J.Y. Choi. SNU



Relation btw SVM & Perceptron Rule

The weight obtained by Perceptron Rule

Xy

n
W = z a; ViXi,
i=1

The linear classifier can be represented by

900 = (WX +b = ) ayix;-x)+b
i=1

Data appear only inside dot products

SVM chooses smallest number of samples

J.Y. Choi. SNU
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Lagrange Function

C 1 9
minimize —lw
w.,b 2
subject to  y; (W' x;+b) > 1, i=1,....n

mn

Lp(w,b.a) = % wl* — Zmi[yi(w_xi +b) — 1]

i=1
% — O W = Z X
Solution: ~ dw =1
dLp -
—=0 0= vyl a; = 0
- > (0 > 0)
KKT condition: a; = 0 unless yi(w_x?-_ +b)=1

support vector

— T

|
= o(_g/'/
1 Fod

A o ol

N

cw,x > +b = +1
P Scale_Factor

Dual constraints:
A 20, i=1 ..., m
Complementary slackness:
Ag(0)=0,i=1, .., m
Gradient ofl_walg@gg@gw r.t. 9 vanishes:
VE (9)+ZZVg ({9)+ZVVh @=0

=1 =1

J.Y. Choi. SNU
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Remark on Support Vector

u KKT COnditiOn il support vector
T T S o>

Cl'i[l_yi(w xi-l_ b)]: 0 <mzc_>y;rkils—1 0(;9',/ X
/} v L)oonv

T % >

If o, #0then y. (W X +b)=1 e
- y=+1

—— X; is support vector, o, >0 e sl e

if y. (W' X +b) =1 then g;=1)

= X; IS not support vector

" w is only related to
W = E Vi X
— support vectors, X;
1=
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Dual Problem

n

1 T
L,(w,b,a) = 5 lwl|* — Z a;[y;(w'x; + b) — 1] W = Za’iyixi
=1

: i;l n )
= szw — Z a;y;W'x; — b Z a;yi 0=Y) awi (a;i>0)
i=1 =1 i=1
5
l z a;y; =0

i=1

n n
- z z “i“jJ’inXiTXj
Large scale quadratic problem

n n
1
EZZ aiajyiijiij nxn > 1000

J i=1 =1 /
1

n 1 n n
Lp(a) = Z a; — 52 z ;oY yiX; X; = —EaTQa +a’1
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Dual Problem

T
1
max. Lp(a)= E ai—yg g -’l'gfl;;yiij;'rxj

n

s.t. Zn-;yi:o ; a; >0 Q= yiij?xj
i=1

—%&‘TQQ"l'{ITl‘—

=  Optimizing L, only depends on the input patterns in the form
of a set of dot product < x,x >

= Not depend on the dimension of the input pattern
= Canreplace dot product with Kernel

J.Y. Choi. SNU 14



SVM Summary

f(x) =sgn (Z alyix; X+ b

= optimal weight

=l

T
* *
w — Eﬂfi%%
i=1

= optimal bias

yilw' x; +b) =1

by:_|_1 — ]._ w*TﬂE(S}
by=_1 — 1_ 'HJ* Tﬂ:(s}
1

J.Y. Choi. SNU
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Soft Margin Technique

Problem: Can’t satisfy v:[w ' x;+b > 1 forall i
Adopting Slack Variable

i (W-x;+b) >1-¢

W_X.,: +b>+1-¢ for y; = +1.
W X;+b< -1+ for y; = —1,
& >0 k=1,2,...,

Minimizing Errors

&> 1 ZI(E; >1)=#errors  min.
i=1

T

For QP, replace I(& > 1) by

J.Y. Choi. SNU
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Lagrange Function for Soft Margin Tech.

b L = 1”“,”2 +CY ¢ penalize errors
w,b,g 2 P
subject to  y; (W' x; +0) > 1—¢ ¢ $
& >0 penalize complexity

m

1
L(W,b,ﬂf,&-) = §WW+CZ£Z
=1

i T

=Y oy (WX +0) =1+ &) =) nié
1

=1 i=

*o; >0and r; >0

aL T

— = W — Z ayiX; = 0 0L

Jw i=1 == C—ai—ri=0
L 9%
b 2 N lYi =

a;lyi(w-x;+b) —1+&] =0, r§=0
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Dual Problem for Soft Margin Tech.

violation o, = C

— I, =0
— & =0

correct ai — O

—>r,=C
— & =0

support
O<C¥i<C
- 1r#0
- $ =0

T
max. Lp(a)= E v ——E a0 u?gjx X
i=1

T *

S.T. Z{h;{,‘; = () ; 0 E x; S (ri‘ — 1= C — a; >0
=1
o; > 0 and ri > 0 a; [yl(W * X + b) -1+ fl] =0, 'rlfl-:O
oL | :
S . C—a-1=0

0 <a; <C support pattern
a; =0 or oy = €' Non-support pattern

The optimal value of C is determined experimentally,

It cannot be readily related to the characteristics of
the dataset or model

J.Y. Choi. SNU
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Nonlinear Support Vector Machines

= |If the problem is not linear (15 order plane separable), Kernel trick
will be used.

