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Outline

= Feature Extraction

" Introduction of PCA & LDA

* Principal Component Analysis (PCA)
= Linear Discriminant Analysis (FLDA)

= Simple Enhancement of PCA/LDA
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Feature Extraction

= Features
Weight, Height, Width, Volume, Head size, ...
Edge, Shape, Geometric Relations ...
RGB Color for each pixel
SIFT, SURF, HOG, ...

= Feature Extraction from Raw Data
Pixel Valued Vector is raw data vector
Raw data vector is redundant
The dimension should be reduced
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Component Analysis and Discriminants

How to reduce excessive dimensionality?
* Answer: Combine features highly dependent to each other.

= Linear methods project high-dimensional data onto lower dimensional
space.

= Principal Components Analysis (PCA)

* seeks the projection which best represents the data in a least-
square error sense.

= Linear Discriminant Analysis (LDA) or Fisher Linear Discriminant

* seeks the projection that best separates the data in a least-square
discrimination error sense.
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Principal Component Analysis

¥ i X =X + XNy = [n1 nz]x = Nx

Vv

J.Y. Choi. SNU *



Principal Component Analysis

% | X = xnq +x,n, =[Ny ny]x = Nx

Vv
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Principal Component Analysis

N

n;

X = xnq +x,n, =[Ny ny]x = Nx

Vv
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Principal Component Analysis

n;

X = xnq +x,n, =[Ny ny]Jx = Nx
X=ae;+ae,+m=Jle;e,Ja+m=Ea+m

elx = ajele; + ayele, + elm = a, +eim
elx = ajele; + ayele, +eim =a, + elm

t
lgﬂ=[2] (x —m) - a=Ef(x — m)

N
7

nq
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Linear Discriminant Analysis

a, =ef (x—m)
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Linear Discriminant Analysis

a, = el (x —m)

Maximize Between-Class Distance
Minimize Within-Class Distance

v
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PCA & LDA

a; =el (x—m)

PCA = LDA

J.Y. Choi. SNU
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Principal Components Analysis (PCA)

= How to represent n d-dimensional vector samples {x,.., x,,} by a single vector x, ?

* Find x, that minimizes squared error correction function

Jo(Xo) = Xk=111X0 — X ||%.

J.Y. Choi. SNU
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Principal Components Analysis (PCA)

How to represent n d-dimensional vector samples {x;, .., x,,} by a single vector x, ?

* Find x, that minimizes squared error correction function

Jo(X0) = Xk=11X0 — Xi||*.

= The solution is sample mean

—_ — 1 n
Xo=M =~ 2k=1Xk

= Thisis zero-dimensional representation of the data set.

= One-dimensional representation by projecting the data onto a line through the sample mean
reveals variability in the data.

J.Y. Choi. SNU
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Principal Components Analysis (PCA)

= This is zero-dimensional representation of the data set.

— — 1 n
Xo= M =~ 2Zig=1 Xk

= One-dimensional representation by projecting the data onto a line through the sample mean
reveals variability in the data.

v
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PCA ; Projection

= Let e be a unit vector in a direction of the line. The equation of the line
Xx=m+aece(x—m)=a

= Representing x, by m + a,e, find “optimal”
set minimizing criterion function :

Ji(ay, ..., an, €) = Xg=q [lm + axe — xi||%.

from 0 J;/0a; =0 /

v

we find a; = ef(x;, — m)

J.Y. Choi. SNU
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PCA ; Projection

I”

Representing x;, by m + a,e, find “optimal” ay

Ak = eT(Xk — m)

= How to find the best direction fore ?

= The least square solution: project the vector x, onto the line in the

direction of e, passing through the sample mean.
Ji(ay,...,an,€) = i—q [|m + age — x| |*.
ar = e'(X; — m)

= Minimize | w.r.t e.

v
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PCA ; Scatter matrix

= Substituting a into J;(a, e) we find
Ji(a,e) = Yg_1ai’|le|]” — 2 ¥k=1 axe’ (X, —m) + ¥_; || X, — m||?
= Yh=10k” — 2 Xk=1 ax* + Xig=1 |1 — m|[?
= —Yk=1le" (xp —m)]* + Xi_; || % — m]|?
= —Yk=1€ (X —m)(x, —m)e+ ¥P_; || X — m||?
= —e'Se+ Y1 || x, —m||?

where a scatter matrix § whichis (n — 1) times of sample covariance matrix given as

S = Yk=1(Xp —m)(x, —m)".

