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Kendall’s Notation (1)

e One way to describe gueuing system

4 )
PopSuiIZa;tion > Server
/ /< - /
\
» Arrival * Queue size * Number of servers
process * Queuing discipline ¢ Service time distribution

Queuing System



Kendall’s Notation (2)

Arrival [ Service time [ Number [ Size of [ Size of CO{_ueum
process/ distribution/of servers/ queue [population/ discipline
\ )

Y
mandatory

— Aurrival process/service time distribution

- M: Poisson arrivals or exponential service time distribution

« Ey: k-stage Erlang distribution

« D: deterministic distribution

« G: general distribution (GI - general & independent arrival)
— Size of queue (including jobs in the server): co (default)
— Size of population: co (default)
— Queuing discipline

« FCFS (default)

- LCFS

« RS (random selection)

« PR (priority): preemptive or non-preemptive



Kendall’s Notation (3)

— Kendall’s notation is only for continuous time stochastic
process

— Examples of Kendall’s notation
- M/M/1
- M/G/1
« Ex/M/1
« M/M/c/c : (no queueing)
« M/M/c/K: K is typically larger than c
¢ M/M/c0 : no waiting
« M/G/0
- GI/M/1



M/M/1 (1)

— Poisson arrival process (exponentially distributed inter-arrival time)
— exponentially distributed service time
— One server

» A special case of Birth & Death process

— Birth & Death process with fixed arrival rate A and fixed service rate u,
which are independent of system state

» Stochastic process representation of M/M/1.
— {N(t), t=0}

« N(t) is a random variable that represents the number of jobs in the
system at time t



M/M/1 (2)

 Derivation of state probability distribution
Let ,(t) = Pr{N(t)=n}
Since M/M/1 is a birth and death process,

Po(t + h) = Py(6)(1 — AR)+Py (t)ph
P,(t+h)=P,_i(t)Ah + P, (t)uh + B,(t)(1 — Ah — uh), forn=>1

lim RO 2 i) = ap ) 4 uP() ()
P,(t + h) — P,(t
tim PEED 2B ) 2 2P (6 4 1Pasa () = 2P 0) = uPa(®

forn>1 - (2)



M/M/1 (3)

— In steady state, since B,(t) = 0, B,(t) = B,
— From (1) and (2),
—APy +uP; =0
AP,_4 + uPyyq — AP, — ubP, =0, forn=1

=  AB, = uP,y;, forn=0 -+ (3)

— From (3), state transition rate diagram is

A //1\@{/_1\ A A

u u



M/M/1 (4)

— From the state rate transition diagram
APy = Py
APy = P,

X APn_q = uby
AMPPy Py oy = P PPy Py Py = APy = u"PB,

— Letp = % For stable system, A<u (p < 1)

- P, =p"P

— Since Ym—o Py =1
Po=1—p from P(1+p+p?+p3+-)=1
« P,: the probability that the server is idle
« p . the probability that the server is busy

— Pp=p"(1-p)



M/M/1 (5)

e Performance Measures

— N: the mean number of jobs in the system
« N=37onh =Xz onp"(1—p) = (1 —p) Xr_onp™

p - 0o n _ p
— (since )., _qgnp™ =
( n=0npP (l—p)z

1=p
— M: the mean number of jobs in the server
+ M=1p+0(1-p)=p

— @: the mean number of jobs in the queue
» Q=X7-1(n— DB, = X3o(n — Dp™(1 - p)

p2

1=p

=p(1—p)Yn—onp™=

By Little’ =N — p= bty = P
- By Little’s Law, Q = N P=1, P = 1=

p



M/M/1 (6)

— T: the mean sojourn time of a job in the system
+ T=Yp0(n+ 1)ipn = i(Z?{’:onPn + 2n=0Pu)

= (5+) =15

« By Little’s Law, T =

1 _ 1 p

. . = 1
mean service time: § = ;

W)
|

By Little’s Law, W = T —



M/M/1 (7)

— Throughput:
« Mean departure rate: A= 0 Py + (1 — Py)u = pu = A : arrival rate

— Sever utilization: p

« Server busy probability
« Mean number of jobs in the server
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M/M/oo (1)

— arrival rate: A(n) = 1
— load dependent service rate: u(n) = nu
e State transition rate diagram
A A A A A

o B H

u 2p 3u np  (n+1u
APy = upby

/1P1=2,UP2

X APTL—l - Tl/,tPn
AMPPy - Py =l p PPy Py Py

= B, = %p"PO, where p = %



M/M/oo (2)

Since Yp-o P, = 1,

P> =1 = py=e”

n!
_ p _ pdf of Poisson
P, = ;e p / distribution

Performance Measures M/G/oo (:AE[ o
S
— Mean number of jobs in system B, = m e~E[S]
N = Z;’{;On%e_p = pe~F Z?:o% =p

« When using Little’s Law, N =T x 1 = i XA=p

— System utilization: 1 — Py =1 —¢e7°

. — 1
— Mean response time: T = p

— Throughput: A=0 Py+Y.>_, nu B,
pn—l

— 00 p — 0
= Xn=1 M e P e ™ Yoy s = e =4




M/M/L/K (1)

— Arrivalrate A(n) =4, forn<K

— Servicerate u(n) = u, forn<K

— One server

— The number of jobs in system: at maximum K

K: fixed total number of jobs

é (
N ‘ Service} i ‘ Service
rate: A J i rate: u
\_ .

