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Outline

▪ Feature Extraction

▪ Introduction of PCA & LDA

▪ Principal Component Analysis (PCA)

▪ Linear Discriminant Analysis (FLDA)

▪ Simple Enhancement of PCA/LDA
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Feature Extraction  

▪ Features

Weight, Height, Width, Volume, Head size, …

Edge, Shape, Geometric Relations …

RGB Color for each pixel  

SIFT, SURF, HOG, … 

▪ Feature Extraction from Raw Data

Pixel Valued Vector is raw data vector

Raw data vector is redundant

The dimension should be reduced  
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Component Analysis and Discriminants

▪ How to reduce excessive dimensionality? 

• Answer:  Combine  features highly dependent to each other.

▪ Linear methods project high-dimensional data onto lower dimensional 
space.

▪ Principal Components Analysis  (PCA) 

• seeks the projection which best represents the data in a least-
square error sense.

▪ Linear Discriminant Analysis (LDA) or Fisher Linear Discriminant  

• seeks the projection that best separates the data in a least-square 
discrimination error sense.
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Principal Component Analysis 

𝑛2

𝑛1

𝑥 = 𝑥1𝑛1 + 𝑥2𝑛2 = 𝑛1 𝑛2 𝑥 = 𝑁𝑥
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Principal Component Analysis 

𝑛2

𝑛1

𝑥 = 𝑥1𝑛1 + 𝑥2𝑛2 = 𝑛1 𝑛2 𝑥 = 𝑁𝑥
𝑥 = 𝑎1𝑒1 + 𝑎2𝑒2 +𝑚 = 𝑒1 𝑒2 𝑎 +𝑚 = 𝐸𝑎 +𝑚

𝑒1
𝑡𝑥 = 𝑎1𝑒1

𝑡𝑒1 + 𝑎2𝑒1
𝑡𝑒2 + 𝑒1

𝑡𝑚 = 𝑎1 +𝑒1
𝑡𝑚

𝑒2
𝑡𝑥 = 𝑎1𝑒2

𝑡𝑒1 + 𝑎2𝑒2
𝑡𝑒2 + 𝑒2

𝑡𝑚 = 𝑎2 + 𝑒2
𝑡𝑚

𝑒1

𝑒2

𝑎1
𝑎2

=
𝑒1
𝑡

𝑒2
𝑡 (𝑥 − 𝑚) → 𝑎=𝐸𝑡(𝑥 − 𝑚)

𝑎2

𝑎1
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Linear Discriminant Analysis 

𝑛2

𝑛1

𝑒1

𝑎1 = 𝑒1
𝑇 (𝑥 − 𝑚)
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Linear Discriminant Analysis 

Maximize Between-Class Distance
Minimize Within-Class Distance

𝑎2 = 𝑒2
𝑇 (𝑥 − 𝑚)

𝑛2

𝑛1

𝑒2
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PCA & LDA  

PCA = LDA 

𝑛2

𝑛1

𝑒2

𝑒1

𝑎1 = 𝑒1
𝑇 (𝑥 − 𝑚)
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Principal Components Analysis  (PCA)

▪ How to represent 𝑛 𝑑-dimensional vector samples {𝒙1, . . , 𝒙𝑛} by a single vector 𝒙0 ?

• Find 𝒙0 that minimizes squared error correction  function

𝐽0(𝐱0) = σ𝑘=1
𝑛 ||𝐱0 − 𝐱𝑘||

2.
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Principal Components Analysis  (PCA)

▪ How to represent 𝑛 𝑑-dimensional vector samples {𝒙1, . . , 𝒙𝑛} by a single vector 𝒙0 ?

• Find 𝒙0 that minimizes squared error correction  function

𝐽0(𝐱0) = σ𝑘=1
𝑛 ||𝐱0 − 𝐱𝑘||

2.

▪ The solution is sample mean

𝐱0= m =
1

n
σ𝑘=1
𝑛 𝐱k

▪ This is zero-dimensional representation of the data set.

▪ One-dimensional representation by projecting  the data onto a line through the sample mean 

reveals variability in the data.
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Principal Components Analysis  (PCA)

▪ This is zero-dimensional representation of the data set.

x0=m=
1

n
σ𝑘=1
𝑛 𝑥𝑘

▪ One-dimensional representation by projecting  the data onto a line through the sample mean 

reveals variability in the data.
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PCA ; Projection

▪ Let 𝒆 be a unit vector in a direction of the line. The equation of the line

𝐱 = 𝐦+ 𝑎𝐞 ↔ 𝐞𝑡 𝐱 −𝐦 = 𝑎

▪ Representing 𝒙𝑘 by  𝐦+ 𝑎𝑘𝐞, find “optimal” 

set minimizing criterion function :

𝐽1(𝑎1, . . . , 𝑎𝑛, 𝐞) = σ𝑘=1
𝑛 ||𝐦 + 𝑎𝑘𝐞 − 𝐱𝑘||

2.

from  𝜕 𝐽1/𝜕 𝑎𝑘 = 0

we find 𝑎𝑘 = 𝐞𝑡(𝐱𝑘 −𝐦)
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PCA ; Projection

▪ Representing 𝒙𝑘 by   𝐦+ 𝑎𝑘𝐞, find “optimal” 𝑎𝑘

𝑎𝑘 = 𝐞𝑇(𝐱𝑘 −𝐦)

▪ How to find the best direction for 𝒆 ?   

▪ The least square solution: project  the vector 𝒙𝑘 onto the line in the 

direction of 𝒆, passing through the sample mean.

𝐽1(𝑎1, . . . , 𝑎𝑛, 𝐞) = σ𝑘=1
𝑛 ||𝐦 + 𝑎𝑘𝐞 − 𝐱𝑘||

2.

