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Interim Summary

linear regression

= simple linear regression

=  multiple linear regression
nonlinear regression

= |ogistic regression

= high-order regression

= pasis-function regression
matrix form for regression

» recursive least squares
partial least squares

= over-fitting and underfitting

= bias/variance

= principle component regression

= partial least squares algorithm

" ridge regression

» |asso, elastic regression
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Parameter Estimation in Matrix form

= Least Squares Estimation
0 = argminle]|* = |ly — ®6]]* = S()
6

Solution:
7,S(0) =0at 6

Vo(y — @0)T (y — PO) =0at 6
207 (y — @) = 0
OTy — PTPH =0

6 =(OTP) L dTy
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Parameter Estimation in Matrix form

= |east Squares Estimation
0= (PTP) 1 PTy—y=>0+€, €e~N(0, 0%

=  QObservation Matrix

Oy =[P Py - Pr]" — CD;; Oy = [ P - Pkl

Ye = [y1 Y2 - vil"

= Recursive Least Squares

Y1 (b1 €1 (P11 P12 7 Pip]
l)’:z]z ¢§ 0+ 6:2 D, = ¢g1 (P?z ¢?p
-T e_' . . %e .
Yk oA K Pr1 Prz - Prpd
yi=¢;0+¢
Vi =00+ 0101 + 0, + -+ 0pdip-1) T €
[ = 1'..., k'...,n,...
-
1
T
— \Vk T
¢T
KOS

ék = (¢£¢k)_1q)£J’k - ék+1 = (¢£¢k + ¢k+1¢£+1)_1¢£+1YR+1
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Parameter Estimation in Matrix form

=  Matrix Inversion Lemma

(A+BDC) 1= A1 —A"1B(D"1 + CAB) 1Cc A1

. . TN—1 -1 A_luvTA_l
Sherman-Morrison formula: (4 + uv') ™t = 47" — —
1+v' A~ u

Recursive Least Squares

Orr1 = (PrPr + Pri1Phs1) 1 Phi1Viin
define P, = (dXd,) T,

Ori1= (Pt + Pra1dri) 1Pk 1 Vicin

_ (P _ Pk¢k+1¢£+1pk) Y (no inverse)
K 14¢f,  Prgrsr)  KTLTEHD

T
Prdpri1 Prpr+1Pr+1Pk

define G — P... =P, — =P, —G,pL, P
k 1+¢£+1Pk¢k+1 k+1 k 1+¢£+1Pk¢k+1 k k¢k+1 k

IR
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Parameter Estimation in Matrix form

= Recursive Least Squares (cont.)

T Oy =[P P2 -+ Pi]”
Okr1 = (Pe = GkPier1 Pi)[PF resd] [yk+1] Ye =1 y2 - vl
~ Ty V-1
= (P — G @i s1Pr) (PrYK + Prs1Vic+1) P = (P Pr)
G = Pr®r+1
= (I = Gk Pis1) (Pe®@iYi + Pedrcs1Vi+1) _~ B 14 ¢k 1 PrPlet1

) Pysi =P, — Gl P
= (I - Gk¢£+1)(9k + Pk¢k+13’k+1) k+1 k kPr+1Pk

Ok — Gk 10k + Pedrs1Visr — Grdrr1Pr®rsrVicsn

ék - Gk¢£+1ék + Gk Yi+1 + Gk¢£+1pk¢k+1Yk+1 — Gk¢£+1pk¢k+1Yk+1

Or+1 = Ok + Gi(Vier1 — Pr+10k), Po = al, a > 0.
A A ~ Pr@Pr+
0 — 97’1, k — 1+¢£+1Pk;k+1 Pk+1 — Pk _ Gk¢l’1(1+1pk

[¢)]
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Parameter Estimation in Matrix form