J.Y. Choi. SNU
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Dual Problem and Classifier
in the Feature Space

max. Lp(a) Z“ __Z” ruygy O(X;) - 0(X;)
i=1

T

8.1 Zn-;_yi =0 : 0<a; <C
i=1

/ o(x;) - o(x )
f(x) =sgn (Z a’{yi@+ b*)

The feature space ¢ (x;) can be huge or infinite !
The feature ¢ (x;) has the form of inner product

J.Y. Choi. SNU
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Kernel

= Kernel: a function k that takes 2 variables and computes a
scalar value (a kind of similarity)

k(x,y) = (2(x) - O(y))

= Kernel_Matrix: m X m matrix K with elements K;; = k(xi, x;).

= Standard Kernels

* Polynomial Kernel k(m,xz) = (.’L' T:L‘@--l— 1)d

* Radial Basis Function Kernel k(:v,.’I:) — exp(— ” r— 7. ” 2/202)
1 4

 Sigmoid Kernel k(%%) T (60$ Tmi_l_ 61)

J.Y. Choi. SNU
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Multiclass Support Vector Machines

= DAG (Directed Acyclic Graph) SVM: (k-1)! Classifiers, (2n/k)x (k-1)!
"  One-against-all: k classifiers, nxk data training
* One-against-one SVM: k(k-1)/2 classifiers, (2n/k)x (k(k-1)/2)=nx(k-1)




SVDD (Support Vector Data Description)

=  Primal Problems:
minimize F(R. a)= R

subject to Ix; —al*> < R*, Vi

i

boundary

SVDD




SVDD (Support Vector Data Description)

=  Primal Problems:
minimize F(R,a)=R*+C Z%}'

subject to Ix; —all* < R*+&, & =0 Vi
= Lagrangian

L(R,a 151 Of) — RZ + CZL gi + Zi ai(”xi —d ”2 - R2 _ gl) — yifi




SVDD (Support Vector Data Description)

= [agrangian

L(R,a,é,a) =R*+CY; & + Xi[ai(llx; —all* = R* = &) — vi&i]
=  KKT Conditions

dL R
TR 0: chzr- =

oL =(0: a= Z! Gx_ Za!x, domain

da b

oundary

aL

8—&-:{]: C—o;—y=0 \
a{R*+& — (x| —2a-x +|a)}=0 O=ai =C
76 =0

a; =0,y =0, a=Zaixi, R =[x, —a




Dual problem of SVDD

= Dual Function of SVDD is given by

Maximize L=> o (X X)—> oa;(X  X;)
Subject to Zolci ~1, C>a >0

= Example: Three Gaussians | / \
- -\

C—a -y =0 |

/
X, —a Z{REJ;&‘!;:U‘ 7/i:C1 5,20 | \ /
N —af =R > 0<e;<Cy; %0, =0 N

xi —af >R =>aq=C 7=0, >0

|z —a|* =(z-z)—2 Zﬁ'sfl X )+ Zax;&j{x; Xj) = R*

Z QX
a= = E o X;




Generalizing to Kernel SVDD

= We replace all inner product x; - xj by a proper K(xi x]-) and the problem of finding a data
domain description is given by '

L = Zr:fg-ff(iti,;ri] — ZZ o K (g, ),

i=1 =1 3=1

Dz =1— QZ oWz, a;) + Z Z oo K (g, x5 ).

=1 =1 j3=1

K(x;.x;) = exp(—|Ix; — x;||*/s%)




Example in 2D by Gaussian kernel

= Domain description of the data from three Gaussian distribution




The effect of parameter (c, s)

C=25.0

sigma=15

C=01

when c 21
All data are included

When c<1
All data not included




SVDD-based Multi-class Classifier

= Each class is trained with its own class.
= |n the near of boundary, patterns are overlapped

class 1 domain @

cIass 3 domain

class 4 domaln

30



Support Vector Domain Density Description

= Support Vector Domain Density Description(SV-DDD)D?(x)

= Step 1l Get feature space djstance functiopp. _n from SVDD training.

DZ(x)=1-2> aK(x,x)+ > > aa,K(X,X,

i=1 =l j=1

= Step 2 Esti P tameterlofor%&j% dS\p[E)Sﬁ) NC .2 _ 1 & 2(
ﬁ’@ﬁ)a 2mo )d/g q ZJJ ndZD

"= Step3 U ¢lass of o = a,lﬂ"sn}ax p(Cy) - plz|Ch)




Support Vector Domain Density Description

= SV-DDD -parameter estimation by Maximum Likelihood

_ - 1 D?(z;)
p(;{|{}’) — H [\2?{'0’2}5‘13{2 exp ( 20-2 )

i=1

We maximize the following log-likelihood
Llo)=Inp(X|o),

— Z 111§($1|Jj!
i=1

Y (P S = O
= (2wo2)d/2 202

" d Dz
r=1

J:_:I’

& can be obtained as follows by setting
1 1

to zV L.