J.Y. Choi. SNU
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PCA ; Scatter matrix

Ji(a,e) = —e'Se + X, || x; — m||?

Vector e that minimizes ], also maximizes e’ Se.

So we find e, which maximize e’ Se

subject to constraint ||el|=1

Let A be Lagrange multiplier.

Differentiating L with respecttoe : L = e’Se — A(efe — 1)
VoL(e) = 2Se — 21e

By setting to zero we see that e is an eigenvector of §:
Se=1e - elSe=21

So to maximize e’ Se takes maximal 4;. e; should be normalized to each other.

J.Y. Choi. SNU
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PCA ; Scatter matrix

= The result is easily extended to d’ dimensional projection:
d’ Xy
X, =m+ z ate; where d'<d

1=1

= The criterion function
n

2
da’ / S
Xk
]d’=z m+ ) age; | —Xy
=1

k=1 [

is minimized when eq, e, ..., e4 are the eigenvectors having the

largest eigenvalues.

= The coefficients al, = el (x;, — m) are principal components.

v

J.Y. Choi. SNU
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Error function

= |Ifd" < d error which is made by dropping the last terms is
n d

Ja' = 7 aye;

I I
M=
K . §
s I
I =
: =
M= ]
=
> X
o
|
=
=,
~CD

= Thisis a sum of lowest eigenvalues.

dl
X, =m+ z are;
i=1

ay, = e] (X; —m)

J.Y. Choi. SNU
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PCA —the algorithm

= Input: XMW = {x4,..,X,}, X = (xf, -, x5)

= Taked' <d
m Output:A(") ={ay,..,a,} a = (allc:--'alccl,)
= Algorithm:

. 1
e Compute the mean of the training set m = - 1 Xp-
¢ Compute the scatter matrix 8.

* Find eigenvectors of 8 and corresponding eigenvalues:
S{ei,/li}fi=1 ) ‘v’i:Sei = /131' ,/11 = /12 > .. 'Ad

* Choose d' eigenvectors, and for each sample x;, point compute
a, = e;T(x;, —m), i=1,-,d

J.Y. Choi. SNU

21



Interim Summary

= Principal Component Analysis
v'Feature Extraction
v'Dimension Reduction

J. Y. Choi. SNU
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Linear Discriminant Analysis: LDA

= We have n d-dimensional samples x,.., x,,n,in a subsetD;,
labeled w; and n, in a subset D, , labeled w,.

= Find direction of line w, that maximally separate the data.

1 )
Y2 = WoX

Maximize Between-Class Distance
Minimize Within-Class Distance

~ >
e &

= Let a difference between sample means be a measure of separation
of projected points

2J. Choi. SNU



Fisher Linear Discriminant

Project samples X; onto w.

— t
Yk = WXy

= nsamplesy;, aredivided into the subsets Y; and Y,

" Let m; be the sample mean

= Distance between the projected means is

| m, —m, |= w*f(ml -m,) |

P24. Choi. SNU



Fisher Linear Discriminant

= A scatter for projected samples labeled w;

~2 ~ 2
= ()

veL

(1/n)(8;] +5;)is an estimate of the variance of the pooled data.
5. +5, is called total within-class scatter of the projected samples.

= The Fisher discriminant employs W'x for which criterion
m —m, |’
J(W) — ‘ 1 2 |

"

s, +

L

L !