= Weighted Recursive Least Squares

ék+1 = (/1<1>£<I>k + ¢k+1¢£+1)_1q’£+1yk+1

Ors1 = Ok + G (Vi1 — Prs10k), Py =al, a > 0

D

=0,

~ A 'Prdkia
K= 1427 9L, Prbisn

Pes1 = A P = 17 Gepror Pr

Oy = [P1 P2
Y = [V1 Y2

o ]

il

Pp = (@) Pp) !
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Quality of Fit in Matrix form

= Regression model in matrix form
y=®0 +¢€

Estimated parameter

6 =(PTP) 1 dTy =0 + (PTd)"! dTe (Unbiased estimate)
Confidence Interval

E(0)=06, E((6—8)"(0 - 0)) = E€" ®(@T®) ™ (07D) ™" e

—Ee"d0 1o To 1o TdTe = Ee’d Th e
=Tr((®"®) o2 >0 =0+ac

Prediction
Yy =D0 = PO + O(PTD) ! dTe = PO + He,
where H is symmetric and idempotent (H? = H), H® = &.
Hy = H®O + He = PO + He =y

Residual vector : e=y—y=((I—-—MHe

) 8
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Quality of Fit in Matrix form

= Residual vector
e=y—y=~0-He
E(e'e)=E(e"U—-H)(A-He) =E(e" 1 —-H)e)
=Tr(I—-H)E(e"e) =Tr(I — H)o?

here

Tr(I—H) =Tr(I) = Tr(H) = n — Tr(®(PTP) "1 P7)

=n—Tr((®T®) ! &’®d) =n— (p+ 1),p + 1: # of parameters

hence

T
——: unbiased estimate of ¢

E(e'e/(n—p—1)) =0% >

n-p
=  Coefficient of Determination
ele ele/(n—p—1)

2 _ 1 _ 2 _ 1 _
CEITe S T T 50T /- D
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PARTIAL LEAST SQUARES REGRESSION

JIN YOUNG CHOI
ECE, SEOUL NATIONAL UNIVERSITY
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Overfitting and Underfitting

0

Y =0+ 0, X+0,X*>+ -+ 0,X"+¢€

J.Y. Choi. SNU
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Sum-of-Squares Error Function

J.Y. Choi. SNU
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Ot" Order Polynomial

J.Y. Choi. SNU
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15t Order Polynomial

J.Y. Choi. SNU
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39 Order Polynomial

J.Y. Choi. SNU
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9t Order Polynomial

Overfitting

J.Y. Choi. SNU
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Over-fitting

—©— Training
—O— Test

Root-Mean-Square (RMS) Error: Erms =/ E(6%)/n

J.Y. Choi. SNU
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Data Set Size:

1" = 100

9th Order Polynomial

J.Y. Choi. SNU
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Bias and Variance in Parameter Estimation

= Mean Squared Error(MSE) decomposition
MSE(8) = E((0 - 6)?)
E((6-E(0)+E(6)-0)")
P ((9 —£(6))" +2(6 - E(6)) (E(0) - 6) + (E(9) - 9)2>
E(9) —E(8) =0
E(6-E(0)) + zl& (6 - E(8))(E(8) —6) + (E(8) —6)°
— £ (6-E(9)) +(E(8) - 0)’

= Var(é) + Bias(é, 0)2

overfitting underfitting

_ 19
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Bias and Variance in Parameter Estimation

= Mean Squared Error(MSE) decomposition
MSE(8) = E((0 - 6)?)