𝑎𝑘 = 𝐞𝑡(𝐱𝑘 −𝐦)

▪ Minimize 𝐽 w.r.t  𝒆.
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PCA ; Scatter matrix

▪ Substituting 𝑎𝑘 into 𝐽1(𝑎, 𝐞) we find

𝐽1(𝑎, 𝐞) = σ𝑘=1
𝑛 𝑎𝑘

2||𝐞||2 − 2σ𝑘=1
𝑛 𝑎𝑘𝐞

𝑇(𝐱𝑘 −𝐦) + σ𝑘=1
𝑛 || 𝐱𝑘 −𝐦||2

= σ𝑘=1
𝑛 𝑎𝑘

2 − 2σ𝑘=1
𝑛 𝑎𝑘

2 + σ𝑘=1
𝑛 ||𝐱𝑘 −𝐦||2

= −σ𝑘=1
𝑛 [𝐞𝑇(𝐱𝑘 −𝐦)]2 + σ𝑘=1

𝑛 || 𝐱𝑘 −𝐦||2

= −σ𝑘=1
𝑛 𝐞𝑇(𝐱𝑘 −𝐦)(𝐱𝑘 −𝐦)𝑇𝐞 + σ𝑘=1

𝑛 || 𝐱𝑘 −𝐦||2

= −𝐞𝑇𝐒𝐞 + σ𝑘=1
𝑛 || 𝐱𝑘 −𝐦||2

where a scatter matrix  𝑺 which is  (𝑛 − 1) times of sample covariance matrix given as 

𝐒 = σ𝑘=1
𝑛 ( 𝐱𝑘 −𝐦)(𝐱𝑘 −𝐦)𝑇 .
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PCA ; Scatter matrix
▪ 𝐽1(𝑎, 𝐞) = −𝐞𝑇𝐒𝐞 + σ𝑘=1

𝑛 || 𝐱𝑘 −𝐦||2

▪ Vector e that minimizes  𝐽1 also maximizes 𝐞𝑇𝐒𝐞.

▪ So we find e, which maximize 𝐞𝑇𝐒𝐞

subject to constraint  e =1 

▪ Let 𝜆 be Lagrange multiplier.

▪ Differentiating  𝐿 with respect to e : 𝐿 = 𝐞𝑇𝐒𝐞 − 𝜆(𝐞𝑇𝐞 − 1)

∇𝐞𝐿(𝐞) = 2𝐒𝐞 − 2𝜆𝐞

▪ By setting to zero we see that e is an eigenvector of  S:

𝐒𝐞 = 𝜆𝐞 → 𝐞𝑇𝐒𝐞 = 𝜆

▪ So to maximize 𝐞𝑇𝐒𝐞 takes maximal 𝜆𝑖. 𝐞𝑖 should be normalized to each other. 
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PCA ; Scatter matrix

▪ The result is easily extended to 𝑑′ dimensional projection:

▪ The criterion function

is minimized when 𝐞𝟏, 𝐞𝟐, . . . , 𝐞𝐝′ are the eigenvectors having the   

largest eigenvalues.

▪ The coefficients   𝑎𝑘
𝑖 = 𝐞𝑖

𝑇(𝐱𝑘 −𝐦) are principal components.

𝐽𝑑′ = ෍

𝑘=1

𝑛

𝐦+෍

𝑖=1

𝑑′

𝑎𝑘
𝑖 𝐞𝑖 − 𝐱𝑘

2

ො𝐱𝑘 = 𝐦+෍

𝑖=1

𝑑′

𝑎𝑘
𝑖 𝐞𝑖 where 𝑑′ ≤ 𝑑
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Error function

▪ If 𝑑′ < 𝑑 error which is made by dropping the last terms is

𝐽𝑑′ = ෍

𝑘=1

𝑛

෍

𝑖=𝑑′+1

𝑑

𝑎𝑘
𝑖 𝐞𝑖

2

= ෍

𝑖=𝑑′+1

𝑑

𝐞𝑖
𝑇 ෍

𝑘=1

𝑛

(𝐱𝑘 −𝐦)( 𝐱𝑘 −𝐦)𝑇𝐞𝑖

= ෍

𝑖=𝑑′+1

𝑑

𝐞𝑖
𝑇𝐒𝐞𝑖 = ෍

𝑖=𝑑′+1

𝑑

𝜆𝑖

▪ This is a sum of lowest eigenvalues.

𝑎𝑘
𝑖 = 𝐞𝑖

𝑇(𝐱𝑘 −𝐦)

𝐱𝑘 = 𝐦+෍

𝑖=1

𝑑′

𝑎𝑘
𝑖 𝐞𝑖
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PCA – the algorithm

▪ Input: 𝑋(𝑛) = 𝐱1, . . , 𝐱𝑛 , 𝐱𝑘 = (𝑥1
𝑘, ⋯ , 𝑥𝑑

𝑘)

▪ Take 𝑑′ < 𝑑

▪ Output: 𝐴(𝑛) = {𝐚1, . . , 𝐚𝑛} 𝐚𝑘 = (𝑎𝑘
1 , . . , 𝑎𝑘

𝑑′)

▪ Algorithm:

• Compute the mean of the training set 𝐦 =
1

𝑛
σ𝑘=1
𝑛 𝐱𝑘 .

• Compute the scatter matrix  S.

• Find eigenvectors of S and corresponding eigenvalues:

𝑆{𝐞𝑖 , 𝜆𝑖}𝑖=1
𝑑 , ∀𝑖:S𝐞𝑖 = 𝜆𝐞𝑖 , 𝜆1 ≥ 𝜆2 ≥ . . . 𝜆𝑑

• Choose 𝑑′ eigenvectors, and for each sample 𝐱𝑘 point compute 

𝑎𝑘
𝑖 = 𝐞𝑖

𝑇 𝐱𝑘 −𝐦 , 𝑖 = 1,⋯ , 𝑑′
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Interim Summary

▪ Principal Component Analysis
✓Feature Extraction
✓Dimension Reduction

𝐒 = ෍

𝑘=1

𝑛

( 𝐱𝑘 −𝐦)(𝐱𝑘 −𝐦)𝑇 .