; . l T . . mn ‘. ‘
7= L3 D) = L3 o) —aff, where @ = 3 auoe)
nd nd ‘= - iy




Support Vector Domain Density Description

SV-DDD




Support Vector Domain Density Description

= Hypersurface by domain density description

X2

1 1
gl 15




Experiments (Artificial data)

= Artificial data
2D data that include 5 classes generated from unimodal PDF.
Each class has training 100 samples and test sample 200 samples.
We repeat classification experiments 10 times.

s " Class2

Class3




Experiments (UCI Data)

Accuracy
Data set OAA  OAO DAG HAH BTS parzen  proposed method
iris 97.33 97.33 96.67  97.33 97.33 96.67 97.33
glass 67.53 63.35 67.53 67.53 63.55 67.96 67.96
vowel 01.52 093.53 9343 9334 0293 92.71 92.67
sonar 54,62 34.62 54.62 87.02 37.02 =6.53 58.4
segment 94.45 94.35 94.90  94.56 93.24 94.81 94.81
ionosphere 90.73 90.73 90.73  90.60  90.60 94.02 94.59
Training Speed
Data set OAA OAO DAG HAH BTS parzen  proposed method
iris 2.83 1.15 1.03 1.41 1.25 - 0.09
glass 11.55 3.16 3.22 3.48 3.67 - 0.07
vowel 1565 79.59 79.12 791 97.44 - 0.54
sonar 1.13 1.13 1.13 1.51 1.15 - 0.11
segment 4441 155.12 166.65 264.48 527.72 - 15.18
ionosphere 7.12 7.12 7.12 6.04 7.81 - 1.21




Experiments (Yale Database)

- Small dataset with many classes

- The number of data perclass : 11

- Accuracy

- Training Speed

Ratio parzen OAA 0OAO DAG HAH BTS proposed method
4:7 01.21 89.71 01.02 01.32 86.35 72.38 90.98
5:6 91.72 90.24 01.21 90.99 89.17 76.67 01.24
6:5 91.85 90.71 01.73 91.56 89.22 77.33 92.17
7T:4 93.33 91.94 02.13 02.63 01.48 85.33 03.33
Ratio parzen OAA OAO DAG HAH BTS proposed method
4:7 - 3.132 1.318 1.428 0.566 0.387 0.032
5:6 - 4.898 1.786 2.082 0.6667 0.542 0.032
6:5 - 7.321 2.359 2.394 0.917 0.872 0.033
7: - 10.536 3.123 3.085 1.683 1.594 0.035




Summary

Structural Risk Minimization

=  Support Vector Machine
= https://www.csie.ntu.edu.tw/~cjlin/papers/bottou_lin.pdf
= Bottou and Lin, Support Vector Machine Solvers

= Support vector data description

J.Y. Choi. SNU
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Optimization (lll): EBP, CNN

Jin Young Choi
Seoul National University

J. Y. Choi. SNU



Outline

= Constraint Convex Optimization
dual problem, KKT conditions
Minimization techniques

»  Gradient Descent Minimization
= Newton Minimization
= Gauss Newton Minimization

= (In)Equality Constraint Minimization

= Error Backpropagation Learning for a Neural Network
=  Convolution Neural Network

J.Y. Choi. SNU
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Backpropagation Learning Rule

=  Empirical Risk Function:

1
E(W) = EZREO'utputs(tk o Ok)z

1
— E”t_O(x,W) ”2

= Gradient descent for output layer:

JE,
L aWk]

Aij =

=  Chain rule:

aEd _ aEd a(lk _ aEd

aij B Bak Bwk] B aak hj

J.Y. Choi. SNU



Backpropagation Learning Rule

 Tolearn the regression problem, the linear activation function was used and
the sum-of-squares error function was used as the loss function. Let's define

the loss function as E(w) = %Ilo(x, w) — t ||2. At this time, the k-th value
dE

of o(x, w) is defined by 0, = ax = wih = X ; wy;h;. Then find -

Sol.)

. OE
Since E(w) = 1/, Xx(ar — ti)?, e, = Wk~ e =0k — tg = —(t — o) = —Oy.

aEd aEd aak aEd

aij B aak aWkJ B aak

0Eq 5 A

Awyj = —1

J.Y. Choi. SNU



Backpropagation Learning Rule

* For multi-label classification (ex, output: 0110100), sigmoid activation
function is used and the loss is defined by the cross entropy loss function:

E(w) = — YX[tylog o, (x,w) + (1 — tk)log(l — 0 (x, W))] , Where

1 ., OE
ok Then find a0

o = o(ay) =

Sol.)

