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Birth and Death Process (1)

« Birth and death process is a special case of continuous time Markov chain.
o Definition
— For arandom process {N(t)},1let qp,,(h) :==Pr{N(t + h) =n| N(t) =m},
— Arandom process {N(t)}is a birth and death process
Qm,m+1(h) = A(m)h + o(h)
. o qmm-1(h) = p(m)h + o(h)
TILsalisties € g, m(h) = 1= (A0m) + u(m))h + o(h)

— _ (oM _
Gmn(h) = o(h) forlm—n|>1, where ’111%( . )_o

h A(m)

. t+h
<
time o 0‘@ A(m) : birth rate
m+1

State: N(t u(m) : death rate
( ) " {mni 1 p(m+1)




Birth and Death Process (2)

e Weneed m, = Lh_)rg Pr{N(t) =n}, Vn
1, . steady state distribution (an ensemble average).
— Forn>1
Pr{N(t + h) = n}
=Pr{N(t) = n} Pr{N(t + h) = n|N(t) = n}
+Pr{N(t) = n—1}Pr{N(t+ h) = n|N(t) =n—1}
+Pr{N(t) = n+ 1} Pr{N(t + h) = n|N(t) =n+ 1}
+ Ymes\inn—1n+13 PHEN (&) = m}Pr{N(t + h) = n | N(¢) = m}-
— Let P,(t) = Pr{N(t) = n}. gun(h) =Pr{N({+h) =n|N() =m]}
Po(t + 1) = Py(t) - qnn(h) + Py (0) - qu1n(R)

+Pn+1(t) ) Qn+1,n(h) + ZmES\{n,n—l,n+1} Pm(t) ) Qm,n(h) 5



Birth and Death Process (3)

— According to the definition of birth and death process,

P.(t + h) = B,(®){1 = (A(n) + u(m))h + o(h)}
+ P,_1(t){A(n — 1)h + o(h)}
+ Py (D{u(n + Dh + o(h)}
+ ZmES\{n,n—l,n+1} By (t) - o(h)

Pn(t + h) _ Pn(t) = —/1(71) Pn(t)h - .u(n) Pn(t)b
+P,_,(t) A(n— Dh
+ Ppya () p(n + Dh

+ O(h){Pn (t) + Pn—l(t) + Pn+1(t) + ZmES\{n,n—l,n+1} P (t)}



Birth and Death Process (4)

— Since lim(

Pn(t+h)—Pn(t))
h—0

Qi im (2D —
” = 0 in steady state and hm( - )— 0,

h-0

}lli_r)r(l) (Pn(t+hz—Pn(t))

= —A(n) By(t) — pu(n) By(t) + Pr_y(t) A(n — 1) + Ppyqy (O) u(n + 1)

. o(h)
+ }ll_r)r(l) (T) ZmES Py (t)
=0

A) B(®) + u(m) B(®) = Ppoa (@ A(n = 1) + Ppyr(O) p(n + 1)

lim (A(n) Po(®) + () Po(6)) = lim (Pa-1 () A1 = 1) + Poys (8) u(n + 1)

A(n) tlim B,(t) + u(n) tlim B,(t)=A(n—1) tlim P,_i(t)+un+1) gim P,.(t)
— Since ,, = L]im B, (1),

An) my+un) my=An—-1) m,,_1+un+1)m,,,, forn=1 ..(1)



Birth and Death Process (5)

— Whenn =0,
Po(t + h) = Py(6){1 — (2(0) + u(0))h + o(R)} + Py (&) {u(D)h + o(R)} + o(h).

}lliircl) (Pn(t-l-h}z_Pn(t))

= —A(0)Py() — p(0)Po(8) + u(1)Py(t) = 0.

Thus, A(0) my = u(1) my (- u(0) =0) .. (2)
— From (1)and (2),

An) my, =un+ 1) mypyy, n=0

U
— State transition rate diagram
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Birth and Death Process (6)

— State transition rate diagram

A0) A1) A2) A3)

ONIN OSSO Sl O Sl O
u(1) ©(2) 1(3) 1(4)

A(0) mo = pu(1) my
A1) my = p(2) m,

x ) Aln - 1) Ty = u(n) mn

A1) - A(n — D,
= u(1) u(2) - uln) Ty

_ n-1_A®M)
= m, =1y, D) n=1



Birth and Death Process (7)

— We need m,.
All the state probabilities can be expressed in terms of

n—-1 A(l)
o llizo ey M2 1
By using Yo— o, = 1,

n—1 A(l)

Mo + Xin=1Tn = To + o Xn=1[lizo u(i+1)




Little’s Law (1)

e Assingle queueing system can be described as follows:

— Customers arrive for a service, wait if the service cannot start immediately, and
leave after being served.

System {N(t)}

Server
Arrivals {A(t)} Queue Departures {D(t)}

& ooc >

— A(t) : the total number of arrivals until time ¢

— D(t) : the total number of departures until time ¢t

— N(t) : the total number of customers in the system at time t
— N(t) = A(t) — D(t)



Little’s Law (2)

Number of &4

customer - | A(t) \
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t, : the n-th arrival time, t',,:the m-th departure time



Little’s Law (3)

Number of &
customer 7 | A(t)—\‘

Y

Time

o = N w ESN o1 »
1 1 1 1 1 1
1 1 1 1 1 1

— N: the mean number of the customers in the system (the long-term average)

N = T%Tj N(t)dt
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Little’s Law (4)
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— Sojourn time of the customer i in the system: t; — t'; = d;

. M M
jo N(t)dt :;(ti_ti) :;di

where M is the total number of arrivals during T

11



Little’s Law (5)

N = lim = fN(t)dt—hm Z

T—oo T

— When A is a customer arrival rate, the total number of arrived

customers during time period T is M =TA

1
—=£, T >0 =>M —> o
T M

N = lim %!, d; = lim 1 23 d

T—ooo T

—/'lllm Zl 1dl %,/ D

M—>oo

« D: I\/Iean sojourn time of a customer in the system

= N=A1D
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Little’s Law (6)

e Insummary

D
W S
A
—> Server >
arrivals - departures
Q u
N

: the mean number of jobs in system
. the mean waiting time in queue

: the mean service time

. the mean sojourn time in system

: the mean number of jobs in queue
: the mean arrival rate

. the mean number of jobs in server
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Little’s Law (7)

e The system can be viewed from several regions

D
W S
A 1A 1
> Server
arrival u departure
Q
region Il region I11

region
— Fromregion | : AD =N
e N=Q+pu
e D=W+S
— From region Il : AW=Q
— From region Il : AS= u



Exercise: BD Process

Suppose that a one-celled organism can be in one of two states-either A or B.
An individual in state A will change to state B at an exponential rate a

An individual in state B divides into two new individuals of type A at an
exponential rate 3 .

Define an appropriate continuous-time Markov chain for a population of such
organisms and determine the appropriate parameters for this model.

System state: (n, m) where n (m) is the number of state A (B) individuals.
The state (0,0) is not defined.
I is an indicator whose value is 1 if the condition is true; otherwise, 1.= 0.
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