M/M/1 M/M/1




M/M/L/K (2)

» A state transition rate diagram

A A A
U K U
APy = puPy
APy = P,




M/M/1/K (3)

e Since¥X_,P, =1
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M/MIL/K (4)

Performance Measures

Probability that an arriving job is blocked: P

Throughput: A
« Arrival rate: A =A(1 — Pg)
« Departure rate: A = (1-Py)u

The number of jobs in server: N,
- Server busy probability: Ny= 1-P,

- By Little’s law: N = arrival rate xservice time of a job = A%
The number of jobs in system: N

- N=Xr_onh,
Mean response time: T

« By Little’s law: T = N/A

16



M/M/m (1)

o State transition rate diagram

v--

(m—1Dpu

e If n<m
APy = pPy
AP1=2‘UP2

X APy = nuhb,
AnPO P1P2 ---Pn—l = n!,unP1P2P3 PTL

n | yn 1 n
= APy =nlu"P, .-.Pn=—(—) Py, (n<m)



M/M/m (2)

e If n>m,

ABp = MpPpiq
APmy1 = MUPpy o
APz = MUPpy 43

X AP,_1 =muP,
AT P Pmi1Pmaz o Pnor = (M) " Pt 1 P2 Pas - Po

= AP, = (mu)""™P,

A (L)n_mi (&)m Py forn>m

mu m! \u

18



M/M/m (3)

e Since ) —oP,=1

1= 2 2 () Pt e () ()" Ry

- mafsd () + 20 52 ()

=n (o () + (D) )

1
0= m m
2o (i) i) ()

« Erlang’s C formula

— The probability that an arriving customer enters the queue

_ o 1 (A" mp-2
Pr{queuing} = ».7, P, = E(;) m:m Py

19



M/M/m (4)

e Performance Measures

— The number of jobs in server: p
- By Little’s law: p = arrival rate X mean service time of a job = A%

< o= Tpens(2) Po+ B3 merm (== )(n m)ﬁ(ﬁ)m%
PO{Z;"nﬂ(n—ln'( ) (m 1)'(u) Z" 1( ) }

4
U
= P"{Zkol%(%) o (g) (ml /1)}
4
U

PO{Zwol() (ml)(%) (mul) m!()}

: @— B )

— The number of jobs insystem: N=Y>_,np,

2 (n-m) 1 3

¢ N:Z;ln=0n%(;) P0+ Zn m"'ln(mu) _(_)mPO

m! \u

=r (o 2O i () ey (14 5]




M/M/m (5)

Performance Measures

— Mean response time: T = N/A
— Throughput: A
« Arrival rate: 4
« Departure rate:
A=0Py+Xpe1 N By e M Py

= Yn=1 nﬂ%(g)n Py + Yon=m+1 m,u(

A

i (SRR ot S (L

=pu=A41

L)
mu

A

21



M/M/m/m (1)

 State transition rate diagram

A A 1 A |
() & () (=
H 2u 3u (m—1)u mu
e n=0,1,2,.., m
APy = pPy

AP1=2‘UP2

X APn_1=n,uPn
/1nP0 P1P2 ---Pn—l = n!,unP1P2P3 PTL

= APy, =nlu*pP, B L (&)n P,

22



M/M/m/m (2)

Since Y7L, P, =1

1N\, _ _ 1
?{L:oa(;) Pp=1 = Py= — 1(&)"
n=0 ni\u
Erlang’s B formula
— Probability that an arriving customer is blocked: Erlang’s loss formula

i)

P,=—= —
1/A

o i)

Performance Measures

— Throughput: A((1- B,,)

?onul(ﬁ) Py = v Zm 11(%)11})0 = M1-By)

— The number of jobs in server (system) : A(1- B,,) i

mon=(2) P=25md 2 (2) Py = 21 B

23



MY/M/1 (1)

e Compound Poisson arrival process (CPP): Batch (Bulk) arrival
« Size of a batch: a random variable G with general distribution

Pri{G=n}=g, n=>=1)

(
 State transition rate diagram

gnl
.gn—l/1

g/
; gn—z/1

g/ 9o

g4 g:4 giA
U U U

gn—3/1

24



MY/M/1 (2)

1.