𝐒𝐞 = 𝜆𝐞

𝐞𝑇𝐒𝐞 = 𝜆

𝐽𝑑′ = σ𝑘=1
𝑛 𝐦+σ𝑖=1

𝑑′ 𝑎𝑘
𝑖 𝐞𝑖 − 𝐱𝑘

2
𝑎𝑘
𝑖 = 𝐞𝑖

𝑇 𝐱𝑘 −𝐦 , 𝑖 = 1,⋯ , 𝑑′

𝑎𝑘
1

𝑎𝑘
2

⋮

𝑎𝑘
𝑑′

=

𝑒1
𝑇

𝑒2
𝑇

⋮
𝑒𝑑′
𝑇

𝐱𝑘 −𝐦

𝐚𝑘 = 𝐸𝑇(𝐱𝑘 −𝐦)
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Linear Discriminant Analysis: LDA

▪ We have 𝑛 𝑑-dimensional samples 𝒙1, . . , 𝒙𝑛, 𝑛1 in a subset𝐷1,     

labeled 𝑤1 and  𝑛2 in a subset 𝐷2 , labeled 𝑤2.

▪ Find direction  of line 𝒘, that maximally separate the data.

▪ Let a difference between sample means be a measure of separation  

of projected points

23

Maximize Between-Class Distance
Minimize Within-Class Distance
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Fisher Linear Discriminant

▪ Project samples 𝐱𝑘 onto 𝒘.

▪ 𝑛 samples y𝑘 are divided into the subsets Y1 and Y2

▪ Let 𝐦𝑖 be the sample mean

▪ The sample mean for projected points

▪ Distance between the projected means is

24

y𝑘 = 𝐰𝑡𝐱𝑘

1
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Fisher Linear Discriminant

▪ A scatter for projected samples labeled  𝜔𝑖

is an estimate of the variance of the pooled data. 

is called total within-class scatter of the projected   samples.

▪ The Fisher discriminant employs           for which criterion 

is maximum

25
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Fisher Linear Discriminant

▪ Define scatter matrices      and       by

and

▪ Then

▪ Thus

26
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Fisher Linear Discriminant

▪ Similarly,

is called within-class scatter matrix (proportional to sample

covariance matrix )

is called between-class scatter matrix.

▪ This gives the equivalent expression for Fisher’s discriminant

▪ Which vector 𝒘 maximizes it?

27

2 2

1 2 1 2 1 2 1 2( ) ( ) ( )( )t t t t t
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wS
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𝐽 𝐰 =
𝐰𝑡𝐒𝐵𝐰

𝐰𝑡𝐒𝑊𝐰
= 𝜆

∇𝐰𝐽 𝐰 =
2𝐒𝐵𝐰

𝐰𝑡𝐒𝑊𝐰
−
𝐰𝑡𝐒𝐵𝐰

𝐰𝑡𝐒𝑊𝐰

2𝐒𝑊𝐰

𝐰𝑡𝐒𝑊𝐰
= 0 → 𝐒𝐵𝐰 = 𝜆𝐒𝑊𝐰
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Fisher Linear Discriminant

▪ Hence one gets

or equivalently

▪ Since for any  𝒘,            is always in the direction of 𝒎1−𝒎2:

▪ It is not necessary to determine the eigenvalues of  

▪ One simply gets             

▪ Scale factor for 𝒘 is unimportant   (why?).

▪ FLDA is one-dimensional  projection

28
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Summary

▪ Feature Extraction

▪ Introduction of PCA & LDA

▪ Principal Component Analysis (PCA)

▪ Linear Discriminant Analysis (FLDA)

▪ Simple Enhancement of PCA/LDA
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Outline
▪ linear regression

▪ simple linear regression

▪ multiple linear regression

▪ nonlinear regression

▪ logistic regression

▪ high-order regression

▪ basis-function regression

▪ matrix form for regression

▪ recursive least squares

▪ partial least squares  

▪ over-fitting and underfitting

▪ bias/variance 

▪ principle component regression

▪ partial least squares algorithm

▪ ridge regression

▪ lasso, elastic regression

▪ Gaussian process regression

▪ Kalman filtering
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LINEAR REGRESSION

JIN YOUNG CHOI

ECE, SEOUL NATIONAL UNIVERSITY
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Regression Analysis 

▪ For independent random variable 𝑋, and dependent random variable 𝑌, assume they 

have a functional correlation between them, i.e.

𝑌 = 𝑓(𝑋)

▪ Regression: a process to find a parametric model መ𝑓 that gives the best fit of 𝑓 for the 

observed samples

𝑌 = መ𝑓 𝑋 + 𝜖,  𝑋: predictor r.v., 𝑌: response r.v.

▪ Assume 𝐸(𝜖) = 0, var(𝜖) = 𝜎2, then 𝐸 𝑌 𝑥 = መ𝑓 𝑥 for an observed non-random value 𝑥