_ 9
Since a—;’z = o(a)(1—oa(ar)) = 0x (1 — o),
jﬂi 1 dog

sa — ko, (1)

1 —1
= _tko_kok(l —op)— (1 - tk)l__okok(l — 0)

= —t(L—o0) + (1 —tp)og = o — bt = —(tx — o) = =

-1 Jdog

1-o0p dag

aEd aEd aak aEd aEd
= = h] Aij —

aij B aak aWkJ B aak

J. Y. Choi. SNU



Backpropagation Learning Rule

* For multi-class classification (ex, [0 0 0 1 0 0]), the softmax activation

function is used and the loss is defined by the cross entropy loss
ek

function: E(w) = — Y ¥ t;log(o;(x,w)), where oy (x,w) = S The
J
target value t; € {0, 1} is labelled by 1 hot vector. Then find ;TE.
k
Sol.)
K K
6En_ 0 ztl edi 3 0 ztl ary _ g z a;
9 . a
= 5y (~ Zitias — tlog(T; e = —ti + Titig
ag
= —lk +ﬁ2iti =0 — b = —(tx — o) = =6
aEd aEd aak aEd aEd
= = hj AWk] = N — ngkh]

aij B aak aWk] aak aWk] ;

J.Y. Choi. SNU



Backpropagation Learning Rule

=  Empirical Risk Function:

Regression: L,, linear
Ed (W) 01001101: cross-entropy, sigmoid
00001000: cross-entropy, soft-max

= Gradient descent for hidden layer:

= Chain rule:

aEd _ aEd aa] _ 0Ed
aWji - 6aJ aW]l - aa] A

J.Y. Choi. SNU



Backpropagation Learning Rule

= Chain rule:

dEq O0E, » 0Eq
aWji B aa] v a_ak - _5k
OEd _ Z aEd Bak Bh]
aaj keouTputs Bak ah] aa]
aak ah]
Y g2l
keoutputs
_ Z P
= kWkj da;
keoutputs
= Y —swf'(@)
keoutputs
= —5].

) z Ok Wi

keoutputs

J.Y. Choi. SNU



Backpropagation Learning Rule

Alei = T’(Sjlhg_l,
6}[ — fl(a}+1) Z 6Ilc+1wllc-]l_-1
kel+1llayer
6ak

Regression: L, linear
01001101: cross-entropy, sigmoid
00001000: cross-entropy, soft-max

Matrix Form (Backward. EBP)

N n(glhl—ﬂ n pAWl(old)

Sl= Diag[f’(netl)]Wl“T(SI+1

J.Y. Choi. SNU

Matrix Form (Forward)

h =x
hl+1: Diag[f]°Wl+1hl




Error Back Propagation rule

2-layer Neural Network:

x: 3 X1 input vector
V': 4 X3 weight matrix
h: 4 X1 hidden feature
W: 3 X4 weight matrix
0: 3 X1 output vector

QS

J.Y. Choi. SNU
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Error Back Propagation rule

Forward Pass (first layer):

h =

by

| W11
— W21

] la(aﬂ

V11
V21
V31
[Z%]

7 (b))
r(by)
r(b3)

V12

V22
V32

V42

7' (D4)

W31

o(ay)
o(as)

Wi2
W32
W3

|

V13] X
V33 X,
V33
X3

(7%}

Wiz Wig

Wa3 Wyy

W33 Wszy

|

= Vx

= Wh

QS

J.Y. Choi. SNU
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Error Back Propagation rule

Backward Pass (second layer):

tl - 01 -601-
60 = [tz - 02] — 502

t3 — 03 00,
'501
AW =T]50hT =1 502 [h1 hZ h3 h4]
603
3 X4 matrix 3 %1 1 x4

Wnew — WOld _I_ AW

QS

J.Y. Choi. SNU
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Error Back Propagation rule

Backward Pass (first layer):

QS

: | r,(bl)th (Ehl W11 Wa1 Wsir§, a
On, r'(b2)0n,| |On, _ Wiz wa wa 51
On, 7”'(!)2)5,13 ' On, Wiz Wz3 Wsz || ©2

EY ' = Wia W2q W3g
Chad [17(b2)0n, | [, ]

AV =né,xT =7

4 X3 matrix 4 x1 1 X3

Vnew — VOld _I_ AV x

J.Y. Choi. SNU



Error Back Propagation rule

Forward Pass :
b=Vx, h=r(b)
a=Wh, o=0(a)
Backward Pass :
E=|it — oll3
VyE = (t — 0)(=hT) = — §,hT
Wnew — Wold + 7760hT

V,E = —WT(t — 0)(V,h)
= —(Diag(r'(b)WTs,xT)
= —6px’

ynew — Vold + 775th

QS

J.Y. Choi. SNU
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Convolution Neural Network

J. Y. Choi. SNU
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Convolution and Cross-Correlgti~n

= Convolution Integral (Temporal)
Fr9®2 [ st —m)ar

(f+g)(t) 2 [ " bt — 1)g(r) dr

Lo(f*g)=F(s)G(s)

K N
JK

S
g




Convolution and Cross-Correlation

= Convolution Sum (Temporal)