IS maximum
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Fisher Linear Discriminant

= Define scatter matrices S, and S by

Si — Z (X_mi)(x_mi)t

xeD;
and
S, =95+,
= Then
57 = Z (Wx-wm) = Z W (x-m)x-m)w=wSw /
xeD, xeD;
//

= Thus 5. +5;=w'S w
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Fisher Linear Discriminant

= Similarly,
(m, —m,)” =(Wm, —w'm,)” =w'(m, —m,)(m, —m,)' w=wS_w
S, is called within-class scatter matrix (proportional to sample
covariance matrix )
Sg =(Mm, —m,)(m, —m,)"is called between-class scatter matrix.
= This gives the equivalent expression for Fisher’s discriminant

wiSpw _

J(w) =

wiS,w
=  Which vector w maximizes it?

2Spw  wiSzw 2S,w

Vo /(W) = =0-Szw = AS,,w

wiS,w wiS,wwiS,w

PX. Choi. SNU



Fisher Linear Discriminant

= Hence one gets

t
S,w=iS,w, A="W
. WS, W
or equivalently .
SySgW = Aw,
= Since for any w, SgW is always in the direction of m; — m,:
SgW = (m, —m,)(m, —m,)'w = a(m, —m,) /

= |t is not necessary to determine the eigenvalues of S, Sg . -
= Onesimply gets
W oc Sv?(”k B mz)
= Scale factor for w is unimportant (why?).
= FLDA is one-dimensional projection

28. Choi. SNU



Summary

= Feature Extraction

" Introduction of PCA & LDA

* Principal Component Analysis (PCA)
= Linear Discriminant Analysis (FLDA)

= Simple Enhancement of PCA/LDA
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Regression Analysis |

Jin Young Choi
Seoul National University
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Outline

linear regression

= simple linear regression

=  multiple linear regression
nonlinear regression

= |ogistic regression

= high-order regression

= pasis-function regression
matrix form for regression

» recursive least squares
partial least squares

= over-fitting and underfitting

= Dbias/variance

= principle component regression

= partial least squares algorithm

" ridge regression

» |asso, elastic regression
Gaussian process regression
Kalman filtering
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LINEAR REGRESSION

JIN YOUNG CHOI

ECE, SEOUL NATIONAL UNIVERSITY

http://3.droppdf.com/files/pjxkl/regression-analysis-by-example-5th-edition.pdf
https://github.com/jwangjie/Gaussian-Processes-Regression-Tutorial

J. Y. Choi. SNU 3



Regression Analysis

* Forindependent random variable X, and dependent random variable Y, assume they
have a functional correlation between them, i.e.

Y = f(X)
= Regression: a process to find a parametric model f that gives the best fit of f for the
observed samples

Y = f(X) + €, X:predictorr.v., Y: response r.v.
= Assume E(e) = 0, var(e) = o2, then E(Y|x) = f(x) for an observed non-random value x
= f can be estimated from the sample pairs {(y;, x;)|i = 1,2,+,n}
vi=fx)+e, i=1, -, n
where ¢; are i.i.d. zero mean and variance o2

4 Y. Choi. SNU



Simple Linear Regression

= Simple linear regression model
Y =0 +60,X+e€
Vi =0 +0:x;+€;, 1=1, -, n,
where 6,: intercept, 6,: slope

Number Y X
1 Y1 X1
2 Y2 X2 Y
3 Y3 X3
R . X, 1 6,: intercept

J.Y. Choi. SNU



Simple Linear Regression

= Correlationof Y & X

Y = 00 + 01X + €
1 — —
Cov(Y,X) = —Xis1(vi = V) (x; — %)

— 1 n - 1 n
where y = =31y, X ==Xis1 %

Number Y X
1 Y1 X1
2 Y2 X2 Y
3 Y3 X3
n v X, 1 6,: intercept

J.Y. Choi. SNU



Simple Linear Regre

ssion

= Correlationof Y & X
Y = 00 + 61X + €

1 — —
Cov(Y,X) = —Xis1(vi = V) (x; — %)

— _1lon _ _1gan
where y = - 2o ¥i, X = —Ximq1 X

AR A AN Rt
+ +

(1) +
(2)  +
B) -

4 - +
9120 —)
—)

0, <0

_|_

Cor(Y,X) >0
Cor(Y,X) <0

(2)

(1)

(4)
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Simple Linear Regression

= Correlation Coefficientof Y & X
Y = 00 + 61X + €

e
where ay L iy - Y 02 = — 2 (g — x)?