▪ መ𝑓 can be estimated from the sample pairs 𝑦𝑖 , 𝑥𝑖 | 𝑖 = 1, 2,⋯ , 𝑛

𝑦𝑖 = መ𝑓 𝑥𝑖 + 𝜖𝑖 , 𝑖 = 1, ∙∙∙, 𝑛,

where 𝜖𝑖 are i.i.d. zero mean and variance 𝜎2

4J. Y. Choi. SNU



Simple Linear Regression

▪ Simple linear regression model

𝑌 = 𝜃0 + 𝜃1𝑋 + 𝜖

𝑦𝑖 = 𝜃0 + 𝜃1𝑥𝑖 + 𝜖𝑖 , 𝑖 = 1, ∙∙∙, 𝑛,

where 𝜃0: intercept, 𝜃1: slope

5

Observation
Number

Response 
Y

Predictor 
X

1 𝑦1 𝑥1

2 𝑦2 𝑥2

3 𝑦3 𝑥3

⋮ ⋮ ⋮

n 𝑦𝑛 𝑥𝑛

𝑌

𝑋

𝜃0: intercept

𝜃1: slope
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𝑌

𝑋

𝜃0: intercept

𝜃1: slope

Simple Linear Regression

▪ Correlation of 𝑌 & 𝑋

𝑌 = 𝜃0 + 𝜃1𝑋 + 𝜖

Cov 𝑌, 𝑋 =
1

𝑛−1
σ𝑖=1
𝑛 (𝑦𝑖 − ത𝑦) (𝑥𝑖 − ҧ𝑥)

where ത𝑦 =
1

𝑛
σ𝑖=1
𝑛 𝑦𝑖 , ҧ𝑥 =

1

𝑛
σ𝑖=1
𝑛 𝑥𝑖

6

Observation
Number

Response 
Y

Predictor 
X

1 𝑦1 𝑥1

2 𝑦2 𝑥2

3 𝑦3 𝑥3

⋮ ⋮ ⋮

n 𝑦𝑛 𝑥𝑛
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Simple Linear Regression

▪ Correlation of 𝑌 & 𝑋

𝑌 = 𝜃0 + 𝜃1𝑋 + 𝜖

Cov 𝑌, 𝑋 =
1

𝑛−1
σ𝑖=1
𝑛 (𝑦𝑖 − ത𝑦) (𝑥𝑖 − ҧ𝑥)

where ത𝑦 =
1

𝑛
σ𝑖=1
𝑛 𝑦𝑖 , ҧ𝑥 =

1

𝑛
σ𝑖=1
𝑛 𝑥𝑖

7

𝑌

𝑋

(1)(2)

(3) (4)

Q 𝑦𝑖 − ത𝑦 𝑥𝑖 − ҧ𝑥 (𝑦𝑖 − ത𝑦)(𝑥𝑖 − ҧ𝑥)

(1) + + +

(2) + − −

(3) − − +

(4) − + −

Cor 𝑌, 𝑋 ≥ 0𝜃1 ≥ 0

Cor 𝑌, 𝑋 < 0𝜃1 < 0
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Simple Linear Regression

▪ Correlation Coefficient of 𝑌 & 𝑋

𝑌 = 𝜃0 + 𝜃1𝑋 + 𝜖

𝜌 𝑌, 𝑋 =
1

𝑛−1
σ𝑖=1
𝑛 𝑦𝑖−ത𝑦

𝜎𝑦

𝑥𝑖− ҧ𝑥

𝜎𝑥

where 𝜎𝑦
2 =

1

𝑛−1
σ𝑖=1
𝑛 𝑦𝑖 − ത𝑦 2 , 𝜎𝑥

2 =
1

𝑛−1
σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 2

8

𝑌

𝑋

(1)(2)

(3) (4)

Q 𝑦𝑖 − ത𝑦 𝑥𝑖 − ҧ𝑥 (𝑦𝑖 − ത𝑦)(𝑥𝑖 − ҧ𝑥)

(1) + + +

(2) + − −

(3) − − +

(4) − + −

1 ≥ 𝜌 𝑌, 𝑋 ≥ 0𝜃1 ≥ 0

−1 ≤ 𝜌 𝑌, 𝑋 < 0𝜃1 < 0

J. Y. Choi. SNU



Parameter Estimation
▪ Least Squares Estimation

Parameters are estimated by maximum likelihood estimation (MLE)

𝜖𝑖 = 𝑦𝑖 − 𝜃0 + 𝜃1𝑥𝑖 , 𝑖 = 1, ∙∙∙, 𝑛, 𝜖𝑖~𝑁(0, 𝜎
2)

MLE:

መ𝜃0, መ𝜃1 = argmax
(𝜃0,𝜃1)

ς𝑖=1
𝑛 1

2𝜋𝜎
exp(−

𝜖𝑖
2

2𝜎2
)

መ𝜃0, መ𝜃1 = argmax
(𝜃0,𝜃1)

lnς𝑖=1
𝑛 1

2𝜋𝜎
exp(−

𝜖𝑖
2

2𝜎2
)

መ𝜃0, መ𝜃1 = argmin
(𝜃0,𝜃1)

σ𝑖=1
𝑛 𝜖𝑖

2 = σ𝑖=1
𝑛 (𝑦𝑖 − 𝜃0 − 𝜃1𝑥𝑖)

2

LSE:                   

minimizing     𝑆 𝜃0, 𝜃1 = σ𝑖=1
𝑛 (𝑦𝑖 − 𝜃0 − 𝜃1𝑥𝑖)

2 .

Solution:  

by Τ𝜕𝑆 𝜕𝜃0 = 0, Τ𝜕𝑆 𝜕𝜃1 = 0 at መ𝜃0 & መ𝜃1,

9
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Maximum Likelihood Estimation

10

𝜃∗ = argmax
𝜃

𝑝({𝜀𝑖}|𝜃)

𝜃

𝑝(𝜀|𝜃)

𝜇𝜀 𝜃∗ =0

𝜀(𝜃) = 𝑌 − 𝜃𝑋

𝜇𝜀(𝜃 )

መ𝜃 = argmin
𝜃

𝝐 2 = 𝒚 − Φ𝜃 2 ≅ 𝑆(𝜃)