(f *g)n Z flm]g[n — m]

m=—0oo

(f *g)n an m|g[m

m=—0o0

= Cross correlation (without kernel flipping)

- f*gln]l = Xm=—o flm]g[m — n]
= Many CNNs implement cross-correlation but

call it convolution (without kernel flipping)

N
N

N
R
%x

M
u

17




Convolution and Cross-Correlation

Circular Convolution Sum

_ I g2 (s Gn=19091 - In-1,90 1> w0 Gn—1, -~
p— k — . .
e J i=oflgk_l f = (o f1r o fr-1)
ha (ol g hos iy B By Bty oy By p, o)
9o Gn-1 - g2 911[ fo |
91 Jdo In-1 - G2|| f1
frg=] : g1 go - : :
In-2 : “ In-1 fn—z
In-1 In-2 - 91 Go llf—1.

Circulant Matrix

18



Convolution and Cross-Correlation
——=—CornvutatiomrSurnmr{Spatiat)

Input Volume (+pad 1) (7x7x3)

=2[:

o o o o o o of oo o o o o o

o o o o o o obf

- -
O O N = = NOT,

(=T R ST T R T = T

r

O O = = O O

.0

0

0
2
1
0
0
|1
0

all ofl =@

[

-

- o hol ol ohe o = o

of M N o =

O\QNN

- Moo

K

C)I\J\%I\JI\JC)O

Stride=2

—
o

0

Filter WO (3x3x3) Filter W1 (3x3x3)

wllz,:,0 wl[:,:,0]
j|1 -1 -1 01
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Convolutional Neural Networks (CNNs)

Input Volume (+pad 1) (7x7x3) Filter WO (3x3x3) Filter W1 (3x3x3) Qutput Volume (3x3x2)
Z[:,:,0] wl[:,:,0] wll:,:,0 oliy:,0]
== o ofofofoJo o =17 [0 N N ] 7 10 4
o 21 z[z]o o 1 1 0 0[]0 112 0
2= | ] i 2 HEE = Three key ideas behind CNN
1 0 0 0 2 O wol[:,:,1] wll:,:,1 o[:,.:,l]
- H[O | -12 A
0100010 Local connect|V|ty :
0000220 -1 5 -1 4 Convolution layer
00000 O 1 333 Invariance to location
T2 H
x[:, 2,1 . . ) Pooling layer
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o 2200 0
o 1 [T o] i
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Fully Connected Layer and Convolution Layer

—=—fyity-conmected-tayer
32x32x3 image -> stretch to 3072 x 1

input activation
P Wz )
1 | —> oxmre T 1[0 [
3072 X 10
weights

1 number:
the result of taking a dot product
between a row of W and the input

[ | CO nvol utio N _ (a 3072-dimensicnal dot product)

32x32x3 image

>O spatial locations

"~ 1 number:
the result of taking a dot product between the
filter and a small 5x5x3 chunk of the image
(i.e. 5*5*3 = 75-dimensional dot product + bias)

wlz +b

=\

N

w|

/
ox5x3 filter w
=
convolve (slide) over all

L

activation maps
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Convolution Layer

" |nput is convolved with a set of filters, giving feature maps
(without kernel flipping)

-1 -1
1/1/1/0|0 _8 _1]
0,1,1,/1(0 4 -1 -~
Oxl OxCI 1x1 1 1
0/0|1(1|0
-1 0
0/1/(1/0|0 5
I Convolved -1 0 .
Mage Feature S

source: www.wikipedia.org

= Filter (a.k.a. kernel or convolution matrix)
= Different filters extract different features (e.g. edges)
= Filter weights: trained with data
= Weight sharing & local connectivity
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Input
S Kernel
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ul €T
€ h
e y z
~ kernel i !
OUtpUL_____ v Ontput
3 >
';.: L— aw + br + bw + ex + cw + dr +
: _.--—-'”“'"? 7 ey + Jfz Jy + g2 gy + haz
1x1+ 3
__,_..-—-“"'-F#H’
1x0+ | 3 5 |
2x1=3 | —
L ew + fxr + Jw 4+ g + gw + hzx +
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source: [Angermueller et al., 2016] source: [Goodfellow et al., 2016]



Convolution with Stride

= The number of pixels between adjacent receptive fields
= down-sampling the output of full convolution function

7 7

7X7 input 7X7 input
3x3 filter with stride 1 3x3 filter with stride 2

=>» 5X5 output =>» 3x3 output




Zero-padding

= |mplicitly zero-pad input to make it wider

# zeros padded

type output

left right total
k even L%j [%J +1
same m k—1
, k—1 k—1
hodd 5= BN
valid m — (k—1) 0 0 0

n Exampl\(in.: input width; k: kernel width; s = 1)

m=>5k=23 m=>5k=4
same same

| JOIOIOI0I0] | L 10JOI0I010) X _
valid valid

OO0OO0 O000O




Poolinﬁ Layer

Aggregates statistics of local features (with max or average operation)
Reduced variance: provides invariance to local transformations

snph max
L pooling
1
12’ __,.-—""‘T [ﬁ E 'ﬁﬁ .g convolution pooling
._..__._--—"'—-'.F.-‘-F.—...‘
max ({1, 2,1,2})=2 /?’Jf_,.r—-f

source: [Angermueller et al., 2016, Thériault et al., 2013]