2.

APy = pPy ... (1)

(A+u)Py= A1g1Py + uP;

(A+u)P= AgaPy + Ag1P1 + Ps
(A+u)P3= AgsPy + Ag, Py + Ag,1P, + P,

= (AHPR= Py + A2z gk Ppe (n21) .. (2)

How to calculate the mean number of jobs in the system, N

Calculate Py, Py, P, ... until (nP, < €) and approximate N = Y7_, kP

Derive N using probability generating function

25



MM/ (3)

~
AE[G] Service rate
' u
J
Mean number of jobs in server: p = AELEG]

(server busy probability)

1. Calculation of state probability distribution: {P,}

Po=1—-p=1-2E[G]/u

A
P1 :;PO
A A
P2:(1+;)P1_Zglpo
26

until (nP, < €)



MY/M/1 (4)

2. Derivation of N using probability generating function

 Using the probability generating function, we define
Y(2) = E[2%] = Xpo0z™P, 5
B(z) = E[z6] = X%, zkg, ‘=i O :

(HWB= UPpy + ATk G P (021 (D)
Yn=1Z"(A+ WP, = X3=1 2" (UPryq + A Xi=1 Ji Pn—i)
A+ W) Xn=12"P, = %Z%oﬂ 2V Py + AX 1 Xke1 2 Gk Pk
(A + W Xn=02"P, — Py)

= %(Z,‘f:o Z"Py — Py — 2P) + A X1 Yiee1 2591 2" ¥ Py

5 A+ (Y (@) = Py) =LV (2) = Py — 2P) + AN, Tfoy 28 gz ¥ Py
27



M*/M/1 (5)

D Yl Y A TP Ll

@ @ ®
® =2'g1(z°Py + 2' Py + 2°P, + ) = 2" g, Y (2)
@ =2z%g,(z°Py + z1P; + 2P, + ) = z%g,Y (2)
@ =2z393(z°Py + z'P, + z?P, + ---) = z3g3Y (2)

D+@+@+ - =Y(2)(z'g1 +2°g, +2°gs + ) = Y(2) B(2) 28



M*/M/1 (6)

= A+ wz(Y(z) = Py) = u(Y(z) — Py — zPy) + AzY(2) B(2)

P (1—
. From (1) and (3), Y(z)=u(1_g)_oflz+;)ZB(z) . (4

. . uPO(l—l) . 9
« Y(1)=1,butY(1) = STy TICN from (4)

By using L'Hopital's rule,

(1P, (1-2))

Y(1) = hm Y(z) = h 51 (u(1—2)-Az+21zB(2))’

= lim % = i
z—1 —U— A+AB(Z)+AZB (z) —u—A+AB(1)+AB’(1)

« SinceB(1) =1 and B’(1)=E[G], from (5)

— —UP, — . — 1 _ AE[G]
Y= — e = 1 h=1-7

. (3)

(5)

29



M*/M/1 (7)

 Performance Measures
~ N: the mean number of jobs in the system

. by applying the L’Hospital rule twice after calculating d’;(zz) ,
N = _ wiray — ME[GI+E|G?])
N =B =Y ) == e

- p: the mean number of jobs In server
p = AE[GIE[S] = ZE[G)

- Q: the mean number of jobs in the queue
Q=N-p
- T:the mean sojourn time of a job in system

—_ N _ E[G]+E[G?] o
T'= 35061 = 75161 (a—AELeT by Little’s law

- A: Throughput
A= Py 0+ (1- Pg) u = £ E[G] = AE[G)

30



M/E, /1 (1)

e Y =X, +Xo+-+ X}
— Y: k-stage Erlang r.v. with service rate u

L 1
e« Mmean service time = —

U

— X: exponential r.v. with service rate ku

. - 1
e mean service time = —

ku

M/E /1 System

Poisson arrivals Queue

A

Asingle server

Stage 1

Stage 2

Stage k

- Each stage is modeled as exponential sever with service rate ku

31



M/E, /1 (2)

* We will take the system state as the total number of service
stages left in the system (not the number of jobs in the system)

1 A
A A
— m a
& @ - 6
ku ku ky ku ku kp
Aty = kum,
A+ kw)m,, = kum,, 44 1<n<k-1)

A+ k)t = Aty + kptty 44 (n = k)

32



M/E, /1 (3)

e Solution approach 1

A
T = Eno
n = - -Ilc_ykﬂ Mp—1 2=n=<k
A A+ ku
T = = k=1 + T T m>k+1)
— If we know m, we can calculate r,, based on the above
equations