𝑦1
𝑦2
⋮
𝑦𝑛

=

𝜙1
𝑇

𝜙2
𝑇

⋮
𝜙𝑛
𝑇

𝜃+

𝜖1
𝜖2
⋮
𝜖𝑛

, Φ𝑘 =

𝜙11 𝜙12 ⋯ 𝜙1𝑝

𝜙21 𝜙22 ⋯ 𝜙2𝑝

⋮
𝜙𝑛1

⋮
𝜙𝑛2

⋱
⋯

⋮
𝜙𝑛𝑝

𝑦𝑖 = 𝜙𝑖
𝑇𝜃 + 𝜖𝑖

𝑦𝑖 = 𝜃0 + 𝜃1𝜙𝑖1 + 𝜃2𝜙𝑖2 +⋯+ 𝜃𝑝𝜙𝑖(𝑝−1) + 𝜖𝑖 ,

𝑖 = 1,∙∙∙, 𝑛



Parameter Estimation
▪ Least Squares Estimation

Parameters are estimated by maximum likelihood estimation (MLE)

𝜖𝑖 = 𝑦𝑖 − 𝜃0 + 𝜃1𝑥𝑖 , 𝑖 = 1, ∙∙∙, 𝑛, 𝜖𝑖~𝑁(0, 𝜎
2)

MLE:

መ𝜃0, መ𝜃1 = argmax
(𝜃0,𝜃1)

ς𝑖=1
𝑛 1

2𝜋𝜎
exp(−

𝜖𝑖
2

2𝜎2
)

መ𝜃0, መ𝜃1 = argmax
(𝜃0,𝜃1)

lnς𝑖=1
𝑛 1

2𝜋𝜎
exp(−

𝜖𝑖
2

2𝜎2
)

መ𝜃0, መ𝜃1 = argmin
(𝜃0,𝜃1)

σ𝑖=1
𝑛 𝜖𝑖

2 = σ𝑖=1
𝑛 (𝑦𝑖 − 𝜃0 − 𝜃1𝑥𝑖)

2

LSE:                   

minimizing     𝑆 𝜃0, 𝜃1 = σ𝑖=1
𝑛 (𝑦𝑖 − 𝜃0 − 𝜃1𝑥𝑖)

2 .

Solution:  

by Τ𝜕𝑆 𝜕𝜃0 = 0, Τ𝜕𝑆 𝜕𝜃1 = 0 at መ𝜃0 & መ𝜃1,

11
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Parameter Estimation
▪ Least Squares Estimation

𝜖𝑖 = 𝑦𝑖 − 𝜃0 + 𝜃1𝑥𝑖 , 𝑖 = 1, ∙∙∙, 𝑛.

LSE: 

መ𝜃0, መ𝜃1 = argmin
(𝜃0,𝜃1)

𝑆 𝜃0, 𝜃1 = σ𝑖=1
𝑛 (𝑦𝑖 − 𝜃0 − 𝜃1𝑥𝑖)

2 .

Solution:  

by Τ𝜕𝑆 𝜕𝜃0 = 0, Τ𝜕𝑆 𝜕𝜃1 = 0 at መ𝜃0 & መ𝜃1,

σ𝑖=1
𝑛 𝑦𝑖 − መ𝜃0 − መ𝜃1𝑥𝑖 = 0, → መ𝜃0 = ത𝑦 − መ𝜃1 ҧ𝑥

σ𝑖=1
𝑛 𝑦𝑖 − መ𝜃0 − መ𝜃1𝑥𝑖 𝑥𝑖 = 0,→ σ𝑖=1

𝑛 𝑦𝑖 − ത𝑦 − መ𝜃1(𝑥𝑖 − ҧ𝑥) (𝑥𝑖 − ҧ𝑥 + ҧ𝑥) = 0,

→ σ𝑖=1
𝑛 𝑦𝑖 − ത𝑦)(𝑥𝑖 − ҧ𝑥 − መ𝜃1σ𝑖=1

𝑛 𝑥𝑖 − ҧ𝑥 2 = 0 → መ𝜃1 =
σ𝑖=1
𝑛 𝑦𝑖−ത𝑦)(𝑥𝑖− ҧ𝑥

σ𝑖=1
𝑛 𝑥𝑖− ҧ𝑥 2

12
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Parameter Estimation
▪ Least squares regression line 

෠𝑌 = መ𝜃0 + መ𝜃1𝑋.

Fitted values: 

ො𝑦𝑖 = መ𝜃0 + መ𝜃1𝑥𝑖 , 𝑖 = 1,∙∙∙, 𝑛.

Error to the 𝑖-th observation:

𝑒𝑖 = 𝑦𝑖 − ො𝑦𝑖 , 𝑖 = 1,∙∙∙, 𝑛.

Alternative formula for መ𝜃1:

መ𝜃1 =
σ𝑖=1
𝑛 𝑦𝑖 − ത𝑦)(𝑥𝑖 − ҧ𝑥

σ𝑖=1
𝑛 𝑥𝑖 − ҧ𝑥 2

=
𝐶𝑜𝑣(𝑌, 𝑋)

𝑉𝑎𝑟(𝑋)
= 𝜌(𝑌, 𝑋)

𝜎𝑦

𝜎𝑥

→ slope has the same sign with the correlation (covariance)

13
J. Y. Choi. SNU
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Measuring the Quality of Fit
▪ Original Model:

𝑌 = 𝜃0 + 𝜃1𝑋 + 𝜖.

Least squares regression line: 

෠𝑌 = መ𝜃0 + መ𝜃1𝑋.

▪ Correlation between 𝑌 & ෠𝑌 :  

𝜌(𝑌, ෠𝑌) =
σ𝑖=1
𝑛 𝑦𝑖 − ത𝑦)( ො𝑦𝑖 − തො𝑦𝑖

𝑠𝑞𝑟𝑡 σ𝑖=1
𝑛 𝑦𝑖 − ത𝑦 2σ𝑖=1

𝑛 ො𝑦𝑖 − തො𝑦𝑖
2

Note that  𝐶𝑜𝑟(𝑌, ෠𝑌) can not be negative. Why?

Note that  𝐶𝑜𝑟 𝑌, ෠𝑌 = 1 implies the perfect fit. 