= Var(é) + Bias(é, 9)2

high

| It is known that the variance becomes high and
:-, \\ the bias low as the model complexity increases .

error

..lll \\ Expected Risk - J —
\1 o _-——--““_’_if__:__(io plexity

variance

Training Error

low|,” - - o

small Complexity of Function Set high

1., Choi. SNU 20 "https://datacadamia.com/data_mining/bias_trade-off



https://datacadamia.com/data_mining/bias_trade-off

Structural Risk Minimization

= For fixed training samples n

hight
How can we find the appropriate complexity ?
Structural Risk Minimization
(O N ) = argerhnln Remp (65 1)
error Il\‘\\ Expected Risk I @
—— I Complexity )
i Pruning (F-test, PCA)
I
i Regularization
T - ridge regression
| .
! Training Error - Lasso regression
low F, . : : - SVM
small Complexity of Function Set high

2. Choi. SNU



Partial Least Squares

= Matrix-vector form for General Regression (Revisit)
Let 0 =1[0) 6, - Oul", ¢i=1[1 i1 diml"
y=[1yv2 ol €e=le1 2 €]

Then y;,=¢/0+¢, i=1, -, n
y=00+e€ P=[p1d, - ¢l

= Matrix-vector form for Multivariate Regression with no-intercept

Yy, =X,0+¢€,i=1, -, n o | Xi=[xip e xp]t 0 =160, - 0,]"
y=X0+e€ X=[xX; = Xp] X; =X{ — i, u=1/n3;x7

= Goal: reduce the input & parameter dimension: p > q
X; = [xj1 * xip]T1 0=1[0, - Hp]T —_— X; = [Xjg - xiq]T’ 0=1[0, - Hq]T

J.Y. Choi. SNU
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Principal Component Regression

a = E"(x; —m)

= Principal Component Analysis for X = [x; X, -+ X,,]
S=Y1 %% =XX", Suyp = Auy, A4y >4, > 4,

» Reduced dim. vector (g < p dim.)

1 T
COV(X, X) = mx X

z;, =U"x;, U=[u;u, - U,]  UT=U" for orthonormal eigenvectors

q %1 p Xq

Z=U"X-7"=X"1,
Z=z,2; - 2,] = U" [x; X5 - Xp]

= Applying LS algorithmtoy = Z70 + €

6 = argmin||e||? = |ly = Z"0||> -0 = (ZZ)'Zy - §=2z"0, z=UTx
o

J.Y. Choi. SNU
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Partial Least Squares

= Nonlinear lterative Partial Least Squares (NIPALS) algorithm

XX"u = lu t := x; for some j
let t=X"u Loop

u =Xt u = Xt/||Xt|
Since [lul:=1 = % IIXt]| t=X"u

A= Xt|| Until t stop changing

_ _ XT = XT — tu! = X(I — uu’)
U=[uu, - uy],z =U0"x

_ _ Repeat the Loop up to a small || Xt
Z=0"X->7" =X"U, Z=[z2,2, — 2,] P pup || Xt]|

= Applying LS algorithmtoy =776 + €

6 = argmin|le||? = [y —Z"0|>? - 0 = (ZZ) 'Zy - $=2z"0, z=U"x
9

J.Y. Choi. SNU 24



Ridge Regression for Regularization

= [, reqularization term is added
6 = argminlly — ®6]1” +y119115 (= 5(6))

= solution:
Vo((y — ®0)" (y — ®0) + y076) =0at §

207 (y — @) +2y0 =0

=@y 1Ty

Orr1 =0k + G (Vi1 — Pra101),

—1
~ A PrPr+s
k — —1 4T
1+4 1¢k+1pk¢k+1

Prir = APy — A Grpri1 P, Py = —71

25/. Choi. SNU



Lasso Regression for Regularization

= LASSO(Least Absolute Shrinkage Selector Operator)

= [, regularization term is added
0 = arg;ninlly — ®0||1* + 161l

= solution: [; norm is not differentiable— constrained convex form
by adding new optimization variables,
6 = argmin|ly — ®6||?> + y1's
6

subjectto 6;|<s;, i=1,-,n

6 = argmin||y — ®0||?> + y1Ts
0

subjectto —s; <0;<s;, i=1,-,n

26/. Choi. SNU



Elastic Regression for Regularization

= Ridge + LASSO
0 = arg;ninlly — 0117 + 410115 + v2ll01ly

= solution: [; norm is not differentiable— constrained convex form
by adding new optimization variables,
0 = argminl|ly — @01 + y,110113 + y,1"s
6

subjectto |6;| <s;, i=1,---,n

0 = argminl|ly — @01 + y,1101l3 + y,1"s
0

subjectto —s; <6;<s;, i=1,"-,n

2. Choi. SNU



Interim Summary

matrix form for regression
» recursive least squares
partial least squares
= over-fitting and underfitting
= Dbias/variance
= principle component regression
= partial least squares algorithm
" ridge regression
» |asso, elastic regression
Gaussian process regression
Kalman filtering