Batch Normalization

Input: Values of = over a mini-batch: B = {z1.. . };
Parameters to be learned: ~, 3
Output: {y; = BN, 5(z;)}
1 m
uB  — ; i // mini-batch mean
1 m
o2 - Z(xi — pug)? // mini-batch variance
i=1
T; e // normalize
VoE +e
Yi ¢ 7Z; + B = BN, g(z;) // scale and shift

Algorithm 1: Batch Normalizing Transform, applied to

activation x over a mini-batch. https://sacko.tistory.com/44



https://sacko.tistory.com/44

Dropout to mitigate overfitting

Hidden layer after dropout

MLP with one hidden layer

https://ko.d2l.ai/chapter deep-learning-basics/dropout.html



https://ko.d2l.ai/chapter_deep-learning-basics/dropout.html

Two Layer Conyglytional Neural Network

Convolutional ToXToX0%
layer | Convolutional
layer 2 10
4096
I - _ ::‘*F ®
T ﬁtﬁﬁwﬁr / _‘:::Ij :
« -==" P e ___‘_..--"'“ F [ .._:"‘-..__ ®
- Poolin Fully-
[l,g}?é:.n layer cclmnected
ayer
Input layer 16x16x32 8x8x64 Y

32x32x3
Relu function




Two Layer Convolutional Neural Network

64 X 64 X3
64 X 64 x 32

L
o,

[ ]
JHEHE
mgh
J00
3838

4096 X 1 gofemax
/7 Layer  Class No. / Name
16 X 16 x 32

e
o

0 Airplane

1 Automobile
2 Bird

3 Cat

8 X 8 X 64

e
o

= B ! 5
=]

=o E 7 Horse
) 0.0 8 Ship
— |0-0] 9 Truck
x58H £3

= 5 X5 X 3filter wcan be expressed by 75X 1 vector
= 5 X5 X 3image xcan be expressed by 75X 1 vector
= convolution output

o y=0(W'x +b)

= selective local backpropagation

J.Y. Choi. SNU



Transfer Learning for Small Datasets:
Fine-Tuning, Knowledge Distillation

31



Learning Rates in Fine-Tuning

* Transfer Learning is a promising alternative in small datasets (Image Retriaval).

Knowledge Lager 3 .
Transfer

Layer 4

Layer S

Layer.

—

| Layer 7
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The Characteristics of Each Layer

1) Visualizing and understanding convolutional networks ECCV2014
i ) ] 2) How transferable are features in deep neural networks? NeulPS2014
| n preVl ous StUd IES, 3) Understanding deep image representations by inverting them CVPR2015

= Low-level layers extract ‘general’ features.

High-level layers extract ‘specific’ features. S ver” Class No. / Name
. [0.0] 0 Airplane
Input Image 0.0 1 A‘utomobile
0.0] 2 Bird
0.1 3 C
/\’QI * eoe * coe ‘ coe * eoe » _,.g 2 Bagtgr
[0.0] 6 Frog
0.0] 7 Horse
0.0 8 Ship
. |0-0] 9 Truck
low level layers high level layers FC layers
[edge, bIob/textu re] [object parts] [object classes]
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Layer-wise Learning Rate Tuning

= Most existing fine-tuning methods adopt a single LR regardless of layers.

" [Ris a hyper-parameter that controls how much we are adjusting the weights of our
network with respect the loss gradient.

A= ; . .
4 The ‘Layer’ is defined as 16 layers.
Layers
1.6 X1 =1
-2
14 A 3
A -4

k.
— o

Learning rate(0.001)

Weight variation
S o o o
S N B~ O

“specific”
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Hypotheses

The proposed method begins on the following two hypotheses:

= Hypothesis 1: All high-level layers are not needed for the target task.

= Hypothesis 2: Low-level layers need to change Small.
High-level layers need to change Large.

Source Task Pre-training . v Target Task

“general”

£ Knowledge [EFTFE
Transfer =~

Layer-wise tuning
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Goal of Preliminary experiments

Experiment 1

* The high-level layer with small weight variation
may not contribute to the new task learning.

v'To verify this,
Removed one by one from the highest layer.

Experiment 2
* Large variations in low-level layers may destroys general features
e Small variations in high-level layers may not be adapt to target task

v'To verify this,
Adjusting layer-wise LRs

36



Results of Preliminary experiments

* Layer-wise pruning and Layer-wise tuning learning rates.