14
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Measuring the Quality of Fit
▪ Goodness-of-fit index: 

𝑆𝑆𝑇:   σ𝑖=1
𝑛 𝑦𝑖 − ത𝑦 2,  𝑆𝑆𝑇:  Total sum of squares 

𝑆𝑆𝑅:   σ𝑖=1
𝑛 ො𝑦𝑖 − ത𝑦 2,  𝑆𝑆𝑅:  Regression (explained) sum of squares

𝑆𝑆𝐸:   σ𝑖=1
𝑛 𝑦𝑖 − ො𝑦𝑖

2, 𝑆𝑆𝐸:  Residual (error) sum of squares

▪ Interpretation:

𝑦𝑖 = ො𝑦𝑖 + 𝑦𝑖 − ො𝑦𝑖
Observed   = Fit       + Error 

𝑦𝑖 − ത𝑦 = ො𝑦𝑖−ത𝑦 + 𝑦𝑖 − ො𝑦𝑖

Deviation     Deviation to Fit      Residual 

𝑆𝑆𝑇 ≈ 𝑆𝑆𝑅 + 𝑆𝑆𝐸 ∵ σ𝑖=1
𝑛 ො𝑦𝑖 − ത𝑦 𝑦𝑖 − ො𝑦𝑖 ≈ 0

▪ 𝑅2:  Coefficient of determination 

𝑅2 =
𝑆𝑆𝑅

𝑆𝑆𝑇
≈ 1 −

𝑆𝑆𝐸

𝑆𝑆𝑇
(𝑅 = 1 implies the perfect fit) 

15
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Regression Line through Origin

▪ Simple linear regression model

𝑌 = 𝜃0 + 𝜃1𝑋 + 𝜖

𝑌 = 𝜃1𝑋 + 𝜖,        no-intercept model, ത𝑦 = ҧ𝑥 = 0

16

Observation
Number

Response 
Y

Predictor 
X

1 𝑦1 − ത𝑦 𝑥1 − ҧ𝑥

2 𝑦2 − ത𝑦 𝑥2 − ҧ𝑥

3 𝑦3 − ത𝑦 𝑥3 − ҧ𝑥

⋮ ⋮ ⋮

n 𝑦𝑛 − ത𝑦 𝑥𝑛 − ҧ𝑥

𝑌

𝑋

𝜃0 = 0: intercept

𝜃1: slope

J. Y. Choi. SNU



Regression Line through Origin

▪ no-intercept model

𝑦𝑖 = 𝜃1𝑥𝑖 + 𝜖,        

ො𝑦𝑖 = መ𝜃1𝑥𝑖 , 𝑖 = 1,∙∙∙, 𝑛

𝑒𝑖 = 𝑦𝑖 − ො𝑦𝑖.

𝐶𝑜𝑣 𝑌, 𝑋 =
1

𝑛−1
σ𝑖=1
𝑛 (𝑦𝑖 − ത𝑦) (𝑥𝑖 − ҧ𝑥) → 𝐶𝑜𝑣 𝑌, 𝑋 =

1

𝑛−1
σ𝑖=1
𝑛 𝑦𝑖𝑥𝑖

𝜌 𝑌, 𝑋 =
1

𝑛−1
σ𝑖=1
𝑛 𝑦𝑖𝑥𝑖

𝜎𝑦𝜎𝑥
, 𝜎𝑦

2 =
1

𝑛−1
σ𝑖=1
𝑛 𝑦𝑖

2 , 𝜎𝑥
2 =

1

𝑛−1
σ𝑖=1
𝑛 𝑥𝑖

2

መ𝜃1 =
σ𝑖=1
𝑛 𝑦𝑖−ത𝑦)(𝑥𝑖− ҧ𝑥

σ𝑖=1
𝑛 𝑥𝑖− ҧ𝑥 2 → መ𝜃1 =

σ𝑖=1
𝑛 𝑦𝑖𝑥𝑖

σ𝑖=1
𝑛 𝑥𝑖

2 =
𝐶𝑜𝑣 𝑌,𝑋

𝜎𝑥
2 = 𝜌(𝑌, 𝑋)

𝜎𝑦

𝜎𝑥

𝑅2 =
σ𝑖=1
𝑛 ො𝑦𝑖

2

σ𝑖=1
𝑛 𝑦𝑖

2 = 1 −
σ𝑖=1
𝑛 𝑒𝑖

2

σ𝑖=1
𝑛 𝑦𝑖

2

17
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Multivariate Linear Regression
▪ Multivariate linear regression model: 𝑝 predictor (explanatory) variables

𝑌 = 𝜃0 + 𝜃1𝑋1 + 𝜃2𝑋2 +⋯+ 𝜃𝑝𝑋𝑝 + 𝜖

𝑦𝑖 = 𝜃0 + 𝜃1𝑥𝑖1 + 𝜃2𝑥𝑖2 +⋯+ 𝜃𝑝𝑥𝑖𝑝 + 𝜖𝑖 , 𝑖 = 1, ∙∙∙, 𝑛,

where 𝜃0: intercept, (𝜃1, 𝜃2, ⋯ , 𝜃𝑝): normal vector

18

𝑖 𝑌
Predictor 

𝑋1 𝑋2 ⋯ 𝑋𝑝

1 𝑦1 𝑥11 𝑥12 ⋯ 𝑥1𝑝

2 𝑦2 𝑥21 𝑥22 ⋯ 𝑥2𝑝

3 𝑦3 𝑥31 𝑥32 ⋯ 𝑥3𝑝

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

n 𝑦𝑛 𝑥𝑛1 𝑥𝑛2 ⋯ 𝑥𝑛𝑝

𝑌

𝑋1
𝑋2

J. Y. Choi. SNU



Multivariate Linear Regression
▪ Multivariate linear regression model: 𝑝 predictor (explanatory) variables