J.Y. Choi. SNU

28



Regression Analysis lli

Jin Young Choi
Seoul National University

J. Y. Choi. SNU



Outline

= (Gaussian process regression
= Kalman filtering
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GAUSSIAN PROCESS REGRESSION

JIN YOUNG CHOI
ECE, SEOUL NATIONAL UNIVERSITY

https://arxiv.org/pdf/2009.10862.pdf
https://github.com/jwangjie/Gaussian-Processes-Regression-Tutorial

http://mlg.eng.cam.ac.uk/tutorials/06/es.pdf
https://www.sciencedirect.com/science/article/abs/pii/S0022249617302158

http://www.gaussianprocess.org/gpml/chapters/RW.pdf
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Gaussian Process Regression

= General regression model (single variable)
y=fx)+e
where e~N (0, 02) and so x, y are Gaussian random variables.
= Goal : to estimate f(x) with uncertainty from observation data D = {(x;,y;)|i = 1,-:-,n}

" x;,Y; are treated as Gaussian random variables.

10.01 10.01

7.5 7.54,~

5.07 n n T 5.01

+ +
2.57 + * + 2.514~7
++

0.0 0.01
-2.51 + =25
—5.0 . - . . . . . . . . . .

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(a) Data point observations (b) Five possible regression functions by GPR

J. Y. Choi. SNU



Gaussian Process Regression

= General regression model (single variable)

y=f(x)+¢
where e~N (0, 62) and so x, y are Gaussian random variables.
= Define
x'=[x1 = x],  y =D v ] =) =[f(x1) - f)I

1 1 x X
POCY) = G a7arsri P [—qu] -y - u)] = N (%)
= conditional probability

leY(xly) = K

1 1 ty—1
exp ——(x—,uX| ) Iy (x—ﬂ)q ) )
(2m)2 /detEXb, ( 2 Y ¥ Y )
where

txly = A(y — py) + px and
Zle — ZX - ACYX' Where AZY - ny.

J. Y. Choi. SNU



Gaussian Process Regression

= General regression model (single variable)
y=fkx)+e
where e~N (0, 02) and so x, y are Gaussian random variables.

= Define
x=[X1 = X,  y=[D1 o Y], £=f@)=[f(1) - fl)]
1 1 L
p(X|Y) = i/2 1/2 exp|— E (X _ uxly) z:x|y (X _ uxly) = N(“x|y: 2:x|y)
(2m)4/2|Zyy|
e R e _
1.5 1 X = f 1(y)
ois— ley * 0'21
_EZ Zx|yij = COV(xi;xj)
—1.0 4 ( (xi_xj) 2)
-1.5 = exp _T
0.0 0.2 0.4 06 ofs- 1.0 0.0 0.2 . 0.4 0.6 . 0.8 1.0 2 RBF kernel
Independent Gaussian Jointly Gaussian

J. Y. Choi. SNU



. ° 4 ---- True function
4 Observed data points
aussian Process Regression , FEEEr,

2 A ‘
1B N \ YAV AR, %

S AR | APV
o T Nl LA \ I ] O XA \ A\

# X v\ Il / \® AN

2

" Gaussian Processes (GP) for multivariate regression
y=fx +e

= define ur(x): = E(f (X)), then we assume [ (x) is distributed as a Gaussian process

f )~ GP(pp(x), k(x,x"))
where k(x,x') = E [(f(x) — ,uf(x)) (f(x’) — ,uf(x’))] called the kernel of GP.