3 DA EEE (TR @ |
1) /
(2) + - - : '
(3) - - + Y —t—
0, =20 = 1>p(,X)=0 ] 3| @

0, <0 = —-1<p((,X)<O0 X
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Parameter Estimation

= |east Squares Estimation

Parameters are estimated by maximum likelihood estimation (MLE)
€=y;—0y+0:x;, i=1, -, n, €~N(0,0%)

MLE:
2
(8,, 6;) = argmax [~ 1\/_6 -
(60,61)
0y, 6,) = argmaxInJ]H* exp(—
(60, 61) e 11\/— p( )
(90; 91) = argmin Zl 161 = i=1()’i — 0 — 91xi)2
(60,61)
LSE:
minimizing  S(6,, 6;) = X (v; — 0y — 01x;)>.
Solution:

by 0S/06, = 0,05/06; = 0 at B, & 6,

J.Y. Choi. SNU



Maximum Likelihood Estimation

0" = argmaxp({¢;}|9) @)=Y —-06X (60, 61) = a{rﬂgma}x [T 1ra P(_iz)
0 0.61
(8, 0,) = argmaxIn [~ ex p(— )
p(el) (60.6,) 1 oms

(8, 61) = argmin X1, €2 =Y, (y; — 6o — 0,x;)?
(8[],81)

6 = argmin||€e]|? = ||y — ®0||? = S()
06

Y1 b1 €1 (P11 P12 7 Pup]
V2|82 | 04|2| @, = P22 P2z T P
. E‘ . . % .
In _Cb;’{_ n _(.bnl ¢n2 (.bnp_
> =¢l0 + ¢
Heoy=o He(0) o i =19°J;91¢i1+92¢i2+“°+9p¢i<p—1> +e
l= ’.o-’

10



Parameter Estimation

= |east Squares Estimation

Parameters are estimated by maximum likelihood estimation (MLE)
€=y;—0y+0:x;, i=1, -, n, €~N(0,0%)

MLE:
2
(8,, 6;) = argmax [~ 1\/_6 -
(60,61)
0y, 6,) = argmaxInJ]H* exp(—
(60, 61) e 11\/— p( )
(90; 91) = argmin Zl 161 = i=1()’i — 0 — 91xi)2
(60,61)
LSE:
minimizing  S(6,, 6;) = X (v; — 0y — 01x;)>.
Solution:

by 0S/06, = 0,05/06; = 0 at B, & 6,

11
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Parameter Estimation

= [east Squares Estimation

€ =Yi— 00 + Hlxi, I = 1, e, n.
LSE:
(éo; 91) = argmin S(6y, 61) = X (y; — 0 — 61%)°.
(60,61)
Solution:

by 5/06, = 0,05/00, = 0 at B, & 0,

?=1(yl. — éo - élxi) — O; - é() == y — élf

=00 —01x)x;=0,> Y (yi =7 — 0,(x; — %)) (x; — X+ %) =0,

b, = 2im1 =) (xi—%)
1 Z?—1(xi_f)2

- Z?=1(Yi - 37)(Xi - f) - 91 ?:1(951' - f)z =0-

12
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Parameter Estimation

= |east squares regression line
Y=10,+6,X.
Fitted values: ) )
y; = 0y + 01x;, i=1,-,n.

Error to the i-th observation:
€i =Y _yi' [ = 1""!”'

Alternative formula for 6;:
. T (vi—=V)(x; —x) Cov(Y,X o
g, = l—1(2]l Y)(_l _ ) _ ( ) _ p(Y,X)—y
iz (x; — %) Var(X) Ox
— slope has the same sign with the correlation (covariance)

13
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Measuring the Quality of Fit

= QOriginal Model.
Y=0,+6,X +e€.
Least squares regression line:
Y =0,+6,X.

= Correlation betweenY & Y':
(i =@ — )

_ Y
Sth( i = 92X (9 —9) )
Note that Cor(Y,Y) can not be negative. Why?

Note that Cor(Y,¥) = 1 implies the perfect fit.