𝑌 = 𝜃0 + 𝜃1𝑋1 + 𝜃2𝑋2 +⋯+ 𝜃𝑝𝑋𝑝 + 𝜖

𝑦𝑖 = 𝜃0 + 𝜃1𝑥𝑖1 + 𝜃2𝑥𝑖2 +⋯+ 𝜃𝑝𝑥𝑖𝑝 + 𝜖𝑖 , 𝑖 = 1, ∙∙∙, 𝑛,
where 𝜃0: intercept, (𝜃1, 𝜃2, ⋯ , 𝜃𝑝): normal vector

▪ Fitted model by LSE: 𝑛 − 𝑝 − 1; degree  of freedom (𝑑𝑓)

ො𝑦𝑖 = ෠𝜃0 + ෠𝜃1𝑥𝑖1 + ෠𝜃2𝑥𝑖2 +⋯+ ෠𝜃𝑝𝑥𝑖𝑝, 𝑖 = 1,∙∙∙, 𝑛,
𝑒𝑖 = 𝑦𝑖 − ො𝑦𝑖.

▪ Measuring Quality of Fit:  

𝜌 𝑌, ෠𝑌 =
σ𝑖=1
𝑛 𝑦𝑖−ത𝑦)( ො𝑦𝑖−തො𝑦

σ𝑖=1
𝑛 𝑦𝑖−ത𝑦 2 σ𝑖=1

𝑛 ො𝑦𝑖−തො𝑦
2

𝑅2 =
σ𝑖=1
𝑛 ( ො𝑦𝑖−ത𝑦)2

σ𝑖=1
𝑛 (𝑦𝑖−ത𝑦)2

= 1 −
σ𝑖=1
𝑛 𝑒𝑖

2

σ𝑖=1
𝑛 (𝑦𝑖−ത𝑦)2

▪ Adjusted 𝑅2 :  𝑅𝑎
2 = 1 −

ൗ1 (𝑛−𝑝−1) σ𝑖=1
𝑛 𝑒𝑖

2

ൗ1 (𝑛−1) σ𝑖=1
𝑛 (𝑦𝑖−ത𝑦)2

= 1 −
𝑛−1

𝑛−𝑝−1
(1 − 𝑅2)

19
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Multivariate Linear Regression
▪ Tests of Hypotheses for Multivariate linear model

𝑌 = 𝜃0 + 𝜃1𝑋1 + 𝜃2𝑋2 +⋯+ 𝜃𝑝𝑋𝑝 + 𝜖

𝑦𝑖 = 𝜃0 + 𝜃1𝑥𝑖1 + 𝜃2𝑥𝑖2 +⋯+ 𝜃𝑝𝑥𝑖𝑝 + 𝜖𝑖 , 𝑖 = 1, ∙∙∙, 𝑛,

where 𝜃0: intercept, (𝜃1, 𝜃2, ⋯ , 𝜃𝑝): normal vector

▪ Hypotheses: 𝐻0: Reduced model (RM), 𝐻1: Full model  (FM) 
1. All the regression coefficients associated with the predictor variables are zero. 
2. Some of the regression coefficients are zero. 
3. Some of the regression coefficients are equal to each other. 
4. The regression parameters satisfy certain specified constraints. 

▪ Sum of Squares: 𝑆𝑆𝐸 𝑅𝑀 ≥ 𝑆𝑆𝐸 𝐹𝑀

𝑆𝑆𝐸 𝐹𝑀 = σ𝑖=1
𝑛 𝑦𝑖 − ො𝑦𝑖

2

𝑆𝑆𝐸 𝑅𝑀 = σ𝑖=1
𝑛 𝑦𝑖 − ො𝑦𝑖

∗ 2

▪ 𝐹-test: 𝐹 =
𝑆𝑆𝐸 𝑅𝑀 −𝑆𝑆𝐸 𝐹𝑀 /(𝑝+1−𝑘)

𝑆𝑆𝐸 𝐹𝑀 /(𝑛−𝑝−1)
(𝐹 is large → 𝑅𝑀 is inadequate

†
)

20
†

The critical values are given in Table A.4 and A.5 in “Regression Analysis by Example”, S. Chatterjee et.al., Wiley. 
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Logistic Regression

▪ Logistic response function representing the relation between the 

probability 𝜋 and 𝑋1, 𝑋2, ⋯ , 𝑋𝑝

𝜋 = 𝑝 𝑌 = 1 𝑋1 = 𝑥1, ⋯ , 𝑋𝑝 = 𝑥𝑝 =
exp(𝜃0+𝜃1𝑥1+⋯+𝜃𝑝𝑥𝑝)

1+exp(𝜃0+𝜃1𝑥1+⋯+𝜃𝑝𝑥𝑝)

22
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𝜋

J. Y. Choi. SNU



Logistic Regression

▪ Logistic response function

𝜋(𝑋1 = 𝑥1, ⋯ , 𝑋𝑝 = 𝑥𝑝) = 𝑝 𝑌 = 1 𝑋1 = 𝑥1, ⋯ , 𝑋𝑝 = 𝑥𝑝 =
exp(𝜃0 + 𝜃1𝑥1 +⋯+ 𝜃𝑝 𝑥𝑝)

1 + exp(𝜃0 + 𝜃1𝑥1 +⋯+ 𝜃𝑝 𝑥𝑝)

1 − 𝜋(𝑋1 = 𝑥1, ⋯ , 𝑋𝑝 = 𝑥𝑝) = 𝑝 𝑌 = 0 𝑋1 = 𝑥1, ⋯ , 𝑋𝑝 = 𝑥𝑝 =
1

1 + exp(𝜃0 + 𝜃1𝑥1 +⋯+ 𝜃𝑝 𝑥𝑝)

𝜋

1 − 𝜋
= exp(𝜃0 + 𝜃1𝑥1 +⋯+ 𝜃𝑝 𝑥𝑝)