= The kernel is based on assumptions such as smoothness, that is, similar x, x" yields
similar f(x) and f(x"). Thus a popular kernel is

k(x,x') = ofexp (— 1 (x—x)T (x — x’)) ,

2A

where hyperparameters A and afz represents the length-scale and signal (f) variance

to control relation between x and f(X).

J. Y. Choi. SNU 7



Gaussian Process Regression

k(x,x") = Jj:?‘exp(

1 AYE /
—5; & —x)" (x—x)

)

Modeling of prior sampling function of GP

= DenoteX =[X1 - Xyp], yI' =

[V1

Yn], £1i=[f(x1)

fXa)].

Let X, be a matrix containing a new input points X;,i = 1,:--,n. Then define the kernel matrix as

K(X,,X,) =

(k(x1,X7)  k(X1,X3)
k(xz., X7) k(xz,xz)

k(Xn,X1)  k(Xp, X2)

k(X1,Xn)]
k(X2,Xp)

k(Xn, Xn).

=  Choosing the prior mean function ,uf(x) = 0, we can sample values of f at inputs X, from GP as

f.~N(0,K(X,,X,))

which is the prior distribution model without observation data D = {(x;, y;)|i = 1,:--,n}.

J. Y. Choi. SNU




Gaussian Process Regression

Posterior predictions froma GP
= Observationsare D = {(x;,y)li=1,-,n}={Xy},X=[X1 = Xp],y' =[V1 - Wl
* The predictions for new inputs X, by drawing f, from the posterior distribution p(f |D).
A joint Gaussian distribution of y and f, Let X, follows
y KX, X) + 2l KX X,)
~N 0, )
f. K(X,,X) K(X.,X,)
where ¢ is the assumed noise level of the observations.

* The conditional distribution p(f,|X,y, X,) can be derived to a multivariate normal distribution with
mean

KX.,X)[KX, X) + oZ1] "y
and variance

KX., X.) — KX., X)[KX X) + 1] KX, X.)

J. Y. Choi. SNU



Gaussian Process Regression

Posterior predictions from a GP

= The mean function of the G can be given as
ur(x) = Kx,X)[KX, X) + 021 1y

and covariance function as

cov(x,x") = k(x,x") — K& X)[KX X) + ¢2I] 1K(X, x")

K X) =[k(x,x1) k(xXx5)

KX, x) =

-k(xl' X)-

k(XZJ X)

LK (Xn, X))

k(X Xp)]

15

-+ Observed data points
- Estimated mean function

0.0 0.2

0.4

0.6 0.8 1.0

J. Y. Choi. SNU
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Gaussian Process Regression

" The effect of the hyperparameters A and afz of the kernel

1

k(x,x') = ofexp (— o7 (= x)T (x - x')) ~E|(f00 —ur(0) (F&) — 1))

A : length-scale, afz : signal (f) variance to control relation between x and f (X).

6
6
125
4 10.0 4 - + +
2 7.5 +
2
5.0
0 +
25 0
—? 0.0
-4 -25 + =2 +
0.0 0.2 04 06 08 10 0.0 0.2 0.4 0.6 0.8 10 0.0 02 04 0.6 0.8
Small A Medium A Large A
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Gaussian Process Regression

y KX X) + 021 KX X.)
[f*] ~N (0’\ K(X,X) K(X,X,) )

» The optimized hyperparameters A and sz

k(x,x") = ofexp (—i (x—x)T (x - x’))