14
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Measuring the Quality of Fit

= Goodness-of-fit index:
SST: ¥ ,(y; —y)?, SST: Total sum of squares
SSR: Y™ .(§; —¥)%, SSR: Regression (explained) sum of squares
SSE: Y .(y; — )%, SSE: Residual (error) sum of squares

= Interpretation:

Vi = Vi + yi — Vi

Observed = Fit -+ Error
yvi—y = yi-y + yi — Vi

Deviation Deviation to Fit Residual

SST '~ SSR +  SSE = YL @i —P@i—9) ~0

= R?: Coefficient of determination
R2 =22 o1 22 (R = 1 implies the perfect fit)
SST SST

_ 15
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Regression Line through Origin

= Simple linear regression model
Y = 00 + 01X + €

Y =0,X + €, no-interceptmodel, y =x =0
Observation | Response | Predictor
Number Y X
1 -V %X
2 Y2 =y Xp—X Y .
- Y3 =y g =2 . slope
n Yn =Y Xn =X
X

_ 16
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Regression Line through Origin

= no-intercept model

yi = 01x; + €,
yi = élxi, [ = 1,“‘,71
=Yi — Vi

1
Cov(Y,X) = n—1 ?=1(371 y) (x; — %) - Cov(Y, X) = _1 l 1YiXi

n JYiXi 2 1 n 2 2 1 n 2
p(YX)— 1 llyx’ Oy = {4&i=1Yi »0x =~ Li=1%i

9" Zn 1Vi=Y) (x;—X) 0" Zl 1ylxl — COU(YX) (Y X) Ty

Yieq (xi—%)? Lyx? 0%

~ 2
RZ Z?lyl —1— ?=1ei2
Z‘{L_l yl Z?:l ylz

17
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Multivariate Linear Regression

= Multivariate linear regression model: p predictor (explanatory) variables
Y =00+ 0:X1 +6,X, +--+6,X,+¢€
Vi =00+ 01x1 + 0%+ -+ Opxp, + €, 1 =1, -, 1,
where 6, intercept, (64, 0,, ---, 6,): normal vector

e E NI
X11 X12 X1p

1l V1

2 Y2 X21 X22 X2p
3 Y3 X31 X32 X3p
n Yn Xn1 Xn2 Xnp

, 18
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Multivariate Linear Regression

= Multivariate linear regression model: p predictor (explanatory) variables
Y =0,+60:X +0,X,+ -+ 6,X, +¢€
Vi =00+ 01x;1 + 0% + -+ 0pxi, €, 1 =1, -, 1,
where 6, intercept, (84,6, -+, 8,): normal vector
» Fitted model by LSE: n — p — 1, degree of freedom (df)
yi = éO + §1xi1 + ézxiz + e+ épxip,i = 1,'“,7?,,
e; =Yyi — Ji-
= Measuring Quality of Fit:

. Y2 (yi-»@i-9)
p(Y, Y) — =1
\](Z?=1(J/i—37)2 Z?:l(f’i_f’)z)

R2 = Yie1(Fi—9)* — 1 _ =1 i
Z?:l(yi_y)z 27{;1(3’1’_37)2
Y n—p—1) Zi=1 €’ ~1
- Adjusted R?: RZ = 1 — LopmBmifi g ol g po
JHste @ ) T V) —g )

19
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Multivariate Linear Regression

=  Tests of Hypotheses for Multivariate linear model
Y =00+ 60:X; +0,X,+ -+ 60,X, + €
Vi =00+ 01x1 + 0%+ -+ Opx;, + €, 1 =1, -, 1,
where 6, intercept, (64, 0,, ---, 6,): normal vector

= Hypotheses: Hy: Reduced model (RM), H;: Full model (FM)

1.  All the regression coefficients associated with the predictor variables are zero.
2.  Some of the regression coefficients are zero.

