
Hidden Markov Models  

Wha Sook Jeon 
Mobile Computing & Communications Lab. 



1 

HMM Basics 





2 

HMM Assumptions 

        : the hidden state and the observation at time t 
 Markov assumption 

−   

 Time-homogeneous assumption 
−   

 Observation independence assumption  
−   

 
 

 Joint Probability distribution   
 

tt oq ,

)|(),,,|( 1011 iqjqPnqlqiqjqP ttttt ======= +−+ 

)|()|( 11 iqjqPiqjqPp mmttij ====== ++

),|(),,,|,,( 12121 λλ tt
T
tTT qoPqqqoooP Π ==

)|()|(),( 11 tttt
T
t qoPqqPOQP −=Π=



3 

Fundamental Problems in HMM 
 Evaluation problem (likelihood computation) 

− Given                      and an observation sequence 
       how do we efficiently compute                ?   

 

 Decoding problem 
− Given                     , what is the most likely sequence of hidden 

states that could have generated a given observation sequence? 
−   

 
 Learning problem        

− Given an observation sequence, find the parameters of the HMM 
that maximize the probability of a given observation sequence     

−                                                          
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Solution Methods 

 Evaluation problem 
− Forward algorithm 
− Backward algorithm 

 

 Decoding problem 
− Viterbi algorithm  

 

 Learning problem 
− Baum-Welch algorithm (Backward-Forward algorithm) 
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Evaluation Problem (1) 
   

 

 

 

 
 

 Forward Algorithm 
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Forward Algorithm 
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Evaluation Problem (2) 
 Forward Algorithm 

1. Initialization 

 
 

2. Induction 
 
 

3. Set t = t+1. If  t < T, go to step 2; otherwise go to step 4 
 

4. Termination 
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Evaluation Problem (3) 
 Backward Algorithm 

−   

 

 

 
 

1. Initialization: 
2. Induction: 
3. Set t = t-1. If t > 0, go to step 2; otherwise, go to step 4 
4. Termination:  

 

NiiT ≤≤= 1        1)(β

ijttj
N
j

tttTttjSj

ttTtttSj

ttTttSj

tTttt

pjo

iqjqPjqooPo

iqjqooPjqoP

iqjqoooP
iqoooPi

)()(          

)|()|,,()(          

)|,,,()|(         

)|,,,,(         
)|,,,()(

111

1121

1211

121

21

++=

++++∈

++++∈

+++∈

++

∑
∑
∑
∑

=

====

====

===
==

βφ

φ

β









11,1       )()()( 111 ≥≥−≤≤= ++=∑ tTNijopi ttjij
N
jt βφβ

)()()|( 111
oiOP ii

N

i
φπβλ ∑ =

=



9 

Backward Algorithm 
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Example: Forward Algorithm (1) 

   

 

 

 

 

 

 

 

    
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Example: Forward Algorithm (2) 
   

  

   
−   

  

 
 

−    

 

−   

−   

   
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Decoding Problem  



Nioi ii ≤≤= 1          )( )( 11 φπα
1 

2 

j 

N 

i 
αt+1(i) 

ot+1 



13 

Learning Problem 
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   
 There is no known method to analytically obtain     that maximizes 
 Baum-Welch Algorithm 

− Iterative algorithm for choosing the model parameters in such a way 
that              is locally maximized.   

− A special case of the Expectation Maximization method 

■   

 
              ⇒ 

 

■                                                                  ⇒  

 
■ We need 
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Baum-Welch algorithm (1) 
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Baum-Welch algorithm (2) 

   

 
 

  

   

 
    

∑∑∑ = +=

+

=

+

+

+

+

+
=

+
=

==
=

===

N
j tjijt

N
i

tjijt
N
i tt

tjijt

tt

ttt

jtpi

jtpi

ii

jtpi
OP

OjqiqP
OjqiqPji

1 11

1

1

1

1

1

)()1()(

)()1()(

)()(

)()1()(
            

)(
),,(            

)|,(),(

βφα

βφα

βα

βφα

ξ

∑
∑

∑
∑

−
=

−
=

−
=

−
= + =

=

==
= 1

0

1
0

1
0

1
0 1

)(

),(

)|(

)|,(
T
t t

T
t t

T
t t

T
t tt

ij
i

ji

OiqP

OjqiqP
p

γ

ξ



16 

Baum-Welch algorithm (3) 
 Forward-backward algorithm  
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Baum-Welch algorithm (4) 


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