A sz = max log p(y|X) 22
A, of
1 T 2111 1 2 n
logp(y|X) = —3Y KX, X) + o1 'y — Elog det|[K(X, X) + o£1] — Elog 21
15{ -+ Observed data points
—— Estimated mean function

o; = 0.0067

A =0.0967
———

-2 +
0.0 0.2 04 0.6 0.8 1.0 —101

0.0 0.2 0.4 0.6 0.8 1.0

J.Y. Choi. SNU 12



KALMAN FILTER

JIN YOUNG CHOI
ECE, SEOUL NATIONAL UNIVERSITY

https://www.cse.sc.edu/~terejanu/files/tutorialKF.pdf
https://aircconline.com/ijcses/V8N1/8117ijcses01.pdf

J. Y. Choi. SNU 13
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Outline

=  Kalman Filter

Stochastic time-variant linear system

Derivation of Kalman filter

Kalman Filtering example

Extended Kalman filter

J. Y. Choi. SNU
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Dynamic process

= Stochastic time-variant linear system

Xp = ApaXp1 +Bp_qup_ +wir_g

zZ, = Hkxk+vk

control input uy

initial state x

o = Exo)

Py = E[(x¢ — o) (X0 — 110)"]

= Model uncertainty, measurement noise
Elwi] =0  Elwiw;] =Qy
E[Vk] =0 E[vkvﬂ = Rk
E[wkv?] = (0 for all k£ and j

E[wkwﬂ =0 for k#j
E[vkvﬂ =0 for k#j

E[wixg] =0 for all k
E[vixy] =0 for all &

J. Y. Choi. SNU
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Dynamic process

= Dimension and description of variables:

X = ApXp—1+Br_jugp_1 +wi_g
z, = Hpxp + vy
=  Problem:

How to optimally estimate state x;, from
observations {z,Z,, :*,Z; } and

{ulr Uz, -, uk}?

n x 1 — State vector

[ x1 — Input/control vector

n x 1 — Process noise vector

m x 1 — Observation vector

m x 1 — Measurement noise vector

nxmn — State transition matrix

n x [ — Input/control matrix

m x n — Observation matrix

n Xxn — Process noise covariance matrix
m X m — Measurement noise covariance matrix

J. Y. Choi. SNU
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Kalman Filter

= |nitial optimal estimate and error covariance

x5 = o= E[xq
Py E[(xo — x§)(x0 — x§)" ]

=  Optimal estimate

x¢_| = Exp_1|Zg_1]

w
T
Il

El(xp—1 — x¢_;)(xp—1 —x¢_1)]
=  Prediction

xfi = E[Xﬂzk—ll
= E[Ap 1xp 1 +Brjup_q +wi_1|Zg 4]
= Ap1xp_ +Brojup

J. Y. Choi. SNU
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Kalman Filter

Ap 1xp 1 +Brjup_1 +wi_g
Hxj + vy

X =

Prediction error 7, =
eﬁ = X — xﬁ ;

= Ap1(Xp—1 —Xj 1) F Wi X, =

= Ap_1€p_1 + Wi

Prediction error covariance

P}

Elef(ef)"]

= E[(Ag_1€5-1+ Wi—1)(Ap_1€5_1 + Wi_1)"]
Ay 1E[eg_1(ep—1)"]AL_ + Q4

= Ap1Pr1AL +Qp

Apoixp_ +Brojugy

J. Y. Choi. SNU
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Kalman Filter

Update of optimal estimate
X7 = E[xp|Z

= Exp|Zk—1] + Elxg|zg]

i
(= X})
Innovation (new information)

ZJ, —Hk:}:f; = Fx|z] = Kp(z) — Hkxf;) K, is Kalman Gain

Optimal estimate in k step

Xy = xf: + K (2 — Hkxf;)

= (I — Kka)Xﬁ + K;gzk

Xk

Ap 1xp 1 +Brjup_1 +wi_g

Z}, Hxj + vy
-
P{ Ak—]Pk—lAk—l + Q.f.t—l
xy 1
N,

J. Y. Choi. SNU
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Kalman Filter

X = Ap1Xg-1+Brojug 1 +wr
= Optimal estimate in k step

zr = Hixp + vi

Xy = x’;: + Ki(zp — Hkxf;)