+ Stopping criteria: [1 — XN_m,| <€

— 1,: the probability that the server is idle

A
my = 1 — Sever utilization =1 ——
U

33



M/E, /1 (4)

o Solution approach 1
— P,: the probability of n jobs in the system
P = 7iﬂl:l!c(n—1)1'<+177i
— N: Mean number of jobs in the system
N = ¥r_onp,
— T: Mean sojourn time of a job in the system

T =

N
1 by the Little’s law

34



M/E, /1 (5)

« Solution approach 2

— Using a probability generating function (PGF)

A(z) = E|Zz*] = z z"m,

n=0

Amy = kumq
k-1 k-1

(4 + k), = kur, 4

A<n<k-1) ZZ"(k,u+/1)nn = zznkﬂﬂnﬂ

n=1 n=1

A+ k)T, = Ay g + kUt

(n=k) 00 co

+ ) n=k n=k

z z"(ku + Vm,, = z Z" AT, + Z Z"kum, 44

Z(ku + A)z"m, = z Az, + Z kuz"m, . 4
n=1 n=k n=1

35



M/E, /1 (6)

« Solution approach 2

(00] (0.0] (0.0]

n+1
Z z"(ku + Vm,, = z PATALLY T S z kurm,, 1
n=1 n==k n=1
n k n—k k n+1
(k,u+l)zz T, = Az zz nn_k+—ZZ v
n=1 n==k n=1

(ki + (A — 6) = A2*A(2) + " (A(2) = o — 7m)

z(ku + M) (A(2) — my) = 1z81A(2) + ku(A(z) — my — zmy)

36



M/E, /1 (7)

« Solution approach 2

Since Amy = kum,,

A(Z) — ku(z—1)mg - kumg

kum,
ku — Ak

Since A1) =

ku(z-1)-Az(zk-1)  kp—A(z+z2+z3+-+zk)

=1, 77,'0:1_/1/H

kA=) (L+2z+ 322+ 423 + kz*Y)

A {ku — A(z + z2 + z3 -+ z%)}?
A,l_kﬂu—wkwgl) Ak +1)
W= “z26-n

. average number of stages (Nstage)

37



M/E, /1 (8)

« Solution approach 2

— Mean number of stages in the server
1-my k(k+1)

1 1 1
0-mg+ (1 —myp) E-1+—-2+-~+—-k =

k k k 2
A (k+1)
=
— Mean number of stages in the queue
7 _N A (k+1) _ Ak+1) A (k+1)
Qstage — {Vstage _; 2 2(u=}) _; 2

— Mean number of jobs in the queue

— Qst
Qo = 288

— Mean number of jobs in the system
_ A

Njob = éjob + ;

38



Exercisel: M/M/m

Ko

[12F]: M/M/1 (service rate: 2y), [2Ct]: M/M/2 (service rate of each server: )

1

0

P

i
o
/-~
<~ |&
N———
Yk
[
Pn
R N
<
L <[
NN <F | N
3
[l <+
> Il
AS
! N <
A N
4
T —i=
—
Du,.rﬂ |
T 18
o &
A
S X
~
~<
At
—_—
= =
~
=
= (=
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Exercise2: M*/M/1

« Consider an M/M/1 system with arrival rate A and service rate p. At each of the
arrival instants, one new customer will enter the system with probability 0.5 or
two new customers will enter simultaneously with probability 0.5.

(1) Draw the state transition rate diagram for this system
(2) Find the expected number of customers in the system

(1) 0.5 0.54 0.51 0.54
0.54
* APy =Py
e A+ wPr,=05AP,_, +05AP,_; + uP, 44 (n = 2)

40



Exercise2: M*/M/1

* APy =puPy
e (A+wpP; =051APy + upP,
e (A+wPh, =05AP,_, +05AP,_1 + uP,,q (n = 2)

Let P(z) = Ym0 2" Py
din=2Z" (A + )Py, = X522 0.5AP, _,+3 052" 0.5AP, 1 + 222" UPpiq
A+ XX ,z"P, =0.512z2 Y% ,z" 2P, _,+0.51z) > , z" 1P, 4

H oo n+1
+;2n=22 Pn+1

A+ w)(P(z) — Py — zPy) = 2Az2P(2) + 5 1z(P(2) — Py) + £ (P(2) — Py — zP;-2%P,)

. 2UuPy(1-2) _ 2UPg

P(Z) T Az34Az2-2Az+2u—2pz  —2Az(z+2)+2u

: A
Since P(1) =1, —£% =1 Thus,Py=1->x2.

—3A+2u 2 U
_ 42 - .= AE[GI+E[G?]). .
N=pr(@)= —— 4= We can directly use the equation N = YOS in slide 30.
H In the case of this exercise, E[G] = 3/2, E[G?]=5/2 4l
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