Recall @ K score 1.6 X0 =1

1.4 A-3
1.2
1

R@]l R@2 R@4 R@8

Original 63.49 75.03 84.00 90.58

| Prune until 16~ 66.95 77.63 86.39 92.00 |
| Prune until 15 67.00 78.49 86.85 92.07|

Weight variation

| Prune until 14 51.00 64.16 75.44 8594

IPrune until 157 67.15  78.61 86.83 92.08 € LRsin Layers 1,2,3 were reduced to 1/10. I
IPrune until 15 6729  79.15 87.36 92.66 €= LRsin Layer 13,14 were increased by 10 times.I

| Prune until 15 68.33 79.88 87.69 92.71 <€ LRsinall layers were empirically adjusted
I to meet Hypothesis 2 by trial and error way
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Results of Preliminary experiments

* Layer-wise pruning and Layer-wise tuning learning rates.

Layers
—
Recall @ K score R = N 1.2
] 3
w12/ -\ 1
R@l R@2 R@4 R@ =1l \ 0
-9 A—b E
Original 63.49 75.03 84.00 90.58 =8 N\ 0.6
[Prune until 16 66.95  77.63  86.39 92.00| 8 £ TN RN ) 4
X yAN A\\A 2 0.2
[Prunc until 15 67.00 78.49 86.85 92.07| =3 ==
-2 0
| Prune until 14 51.00 64.16 7544 8594| =11 2 3, 4 5 6 7 8 9 10
Prune until 157 67.15 78.61 86.83 92.08 <€ LRsin ers 1,2,3 were reduced to 1/10.

Prune until 15¢ 6729 79.15 87.36 92.66 €JLRyA Layer 13,14 were increased by 10 times.
»_

| Prune until 15*
|

68.33 79.88 87.69 92.71 <€ LRsin all layers were empirically adjusted

to meet Hypothesis 2 by trial and error way

38



Results of experiments

* There are a couple of high-level layers that do not contribute.

* Adjusts the LRs depending on the role of each layer contribute to
performance improvement.

. Layers Rank Layers .
1.6 % - Pruning x10
-2 Pruning
A -4

g 1.2 -5
9 A6
g 1 A - Target
S 0.8 -8 weigh
% 0.6 "'51’0 variatio:
ko) =11
= 04 =12

Epoch
Single LR over all layers Layer-wise pruning and adjusting LRs

Original 63.49 75.03 84.00 90.58 =» Pruneuntil 15* 6833 79.88 87.69 92.71
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Qualitative evaluation

= We evaluate our method qualitatively by CAM visualization.

Sorting quality :
0.0

Input image Output class acﬁvatio§  ma

F
Pruned : none until 16 @‘sx
Figure 4. The class activation map (CAM) visualization of the last
layers by applying different layers pruning y
£

k'

initial-tune trial-1 trial-2 ' initial-tune  trial-1

Figure 5. The class activation map (CAM) visualization of several

layers (1, 4, 8, 14) according to the sorting quality. initial-tune is

done by the conventional fine-tuning with single LR 20




Structure Design for Fine-Tuning

Feature vectors of diverse characteristics of are needed

However!!

Disadvantage: Multiple models require

considerable memory and heavy computation

4 4 4 oo
+ B1 B2 B3 B4 [ie!
/\,Q- 7 - -
4 B1 B2 B3
4 4 4
4 B1 B2 B3
4l B1 B2 B3
\_ \_ \_

feature embedding space

divergence loss m

1 Snapshot Ensemble A\

divergence loss

ra ml

== rit

divergence loss

i

4 Cyclic LR Schedule \

4

b
V

¥ .I’(
=
LA
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Proposed Design Concepts

= However, previous studies did not clearly state how their multi-head
structure was designed and employed.

= We provide three design concept and evaluated it.

- 1. Dimension reduced
» B4 |~f1 7 feature vector
:] 4 }/
/\’Q I_[ B1 H B2 H B3 } B4 i_f_z—i"'*~‘_

bl B4 I»fs;'f_3
2. Effective structure of *l B4 I'f4 !
shared body

3. Diversity of Heads

42



1. Dimension reduced feature vector

=  Goal: Extract 512-d feature from ResNet-50 network.

1x1, 512

\ 4

! I
! I
! I
I

! l
! I
! I
! I
! I
: 3x3, 512 !
I

! :
' I
' I
' I
I

! I
! I
! I
! I

\ 4

1x1, 2048

S -
GAP
Linear layer
2048, 512
y '
2048-d feature vector 512-d feature vector
(@) Original (b) Adding linear layer

512-d feature vector 512-d feature vector

(c) Penultimate (d) Penultimate™

Performuance drop
& Memory-increase

Performance dropstightly
& Memory-saving
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2. Effective structure of shared low-level

= Goal : Investigate the effective number of shared low-level layers

Memory-saving Performance
4 4 4 N
B2 } B3 ]- B4 >
\ \ \ J
/\«Q] % % — Not Good Good
B2 } B3 ]- B4 >
\ \ \ J

83} B4 »>
74 /\«Q]’[ 2L ]’[ B2 ]—[> — Good Best

B4 »