— (I-KHy)x! + Kz,
*  Find Kalman gain to minimize prediction error covariance tr(P,) Py = E[ek e,f], e, = X — Xy

otr(P T T —
% - 0 = K, = P/HI(HP/H!+R,)"
= Kalman Filter K
xi = Ap_xp_1 +Briup—1

Pi = AP AL +Qpy

Xp = xf;—l—Kk(zk—Hkxi)
K, = P/H]HP/H] +R;)"!
P, = (I-KH,)P]

J. Y. Choi. SNU 20



Kalman Filter

Xp = Ap1Xp-1+ Briug_1 +wi
* The block diagram for Kalman Filter 7, = Hpx,+ vi
Wi 1 Vk
e (O
w1 ¥ Xk + 'lr+l Zk
i J |
|
!
: A 5oL T | x] = Ap1xt_; + Broiup
~ 7 Dynamics and Observation Model | “
’ 2 Xy = xf; + Ky (z — Hkxﬁ)
Kalman Filter
- -
/ yH f T
X, — ¥ _
: JB - NP | P; Ap 1 Pr1Aj_ + Qi
| T I Innjovhtion K, = Png(HkP,{Hg + Ry
| A € T + K I / f i g
| k—1 3{?_] X?; f; g Pk: = (I — Kka)Pk_ ;

J. Y. Choi. SNU 21



Linear Kalman Filtering Example

= Particle dynamics with the object acceleration of gravity

h(t)=—-g

where h is the height of the object in meters, g is gravity (g = 9.80665 m/s?).

= Discretization

Letting t = kAt,

Jii(r):)‘fz(;t)—iir—ﬂ;r):_g

h(t)=h(t-At)-gAt

h(r):h(r—ﬂ;r)+}i(t—f_’u)—%g(Ar)2

h(t) = h(kAt) = h,
h(t—Ar)=h(kAt—At)=h(At(k-1))=h,_,

J. Y. Choi. SNU
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Linear Kalman Filtering Example

= Discrete Dynamics

Q - 71 O
Process Noise Covariance Matrix k=1 — 0
=F +G d>
X =X k101
Measurement Noise Covariance R, =4
Matrix
Vi = Hi Xpe + Vi -  _[100
True Initial State Vector 0~ 0
1 At [ 1 A 2_ ~ _1 05_
F = G = __( t) Assumed Initial State Vector Xp =
k-1 — ’ k-1 — 2 L 0 .
0 1 _As
L - » 10 O
_ Assumed Initial State Error P, =
u.,=8 Covariance Matrix 0 0.01
: Ar =0.001
y, =h +v, Hk — [1 0] Time Increment
J. Y. Choi. SNU 23



Linear Kalman Filtering Example

791 =0,q; =

Errors btw true and estimated states

True and estimated states
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Extended Kalman Filter

=  Nonlinear system

x, =f (xk—la u, ) TW,

Y. =h(xk)+vk

2
off , _oh
k—l_&xa k_axxf
k-1 k
2

X£ = f(Xk—1, Ug—1)

Pé = AP A+ Q.

Xy = xjkc—I—K;c(zk—Hkxﬁ)
K, = P/H](H,P/H] +R;)"!
P, = (I-K.H,)P!

Xk

Zj;

A 1Xp—1+Brjupq +wp_q
Hkxk + Vi

Ap_1xp_1 + Br1ug—1
A1 PrAl L +Qp

Xi -+ Kk(zk — Hkxi)
P/H! (H,P[H] + R;)!
(I - K H,)P!
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Summary

linear regression

= simple linear regression

=  multiple linear regression
nonlinear regression

= |ogistic regression

= high-order regression

= pasis-function regression
matrix form for regression

» recursive least squares
partial least squares

= over-fitting and underfitting

= Dbias/variance

= principle component regression

= partial least squares algorithm

" ridge regression

» |asso, elastic regression
Gaussian process regression
Kalman filtering
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