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Unit 2. Plasmas as Fluids
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Chapter 2

Particle drifts in uniform fields

Many plasmas are immersed in externally imposed magnetic and/or electric
fields. All plasmas have the potential to generate their own electromagnetic
fields as well. Thus, as a first step towards understanding plasma dynamics,
in this Chapter we begin by considering the behavior of charged plasmas in
uniform fields, thus constructing the most fundamental aspects of a magnetized
plasma. We also carefully introduce some of the mathematical formalisms that
we will use throughout the book.



2.1 GYRO-MOTION

In the presence of a uniform magnetic field, the equation of motion of a charged
particle is given by
mv=gv x B (2.1)

where g is the (signed) charge of the particle. Taking  to be the direction of B
(Le. B = BZ or we sometimes say b= B/B which, in this case, is the same as
%), we have

Uy =gu,B/m (2.2}
vy = —qu,B/m (2.3)
b, = 0. (2.4)

For a specific trajectory, we also need initial conditions at t = (: these we take
tobe x =x;, ¥y = ¥, 2 = i, Ur = Ui, Uy = Uy, U = vy, If we take the time
derivative of both sides of equation (2.2), we can use equation (2.3) to substitute

for vy, and obtain
d*v, BY? _
e
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If we define w, = |g|B/m, it is clear that the solution of this equation is
vy = Acos(w.l) + Bsin(wl) (2.6)

where A and B are integration constants. Evidently w, called the ‘cyclotron
frequency’ (also sometimes called the ‘Larmor frequency’ or the ‘gyro-
frequency’), 15 going to prove to be a very important quantity in a magnetized
plasma. It is convenient to use complex-variable notation, and rewrite
equation (2.6) as

v, = Re[Aexp(iw.t}] — Re[Biexp(iw.r)]
= Re [(A — iB)expliw.t)] = Re {[vLexp(i8)] explicwct)]
= Re [v, exp(iw.! + i8)] (2.7)
where Re indicates the real part of the subsequent expression, v, is an absolute
speed perpendicular to B, and 8 is a phase angle. The quantities v; and & have
become our new integration constants. (We will now drop the Re in this notation,

since it is clear that we are dealing with real quantities.) In this formulation, v
and & are chosen to match the initial velocity conditions. Equation (2.2) gives

vy = i{|gl/g)v expliw.t + 18) = *iv) expliws + 15) (2.8)

where + evidently indicates the sign of g. From the initial conditions, we now
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vy = i{|g|/g)v exp(iw.t + 18) = xiv) exp(iw.t + 18} (2.8)

where + evidently indicates the sign of g. From the initial conditions, we now
can say that vy = (v}, + v};)'/* and § = Ftan~' (v vy), where the upper
sign is for positive g. Note that v, and v, are 90° out of phase, so we have
circular motion in the plane perpendicular to B. Equation (2.4) indicates that
v, is a constant, and so the motion constitutes a helix along B. If we integrate
equations (2.4), (2.7) and (2.8) in time, we obtain

x =x; — vy /wexpliwet + id) — exp(id}]
v=y; £ (v fw)expliw.t +18) — exp(id)] (2.9)
I =IiTuyl

where the integration constants have been chosen to match the initial position
conditions,

Clearly, then, another fundamental quantity in a magnetized plasma is the
length rp = (v /wc), called the "Larmor radius’ or ‘gyro-radius’. This is the
radius of the helix described by the particle as it travels along the magnetic
field line. |Figure 2.1 |shows an electron and a proton gyro-orbit, drawn more
or less to scale, for equal particle energies W = mu? /2. The ratio of the two
gyro-radii is the square-root of the ratio of the proton mass to the electron mass,
/1837 = 43. Note that v, is proportional to (W/m)'?, and w, is proportional
to 1/m, so ry is proportional to (mW)'/2,
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Figure 2.1. lon and electron gyro-motion in a magnetic field. For fixed energy, the ion's
gyro-orbit is much larger than the electron’s. ‘X" indicates that the magnetic field faces
into the page.

The centers of the gyro-orbits are referred to as their ‘guiding centers’,
or ‘gyro-centers’, and give a measure of a particle’s average location during
a gyro-orbit. Averaging equation (2.9) over a gyro-period, the guiding-center
position for the particular initial values considered here is seen to be given by

Xee = X + i{UJ_.-"'W-.-.}E?"-P[H} ¥Yee = Vi F E:U_;_,."'m{JEEPI:IIE} (2.10)
s0 that the particle’s position described in terms of its guiding-center position is
given by

X = Xpe — (v fwwo)expliowt + id)
¥ = ¥ (v, fwe)explim:t + i) (2.11)
I=1Ig =14 t+uut
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X = Xpe — 1V few.)explicw .t + 15)
¥ = ¥pe £ (v, S )explim:t + 18) (2.11)
I =2 =1 +uyl

Thus we can think of particle gyro-centers as sliding along magnetic field lines,
like beads on a wire. Note that electrons and jons rotate around the field lines in
opposite directions, with the upper sign giving the phase for positively charged
particles. If you point your two thumbs along the direction of the magnetic field,
the fingers of your left hand curl in the direction of rotation of positively charged
ions, while those of your right hand do the same for electrons. These directions
of rotation are both such that the tiny perturbation of the magnetic field inside
the particle orbits, due to the current represented by the particle motion, acts to
reduce the ambient magnetic field. High-pressure plasmas reduce the externally
imposed magnetic field through the superposition of this ‘diamagnetic’ effect
from a high density of energetic particles.
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Figure 2.2. Electron E x B drift motion. The half-orbit on the left-hand side is larger
than that on the right, because the electron has gained energy from the electric field. The
dot indicates that the magnetic field faces out of the page.
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Figure 3.1. lon VB drift motion. The combined effect of smaller gyro-orbits on the
high-field side and larger gyro-orbits on the low-field side produces a net leftward drift
of the guiding center. The dot indicates that the magnetic field faces out of the page.
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Take b =26,
Then vy = v;6.
Fig. 3.2.
* For cylindrical geometry in Fig 3.2, ”%%E = -7/
Its generalization of any curved B : %B = K R where

R : radius of curvature