3.  Some of the regression coefficients are equal to each other.

4. The regression parameters satisfy certain specified constraints.

= Sum of Squares: SSE(RM) = SSE(FM)
SSE(FM) = ¥/, (v; — 91)*
SSE(RM) = XL, (vi — 9;)*

[SSE(RM)—SSE(FM)]/(p+1—k)

: .. +
SSE(FM)/(n-p—1) (F is large = RM is inadequate )

= F-test: F =

20 " The critical values are given in Table A.4 and A.5 in “Regression Analysis by Example”, S. Chatterjee et.al., Wiley.
J. Y. Choi. SNU



NONLINEAR REGRESSION

JIN YOUNG CHOI
ECE, SEOUL NATIONAL UNIVERSITY

https://github.com/jwangjie/Gaussian-Processes-Regression-Tutorial
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Logistic Regression

= Logistic response function representing the relation between the
probability = and X4, X5, -, X,,
exp(6o+601x1+:-+0pxp)
1+exp(0p+01x1++0pxp)

m=p(Y =1|X; =xy, -, X, =x) =

2. Choi. SNU



Logistic Regression

= Logistic response function

exp(p + 01x1 + -+ 0, xp)

ﬂ(Xl — xll...yXp = xp) = p(y = 1|)(1 = xl)"'rXp - xp) - 1 + eXp(90 + lel + - 4 9}9 xp)

1
1+exp(0g + 601x1 + -+ 6, xp)

1—m(Xy =21, X, =x,) =p(Y =0|X; = x4, , X, =x,) =

T
== exp(fo + 01x1 + -+ 0, x)
s
f(X1 = X1, Xp =xp) = lnl—n =0y +0:1x;+-+0,x,
s
f(X) =ln1_7_[= 90+91X1+'"+9po

23(. Choi. SNU



High-order Regression

= High-order polynomial regression model
Y =0, +60,X+60,X*++0,X"+¢

V; =00+ 01x; + 0x% + -+ 0 x" + €, i =1, -

= High-order multivariate regression model

Y = 00 + 91X1 + -+ Opo +--- +0p+kX1Xk +--- +9MX£n + €
Vi =00+ 01X + -+ Opxip +0 H0p X Xi +r HOyX T €

=  Matrix-vector form
Let 6 = [90 91 e HM]T1 ¢i — [1 ¢i1 ot ¢lM]7/

y=[1y2 ], e=[e1 €2 €]l
b =
Then y;,=¢/0+¢, i=1, -, n

y=®0+e, =[PP, - Pn]"

24 \
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Basis-function Regression

= Matrix-vector form of General Regression
Let 0 =1[0p 01 - Oul", di=1[1 ¢iyx - Pim]"
y=[1Y2 = Wl €=ler & - €]

Then y,=¢l0+¢,i=1, -, n
y=®0+e P=[p1¢s - ¢Pn]

= Basis for General Regression
— sin, cos basis: ¢;,;,, = sin w,,x; Or cos w,,X;

: . _ —llxi—pmll
— radial basis:  ¢;,,, = exp >

Om

1 o exp(Whx;+bm)
1+exp(—w,7,,"1xi—bm) 1+exp(w,7,,"1xi+bm)

— sigmoid basis: ¢, =

Logistic Regression

_ 25
J.'Y. Choi. SNU



Parameter Estimation in Matrix form

= Least Squares Estimation
y=®0+¢€ €~N(0,c°])

MLE:
j — ! _lel®
0 = argénax o exp( -
LSE:
0 = argminl||€||? = |ly — 901> = S(6)
0
Solution:

by VyS(8) = 0at 6.

_ 26
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Parameter Estimation in Matrix form

= Least Squares Estimation
0 = argminle]|* = |ly — ®6]]* = S()
6

Solution:
7,S(0) =0at 6

Vo(y — @0)T (y — PO) =0at 6
207 (y — @) = 0
OTy — PTPH =0

6 =(OTP) L dTy

27
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Interim Summary

linear regression

= simple linear regression

=  multiple linear regression
nonlinear regression

= |ogistic regression

= high-order regression

= pasis-function regression
matrix form for regression

» recursive least squares
partial least squares

= over-fitting and underfitting

= bias/variance

= principle component regression

= partial least squares algorithm

" ridge regression

» |asso, elastic regression
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