𝑓 𝑋1 = 𝑥1, ⋯ , 𝑋𝑝 = 𝑥𝑝 = ln
𝜋

1 − 𝜋
= 𝜃0 + 𝜃1𝑥1 +⋯+ 𝜃𝑝 𝑥𝑝

𝑓 𝑋 = ln
𝜋

1 − 𝜋
= 𝜃0 + 𝜃1𝑋1 +⋯+ 𝜃𝑝 𝑋𝑝
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High-order Regression

▪ High-order polynomial regression model 

𝑌 = 𝜃0 + 𝜃1𝑋 + 𝜃2𝑋
2 +⋯+ 𝜃𝑚𝑋

𝑚 + 𝜖

𝑦𝑖 = 𝜃0 + 𝜃1𝑥𝑖 + 𝜃2𝑥𝑖
2 +⋯+ 𝜃𝑚𝑥𝑖

𝑚 + 𝜖𝑖 , 𝑖 = 1, ∙∙∙, 𝑛.

▪ High-order multivariate regression model 

𝑌 = 𝜃0 + 𝜃1𝑋1 +⋯+ 𝜃𝑝𝑋𝑝 +∙∙∙ +𝜃𝑝+𝑘𝑋1𝑋𝑘 +∙∙∙ +𝜃𝑀𝑋𝑝
𝑚 + 𝜖

𝑦𝑖 = 𝜃0 + 𝜃1𝑥𝑖1 +⋯+ 𝜃𝑝𝑥𝑖𝑝 +∙∙∙ +𝜃𝑝+𝑘𝑥𝑖1𝑥𝑖𝑘 +∙∙∙ +𝜃𝑀𝑥𝑖𝑝
𝑚 + 𝜖𝑖

▪ Matrix-vector form 

Let      𝜃 = [𝜃0 𝜃1 ∙∙∙ 𝜃𝑀]
𝑇,   𝜙𝑖 = [1 𝜙𝑖1 ∙∙∙ 𝜙𝑖𝑀]

𝑇

𝑦 = [𝑦1 𝑦2 ∙∙∙ 𝑦𝑛]
𝑇, 𝜖 = [𝜖1 𝜖2 ∙∙∙ 𝜖𝑛]

𝑇

Then   𝑦𝑖 = 𝜙𝑖
𝑇𝜃 + 𝜖𝑖 , 𝑖 = 1, ∙∙∙, 𝑛.

𝑦 = Φ𝜃 + 𝜖,   Φ = [𝜙1 𝜙2 ∙∙∙ 𝜙𝑛]
𝑇

24
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Basis-function Regression

▪ Matrix-vector form of General Regression

Let      𝜃 = [𝜃0 𝜃1 ∙∙∙ 𝜃𝑀]
𝑇,   𝜙𝑖 = [1 𝜙𝑖1 ∙∙∙ 𝜙𝑖𝑀]

𝑇

𝒚 = [𝑦1 𝑦2 ∙∙∙ 𝑦𝑛]
𝑇, 𝝐 = [𝜖1 𝜖2 ∙∙∙ 𝜖𝑛]

𝑇

Then   𝑦𝑖 = 𝜙𝑖
𝑇𝜃 + 𝜖𝑖 , 𝑖 = 1, ∙∙∙, 𝑛.

𝒚 = Φ𝜃 + 𝝐,   Φ = [𝜙1 𝜙2 ∙∙∙ 𝜙𝑛]
𝑇

▪ Basis for General Regression

− sin, cos basis: 𝜙𝑖𝑚 = sin𝜔𝑚𝑥𝑖 or cos𝜔𝑚𝑥𝑖

− radial basis:     𝜙𝑖𝑚 = exp
− 𝑥𝑖−𝜇𝑚

2

𝜎𝑚
2

− sigmoid basis: 𝜙𝑖𝑚 =
1

1+exp(−𝑤𝑚
𝑇 𝑥𝑖−𝑏𝑚)

or 
exp(𝑤𝑚

𝑇 𝑥𝑖+𝑏𝑚)

1+exp(𝑤𝑚
𝑇 𝑥𝑖+𝑏𝑚)

25
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Parameter Estimation in Matrix form

▪ Least Squares Estimation

𝒚 = Φ𝜃 + 𝝐,    𝝐~𝑁(0, 𝜎2𝐈)

MLE:

መ𝜃 = argmax
𝜃

1

2𝜋𝜎
exp(−

𝝐 2

2𝜎2
)

LSE:

መ𝜃 = argmin
𝜃

𝝐 2 = 𝒚 −Φ𝜃 2 ≅ 𝑆(𝜃)

Solution:  

by 𝛻𝜃𝑆 𝜃 = 0 at መ𝜃.

26
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Parameter Estimation in Matrix form

▪ Least Squares Estimation
መ𝜃 = argmin

𝜃
𝝐 2 = 𝒚 −Φ𝜃 2 ≅ 𝑆(𝜃)

Solution:  

𝛻𝜃𝑆 𝜃 = 0 at መ𝜃

𝛻𝜃 𝒚 − Φ𝜃 𝑇 𝒚 − Φ𝜃 = 0 at መ𝜃

2Φ𝑇 𝒚 − Φ መ𝜃 = 0

Φ𝑇 𝒚 − Φ𝑇Φ መ𝜃 = 0

መ𝜃 = (Φ𝑇Φ)−1 Φ𝑇 𝒚

27
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Interim Summary
▪ linear regression

▪ simple linear regression

▪ multiple linear regression

▪ nonlinear regression

▪ logistic regression

▪ high-order regression

▪ basis-function regression

▪ matrix form for regression

▪ recursive least squares

▪ partial least squares  

▪ over-fitting and underfitting

▪ bias/variance 

▪ principle component regression

▪ partial least squares algorithm

▪ ridge regression

▪ lasso, elastic regression

▪ Gaussian process regression

▪ Kalman filtering
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