/»'_Q.I’[ Bl ]‘[ B2 ]’[ BS ]’[: Best Not Good

B4 »
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3. Diversity of high-level heads

= Goal : Investigate which structural combination is favorable for the ensemble

= We prepared three kinds of variations

SO

Res4 2

(1) Stride changes
{2,1}

(2) Pruning of last layers
{Res4 3, Res4 2, Res4 1}

(3) Learning rate change
{0.5x, 1x, 2x, 4x}

Res4 _y
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3. Diversity of high-level heads

= Goal : Investigate which structural combination is favorable for the ensemble
= Variants: (1) Stride (2) Pruning last layers (3) Learning rate

Best combination 1 BESttcombénatiqn! D_’gyt;ls)
: est combination! (Triple
of LR variants ( ) (Trip

A R AR R R Uy R S R DA S L R e N D g e DA ;Bl Rk .}&*‘Sh—ared layelfsa Vet A R R TR O et el P R R R

Type-B | Type-C | Type-D

Stride® Stride®@ Stride®
Res4 3 Res4 3

Type-F | Type-G Type-H

Stride® Strideld Stride®

Res4 2 Res4 2 Res4 1
LR2x[ LRAXxMA LRAXxMA LR@A XM

1 -
. : L X1 7l
s ~“~"‘-‘-’%“'*}‘34_*ﬁ?‘,’v'i!’,"‘fw‘ﬁ91 o e R - mj*m::a@-:: Kmk‘éz‘t‘.‘*&",‘ri‘ﬁ’g—‘f_}f v.:"s?_':.*‘{"*&sm‘_»ﬁ‘ A R ‘w»*z svmel
4 )

[ B3 J [ B3 ] B3 B3 B3

¥ ¥
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Heterogeneous Double-head Ensemble(HDhE)

Shared layers  Expanded layers

L I
’ » g
Yy feature

= Penultimate+ (4096-d = 1024-d) 3 yector

= Shared Until B2 m L) 8
= Head-1:stride 1, Res4_3, LR 0.5x Stride 1, Resd 3, LR 0. o
) T

" Head-2:stride 1, Res4_1, LR 4x B1 B2 Make Difference N
Stride 1, Res# 1, LR 4xb- f2
ot O -~ g -

| CUB-200 | Cars-196 | SOP | Inshop

Method Backbone | R@1 R@2 R@4 | R@1 R@2 R@4 | R@1 R@I10 R@102 | R@l R@10 R@20
HDC [1] Inception-vlf | 53.6 65.7 77.0 73.7 83.2 89.5 69.5 84.4 82.8 62.1 84.9 89.0
A-BIER [2] Inception-v1l{ | 57.5 68.7 78.3 82.0 89.0 93.2 74.2 86.9 94.0 83.1 95.1 06.9
ABE-8 [3] Inception-v1l{ | 60.6 71.5 79.8 85.2 90.5 93.9 76.3 88.4 94.8 87.3 96.7 97.9
MS [4] Inception-v1 65.7 77.0 86.4 84.1 00.4 94.0 78.2 90.5 96.0 89.7 97.9 08.5
DREML [5] ResNet-18} 63.9 75.0 83.1 86.0 91.7 95.0 - - - 78.4 937 05.8
NormSoft [6] ResNet-50 61.3 73.9 83.5 84.2 90.4 94 4 72.7 86.2 93.8 - - -
Margin [7] ResNet-50 63.6 74.4 83.1 79.6 86.5 91.9 79.5 91.5 96.7 89.4 97.8 08.7

SCHM [8] CVPR2019:ption-vl 66.2 76.3 84.1 83.6 - - 77.6 89.1 94.7 91.9 98.0 98.7
SoftTriple [9] ICCV2019 -Inception 65.4 76.4 84.5 84.5 90.7 94.5 78.3 90.3 95.9 - - -
Proxy-Anchor -Inception 68.4\ 79.2 86.8 86.1 \ 91.7 95.0 79.1 \ 90.8 96.2 91.5 \ 98.1 98.8

Ms-HDhE (Ours) ResNet-50f 71.?\» 81.4 88.4 89.8 ! 94.3 97.1 84.0’\)/ 93.5 97.1 91.21\)/ 98.0 98.6
HDhE (Ours) ResNet-50t 72. 82.3 89.0 90. 95.0 97.2 84. 93.8 97.4 92. 98.2 08.8

Tri-HDhE (Ours)  ResNet-501 73.5°-1%833 895 | 92261%57 974 | 85.0°59%943 97.6 93.31-8%986 99,0
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Summary

Constraint Convex Optimization
dual problem, KKT conditions
Minimization techniques

= Gradient Descent Minimization
= Newton Minimization

= Gauss Newton Minimization

= (In)Equality Constraint Minimization

Error Backpropagation Learning for a Neural Network
Convolution Neural Network

J.Y. Choi. SNU
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https://www.csie.ntu.edu.tw/~cjlin/papers/bottou_lin.pdf

